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PREFACE 


The intent of this work is to provide a text on conereto and 
reinforced concrete* for both elementary and more advanced 
courses given in engin(*(‘.ring schools. Thc'n* has been no attempt 
to produce a handbook or to cov(*r all the* phas(\s of concrete 
construction. 

It is the; aim of the authe)rs to give sufficie'iil. de'velopme;nt of 
the theory of ce)iicrel.e de*sign with illustrative* proble*ms to insure 
the beginner^ a thorough unde*rstanding of the* fundamentals. 
Complete designs of the more* e;e)mmon e'onciete* stnicture;s are; 
give'll in order to furnish a vediiede; feir bringing togethe'r all the; 
fundame;ntal theeiry inve)lve'd. 

Since the last editiein, the e*e)mple'tion eif the te'sts on e*olumns 
made by the American Ce)ncre;te‘ Instituie* has r(‘sulte;d in a radie*al 
ehange in ceilurnn de;sign. This re'vision ce)nfe)rms t-o the rece)m- 
in(;ndations of the; Standarel Buileling (^-e)ele' e)f the* Amerie'an 
(yoncre'-te Institute in that re'spe'ct. It. also fe)lle)ws the* late*st, 
recommendations of that e*e)de* feir footing de;sign. 

The; diagrams for T-be;ams, be'ams re'infeirce'd feir e*ompr(*ssie)n 
and for be;nding and direct stre'ss, have; l)e*e;n entire*ly re;vise;d. All 
of these; diagrams are; e*e)iistruct.e*d for value's e)f pn, se> that t-he;y 
may be; useel for e'oncre'te eif any strength. The latt,e*r diagrams 
include circular sectieins and ceimbine; in one; diagram e;ases eif 
cennjiression ove;r the whole see^tion and te;nsie)n over part of the; 
se;ctiejn. 

A de;parture; freiin pre*vie)us e;elitie)ns is the collee'tion eif all 
table's anel diagrams int-e) Appe;iKlix 1), whieii, it is thought, 
make's re'fe'rence; easier. Alsei, at the r<*eiue*st e)f se've*ral of the; 
users of the beiok, aelditiemal pre)ble*ms fe)r e*hiss assigiime;nt are; 
given throughout the ele'me'iitary portiems eif the; te'xt. 

Acknowle;dgme;nt is made; tei the)se; whe) have* assiste;d in the; 
preparatiein of the manuscript and to the; many use'rs eif the beiok 
who have made; valuable sugge'stiems and constructive; e;ritie;isms, 
many of wliich have been incorporated in this revisie)n. 


CejRNEJ.I. Univeksity, 
Ithaca, New York, 
August,, 1940 . 
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CHAPTER 1 
PLAIN CONCRETE 

1. Introductory. Since the beginning of the twentieth century 
concrete has taken its place as one of the most useful and impor- 
tant structural materials. Owing to the comparative ease with 
which it can be molded into any desired shape its structural uses 
are almost unlimited; so wherever Portland cement and suitable 
aggregates can be obtained it has, for certain classes of work, dis- 
placed older materials. This apparent ease with which concrete 
may b('. prepared has h‘d to its being employed by anyone who 
feels that the material is suited to his particular purpose. In 
many instances, proper knowledge of the substance and skill in 
its manufacture are not available, so that the resultant concrete 
is little more than a bulky, heavy material, lacking the strcmgth 
and other properties which it should have attained, and often 
failing to fulfill that purpose for which it was iriteTided. 

To the individuals who obtain such results, concrete is merely a 
shoveled-together mass of cement, sand, stone, and water, which 
in a short time attains a varying degree of hardness and an uncer- 
tain stnmgth. To the (aigineer wlio is more or l(\ss familiar with 
the many factors and variables entering into its manufac^ture, 
the process of making concrete does not appear quite so ele- 
mentary. Experience shows that the quantity and quality of 
cement, aggregates, and water, and the processes of mixing and 
curing are all involved in the production of concrete. Results 
are dependent upon all of these variables. It is, therefore, the 
problem of the engineer so to study and control thcjse factors 
that a concrete of the desired quality may be obtained. 

1 
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2. Cements. Portland conu'iit is the product obtained by 
finely pulverizing the clinker obtained by calcining to incipient 
fusion an intimate' and f)roperly proportioned mixture of argilla- 
c(*ous and calcareous materials with no additions subsequent to 
calcination (‘xce'pt water and calcined or uiu'alcined gypsum. 
All Portland cement used in reinforced concrete construction 
sliould pass sucli standard sp(‘cifications as those of the American 
Soci('ty for Te'sting Materials.^ ^J’he color and rapidity of hard- 
(ming of diff(‘rent brands of cenu'nt vary considerably and may b(‘ 
elements r('(iuiring si)ecial atteaition for the particular work 
involv(*d. 

Portland cement is manufae^tun'd by either th(^ dry procc'ss 
or th(i wet proc(‘ss.^ In the dry process IIk' calcareous mat('rial 
is usually liiiH'stom? and in th(‘ wet ])roc(‘ss marl. In all cas(\s 
its content is priiH'Ijially calcium carbonate. The argillac.(‘Ous 
mat(‘rial may Ix' shah', clay, argillac(‘ous limc'stone, or blast 
furnace slag whidi providers the* silica and alumina. 

In tlu' dry ])roc(‘ss th(‘ raw materials an^ ground sei)arately, 
mix(‘d in tin* pr()j)er pro})ortions, pulverizc'd, and burmal in a 
kiln. The n'sulting clinker is cooled and st^asoned, matcnials 
ar(» added to control th(‘ rate' of setting, and the clinker is ground 
to a fiiK' ])ow(l(‘r. In th(^ w(‘t process tiie ])rocedure is similar 
(‘X(*(‘pt that the marl is stored in the* form of a tliin mud in vats 
and tlu^ argillaceous material in ixvwder form is mixed with it 
Ix'fore burning. 

Till' finislu'd ])roduct contains from 25 to 61 per cent of tri- 
calcium silicate, froju 7 to 44 per c(*nt of dicalcium silicate, 
about 10 ])('!• (‘('lit of tricalcium aluminate, about 8 per c(‘nt of 
tetracalcium alumino h'rritx*, and about 3 p(‘r c(‘nt of calcium 
sulphate. Th(‘ tricalcium silicate' and tlu' tricah'ium aluminate' 
art' tlie })re'eie)minating intlue'nces in producing strength up to 
28 days.’^ The ft)rmt‘r cemtinues to be effective in producing 

« Standard (^9-38. 

2 For de'seription of (•('luc'iit rnaiiufaoture* .sec Johnson’s ‘‘Mutorials of 
Construction,” Hth (‘d., p. 310. 

For ctTcct of ce'iucnt composition on mortars and concrt'tes st'o Proc. 
A.S.T.M., vol. 34, part II, p. 244. 
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strength beyond that period, but the effect of the latter rapidly 
(lirainishes after 28 days and becomes zero or negative in one or 
two years. The dic^ahuum silicate contributc's very little to the 
strength during the early stages but is the principal strength- 
producing conipound beyond the 28-day period. 

High early strength Portland cements are made from mixtures 
having a high lime content and are ground to a greater degree of 
fineness than the ordinary Portland. The finished product 
contains a large proportion of tricalcium silicate, the percentage 
l)y weight usually b(iing at least 65 and oft cai as high as 75, with a 
(H>rresponding decrease' in the amount of dicalcium silicate. With 
such a chemical content these (H'lnents harden and gain strength 
very rapidly and their use is economical where their extra cost 
is justificKl by the desire for high strength in a short pe^riod of time. 

Iligh-almnma cements (contain about 40 per ea'iit of linu*, 40 pen* 
cent of alumina, and 15 per cent of ferric oxides. While they 
set at about the sairu' rate as Portland, they gain strength mu(4i 
more raj:)idly on a(HH)unt of the high alumina content, so that in 
24 hours a concrc'te made with a (Hunent of this type will reacli 
a strength ecpial to or greatc'r than a concrc'tc' made with standard 
Portland will acliieve in 28 days. However, as the age of such a 
concr('t(^ increases, tliere is a tendency toward a slight retro- 
gression in strength. 

Other sp(*cial c('m(*nts, such as sand cement, tufa cement, 
puzzolan cement, and natural cement, have been used in various 
proje(*ts, but in general they do not produce jis strong or as dur- 
able a (concrete as Portland cement. Reference to cement 
in future discussions iiK^ans Portland cement. 

3. Fine Aggregate. Fine aggregate should consist of sand, 
stone scrcH'nings, or other inert materials with similar character- 
istics, or a combination th(>reof, having clean, hard, strong, 
durable, uncoated grains, and free from injurious amounts 
of dust, lumps, soft or flaky particles, shale, alkali, organic matter, 
loam, or other deleterious substances. In general, all particles 
passing a No. 4 sieve (4 meshes per linear inch) are considered 
as fine aggregate. Most specifications, however, allow some 
d('gree of latitude from this requirement. The report of the 



4 


PLAIN CONCRETE 


Joint Committee^ recommends that not less than 85 per cent of 
the fine aggregate pass through a No, 4 sieve. Similarly it is in 
general advantageous that the fine aggregate be well graded from 
fine to coarse, and the report mentioned above recommends that 
not more than 30 nor less than 10 per cent of the fine aggregate 
pass through a No. 50 sieve. Extremely fine particles, if present 
in any great amount, are not beneficial to the strength of the 
resultant concn^te, since they furnish so great an excess of surface 
area to be covered by the cement. Specifications vary as to the 
amount of thc^se allowed, but in general not more than 6 per cent 
of the fine aggregate should pass through a No. 100 sieve.- 

( )n(i method of classifying aggregates accoi ding to their grading 
is based on the surfaces area of the aggregates In this method pi 
is taken as the pen-cemtage by weight of th(‘ sample finer than th(‘ 
No. 100 sieve as obtaine^d by a sieve* analysis, p 2 the percentage 
between! the* No. 100 and No. 50, the p(*rcentago betwenm 
No. 50 and No. 30, etc., using the intervals between the No. 30» 
No. 16, No. 8, No. 4, 132'^ 3-in. sieves. Each 

percentages, (except pi, is multiplied by a coefficient. This 

' The Joint Committee (ni Standard Speeitications for ( 'Oncrete and 
H(MnfonH*d C'onen'te (consists of fiv^e repres(intativ(‘K from (‘aeli of the follow- 
inj^: Aineri(\‘in Soeii'ty of Civil Kn^iJieHTs, Ameriean Soeiety for Testing? 
Materials, Ameri<^ari R.*iilvv{iy Rn^iiieeriiijz: Assoeijitioii, American Concrete 
Institute, Porthind (^‘m(*nt Association. The Committ(‘e was organiztnl in 
1904, and pr(*sented progress reports in 1909 and 1912, and a final report 
in 1916, and was discharged. A new Committee* of tin* sann^ title and 
representing tin* same societi(!S was organized in 1920, and pn‘sented a prog- 
ress report in 1921 and a final report in 1924. A third committee was organ- 
ized in 1930, with additional representatiem from the American Institute of 
Architects, and has since presented one progress report and a final rejmrt in 
June, 1940. 

* The gra.ding recommended V)y the A.S.l'.M. is as follows: 

IVrcentage by 


Weight 

Passing a 'Vs-in* sieve 100 

Passing a \o. 4 si(»ve 95-100 

Passing a No. 16 sieve 45- 80 

Passing a No. 50 sieve 5-30 

Passing a No. 100 sieve 0- G 
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coefficient is ( ^ 


where m indicates the number of the term 

in the series. The surface modulus is then the sum of these 
products, i.e.j 

^ ^ PZ , P± + P 

/'I 2 4 ^ ‘ n A I 1 no I 


16 ^ 32 ^ 64 ^ 128 


Pio 

21^6 512 


Another method of classifying aggregates according to their 
grading is based on the fineness modulus.^ The same sieves are 
used as in the determination of the surface modulus, and the 
fiiKuiess modulus is the sum of the pc^rceiitages by weight of the 
sample coarser than each sieve, divided by 100. 

The surfac;e modulus is large for fine materials and smaller for 
coars(U‘ ones and is most affected by a variation in the finer 
particles of an aggregate. On the otlier hand, the fineness 
modulus gives emphasis to the coarser content. Typical sands, 
used as fine aggregate for concrete have fineness moduli varying 
from 2.4 to 3.5, with an average value of about 3.0. In general, 
sands with a fineness modulus less than 2.5 should not be used 
for concrete. 

Sand. All sands arc derived from ro(‘ks which have broken 
down or disint(‘grat('d through the operation of physical agencies. 
In some cases, in addition to disintegration, thc^re has been more 
or l('ss decomposition involving the formation of new compounds. 
The principal disintegrating agencies are temperature changes 
and abrasion. Th(‘ former cause cracking and a spalling off of 
I^articles of the constituent rock, because of the unequal expan- 
sion and contraction of the compomait minerals. The latter 
may b(‘ caus(^d by tdie How of water, wind, or glacial action. 
Chemical decomposition is brought about through the solvent 
power of water, aided often by the pnisence of various chemically 
a(5tive substances such as acids, which are carried by the water, 
Quartz is the mineral wliich makes up the bulk of the particles 
of most sands. Tins is due to the fact that only the harder 
constituents of rocks survive disintegration and decomposition, 
and quartz is a common constituent of most rocks and capable 
1 Bull. I, Structural Materials Rt^scarch Laboratory, Lewis Institute. 
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of r(\si.sting th(‘s<? destnirtive agenrios. Not all quartz sands, 
howev(*r, mak(? Huitahl(‘ eoncreto aggn‘gatos, for comparatively 
.small amounts of organic impurities will n^iider the sand unfit for 
us(i. Sandstone is a common source of quartz sand. Here the 
character of the l)inder of the original rock will determine the 
quality of th(‘ sand, since the individual particles of the sand are 
made; up of still smaller particl(‘s of (juartz, bound together l)y 
sili(;a, iron oxide, lime carbonatt^, or clay. 

Pyroxene and hor7iblende are comi)l(‘X silicates possc'ssing a 
degr(!e of liardnfsss, stnaigth, and duralnlity slightly inferior to 
that of quartz. Hornl)lende has inf(u*ior weathering qualities. 
F(‘ldspars an* consid(‘rably k‘ss strong and durable than (piartz. 
Mica is a v(‘ry objc^ctionabh* coii.stitiu'nt (^f sand, being soft, low 
in strength, and because of its laminat(‘d striictun*, off(*ring 
opportunity for the* pc'rcolation of wat(‘r. 

Sand dej)osits, being usually tiu* result of str(‘am or glacial 
action, and also of such characb*!* t hat th(^ ])ercolation of surface 
wat(‘r through the b(‘ds is v(‘ry (‘asy, an* oft(‘n containinat(*d by 
matt (‘ 1 * of organic origin carri(‘d in susp(‘nsion by th(* wat(‘r. Thus 
the coating of the grains by su(*h substaiiC(‘s as tannic acid,‘ 
s(‘wage, manun*, sugar, (‘tc., is InHpu ntly encouiit(*red. Such 
a coating on tlu* sand grains app(‘ars not. only to prevent the* 
c(*m(‘nt from adhering, but also aff(‘cts it ch(*mically. Thus 
th(* (‘ffect of such substance's is (*xt r(*ni(‘ly d(*t rim(*ntal, but at 
the* same* time* tlu'ir ])re*.se*ne*e* is hare! \o ele‘te*ct, a fact whicli 
ine*re*ase*s the* impe)rtane*<* of care'fully testing e*oncre*te‘ sa,nds. 

Twe) te'sts may be* made* in the* se*le*e*t ie)n ejf a sand wliicli may 
ge) far toward de*te*rinining its suitjd)ility as an aggre*gate*. It 
e)fte*n hap{)e*ns that a. si(‘ve* analysis e)f a elry sand will show a 
e*e)m|)arative‘ly small pe*rce‘iitage* ])assing the Ne). 100 sieve, while 
in re*ality the*re* are* numbe*rless e)the*r small particle*s le)e)sely 
e‘e‘m(mte*d te)get he*r whie*h by the*mse*lve*s would ea.sily ])ass through 
the sie*ve. The*.se ])artie*le\s usually e*onsist of silt, lemin, ejr e*lay, 
and are* soluble or ])artially se)luble* in wat.e*r. By taking a 
t he)re)ughly drie*ei sample* of sand of known weight in a container, 

1 iSe*c Proc., A.S.T.M., vol. 20, i)art 1, p. 309, for the “ KHeet of Tannic 
Acid on the* Str(*i’g(h of Concrete.” 
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adding sufficient water to cover the sample, and agitating thor- 
oughly, a part of these fine particles is dissolved by the water. 
The whole (contents of the container should then be poured into a 
nest of sieves. The material retained on the sieves should then 
l^e returned to tlie container and the process repeated until the 
wash water is clear. "i"he washed sand may then be thoroughly 
dri(‘d and weighe^d, and the percentage of silt, loam, and clay in 
t he original sample (calculated. There' are s('\^eral c'xacct specifica- 
tions for making this d(‘cantation t(‘st,^ and a similar t(\st for 
field use, but it is usually six'cifu'd that a sand showing more' than 
3 per cent of silt, (day, and loam 1)}^ this test is not suitable foi* 
us(c as a con erect, (' aggregate. Organic irni)urit ies in sand may be 
approximately deteected by the colorimetric test.‘^ 

By far the best method of sedection of a sand for concrete is 
th(‘ actual test of mortar briepiettes made' with the sedected sand 
at the samec time and unde'r the same (‘onditions as other bri- 
(piet tos in which standard Ottawa sand ’ is used. The report of 
the Joint Ceunmittee ref (erred to above reccommemds that a sand 
shall i)r(‘ferably not b(‘ used as a fine aggreegate unless such bri- 
(jiiettes show at ag(cs of 7 and 28 days a te'nsile and (compressive 
strengt h at le'ast eejual to those made with vStandard Ottawa sand. 
Suedi a t('st as this ofte'n (diminates a sand whiedi apjxcars to be 
(dean, Avedl grade'd, and entirely suitable for a concrete aggixcgate, 
but whi(di, owing to thv pr(csence of organic matter in its constit- 
uent grains, or to a coating of the grains with tannic acid, is 
a(diially a v('ry ])oor sand. 

Screenings, Linu'stone scr(*(aiings or (crusher dust are some- 
tiiiK's us(xl as fine aggr(‘gat('s, but the concr(cte mad(c tlKcncfrom is 
usually inferior in (piality to that made with an average sand and 
is apt to b(‘ or be(*om(* more permeable. 

4. Coarse Aggregate. Coarse aggr(cgat(c should consist of 
crushed stone, gravel, or other ai)prov('d materials of similar 
characteristics or combinations thencof, having clean, hard, 

1 A.S.T.M. Standard Cl 17-37. 

2 A.S.T.M. Standard CMO-33. 

•'* Standard Ottawa sand is a natural sand obtained at Ottawa, 111., passing 
a sccreen having 20 meshes and retained on a screen having 30 mesh(^s per 
linccar inch, prepared and furnished by the Ottawa Silica ( V)., Ottawa, Til. 
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strong, durable uncoated particles free from injurious amounts of 
soft, friable, thin, elongated, or laminated pieces, alkali, organic or 
other deleterious matter. 

Crushed Stone. The quality of an aggregate of this type 
obviously depends upon the character of the original rock. The 
principal classes of rocks from which aggregates are derived are 
granites, trap rocks, limestones, and sandstones. Granite is 
an igneous rock whose principal mineral constituents are quartz 
and feldspar, with varying amounts of mica, hornblende, and 
other materials. The structural qualities of granite vary greatly, 
but granites as a class rank among the hardest^ strongest, and 
most durable stones. Trap rock includes basalt, diabase, and a 
number of other igneous rocks possessing similar chemical and 
physical properties. The principal mineral constituents of most 
of these rocks are pyroxene and feldspar. They are generally 
rather fine graine'd, hard, tough, and durable. Limestone is a 
sedimentary rock which contains carbonate of lime, calcite, or 
carbonate of lime together with a double carbonate of lime and 
magnesia, dolomite, as the esscmtial constituent. Sand and clay 
are common impuritic^s, some varieties of which contain large 
amounts of shells and other fosj?ils. Limestones vary greatly 
in structure, strength, hardness, and durability, and, although 
there are some limestones which have superior structural quali- 
ties, the average limestone is inferior to average granites and 
trap rocks as a concrete aggregate. Sandstones consist of grains 
of varying sizes, chiefly quartz, bound together by various 
cementing agencies or binder’s. A silicious binder produces a 
sandstone of the greatest st ructural strength, wLile an iron oxide 
or lime carbonate binder is much less effi(*i(‘nt. A sandstone 
whose binder is clay is the least valuable of all as a concrete 
aggregate. 

The maximum size of coarse aggregate advisable depends upon 
the character of the work. Since the stone is one of th(' strongest 
constituents of concrete, it is desirable to have as many and as 
large particles as j)ossible. The greater the size of the particles, 
the less surface area there is to be coated, and the smaller amount 
of cement required for a concrete of given strength. When, 
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however, the maximum size is comparatively large, it is very 
important that it be well graded down to the minimum size in 
order to make a dense, compact mass. In small reinforced con- 
crete members the maximum size available is as small as ^ in. 
in diameter, and rarely in any reinforced work is a diameter 
greater than in. advisable. On the other hand, for large, 
massive work, with no structural reinforcement, much larger 
sizes may be used to advantage. The specification for minimum 
size recommended by the Joint Committee is that not more than 
10 per cent by weight pass a No. 4 sieve, nor more than 5 per 
cent by weight a No, 8 sieve. 

Gravel, Gravel of good quality makes a suitable concrete 
aggregate. Gravel is nothing more than pieces of natural rock 
broken away from the parent ledges and worn down by stream or 
glacial action. Its strength as an aggregate depends upon the 
rock from which it came, provided it has not become decayed or 
coated with objectionable organic matter. Too much empha- 
sis cannot be given to the necessity of determining the cleanness 
of the gravel. A clayey coating is easily detectable, but the 
transparent organic coatings which prevent adhesion are not 
so easily discerned, without chemical analysis, so that many weak 
and inferior concretes result from the use of an apparently clean, 
but really ‘‘dirty’' gravel as an aggregate. 

Natural gravel may have a large proportion of particles so 
small as to be classed as “fine aggregate.” These may be 
scrc^eiK^d out before using, or a sieve analysis of the natural 
gravel being made, the proper amount of additional fine aggregate 
(if any) to add to obtain the desired proportions may be 
determined. 

Slag, Slag from blast furnaces is a hard though porous 
material of high compressive strength, which in some localities 
can be obtained much more cheaply than stone of good quality. 
It offers a very rough surface for the adhesion of the cement, 
and, provided the sulphur content is low, it may make an excellent 
aggregate for massive concrete construction. Generally it should 
not be used in thin sections exposed to any action from water on 
account of its porosity. 
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Cinders. Cinders as an aggregate have the advantage of 
making a resultant concrete considerably lighter in weight than 
that made from stone or gravel. Formerly it was thought that 
well-l)urned cinders made a more fire-resisting concrete than 
other aggregate, but more recent experiences have shown that 
cinder concrete is little, if any, better in this respect. Cinder con- 
crete is inferior in strength to other concrete, and on account of 
the danger from the probable sulphur content, it is not used wherci 
any great structural strength is required. Its principal use occurs 
for filling where no great strength is necessary. When used, 
cinders should be free from unburnt coal or fine ashes. 

6. Water. Water used for concrete should be clean and free 
from oil, acid, alkali, organic matter, or other deletcirious matter. 
Sea wati^r is not so d(nsirable as fn^sh water, although where it has 
b('(ui used in structures subject to the weathering action of sea 
watcT no gr(*ater disintegration lias resultcnl. 

6. Proportioning of Ingredients. Haphazard and careless pro- 
portioning of the ingredients of concrete was formerly th(i rule 
rather than th(‘ ('X(Hq)tion, but the number of resultant failures is 
surprisingly small. In th(‘ early years of concrete construction 
litth' attention was paid to any (,’f the ingredients except the 
cement. S|)ecifications might rtapiire a clean, sharp sand and a 
coarse aggregate* of a specifi(‘d cruslu'd stone, but there was little 
(unphasis on the* grading of the aggregates or on the amount of 
water to be used. On the other hand, on almost all work of any 
magnitude, frequent and exhaustive te^sts of the cement were 
required. Under those conditions the practice grew of specifying 
certain arbitrary proportions for the mix, such as 1:2:4, or 
1:3:6. When a conend-e of high structural strength was desired, 
a rich mix was specified, and mixtures as rich as 1:1:2 have 
occasionally been used, while for less important or more massive 
work, mixtures as lean as 1:4:8 have been specified. Unfortu- 
nately this practice of arbitrary proportioning has persisted to 
some extent to the present day, although it is now generally 
recognized that the relative consistency (amount of water 
used) has some relation to the strength of the resultant 
concrete. 
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The measuring of the quantities of the constituent materials is 
done either by volume or by weight. The latter method is 
much more accurate, but the former method Is more frequently 
used. The proportions referred to above are proportions by 
volume, i.e,y a 1:2:4 mixture indicates 1 cu. ft. of cement, 
2 cu. ft. of fine aggregate, and 4 cu. ft. of coarse aggregate. 
Since the volume occupied by a given weight of cement varies by 
as much as 30 per cent for different degrees of compactness, it is 
necessary that the degree of compactness when measured be 
known. For this reason it is usual to specify that one bag of 
cement weighing 94 lb. shall be considered as 1 cu. ft. Cement is 
sold by the bag, or in barrels of four bags each, or in bulk. 
Where used in bulk, means must be provided for weighing the 
loose cement in ord(;r to insure the pro])er i)roportions. 

The spa(;e occupied by a given number of sand grains varies 
considerably with the moisture content. Increases in volume 
of 25 per cent or more, caused by the addition of wat(*r to dry 
sand, are not uncommon.^ Natural sand as it comes from the 
bank ordinarily contains from 2 to 4 pc'r cent moisture by weight. 
Sand us(k 1 in the laboratory is often entirely free from moisture, 
and sand used on tln^ work may have either more or less moisture 
(H)ntent than natural sand. For accurate^ proportioning, the 
moisture content must be taken into consid(*ration when the 
measuring is done by volume. The bulking factor at the usual 
degree of moisture must b(* ascertaiiKid and proper allowances 
made, while at the same time the degren^ of moisture must be 
maintained as nearly constant as possible?. 

7. Design of Mortar Mixtures. In s(?lecting the? proportions of 
materials that are to go into a mortar it is often necessary and 
usually desirable to be able to predict the str(?ngth, permeability 
and the amount of mortar that will result from a given proportion 
of the ingredients. If there are no air voids in a wet mortar 
(and tests show that this is practically true for consistencies used 
in practice), the resultant volume^ of tin? mortar is equal to the 

’ Siio Proc.j A.S.T.M., vol. 20, part II, p. 147. 

* The absolute voluuu? is the volume of the solid material, or the gross 
volume minus the vohime of voids. * 
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absolute volume of the cement plus the absolute volume of the 
sand, plus the volume of water used. In the average cubic foot of 
cement (1 sack of 94 lb.) there is 0.487 cu. ft. of solids. In 
1 cu. ft. of sand the amount of solids depends upon the grading 
and the size of the grains. In beach sand there are from 0.60 to 
0,63 cu. ft. and in commercial building sands about 0.68 
cu. ft. of solids. The exact amount may be determined for 
any sand by obtaining its weight per cubic foot and its specific 
gravity.^ 

Strength. The water in a mixture chemically reacts upon the 
cement and produces a colloidal coating on the particles. The 
finest particles of cement become completely colloidal, while 
some of the larger particles are never completely penetrated. 
This colloidal coating is the whole cementing action, and once 
sufficient water is present to produce this reaction, additional 
water tends to weaken the cementing material. Therefore, it is 
reasonable to expect that the strength of a mortar at any given 
age will vary with the amount of mixing water per unit quantity 
of cement and the larger the amount of water the weaker the 
mortar. 

In Fig. 1 are shown the result's of studies of several investi- 
gators. The increased strength shown by the later studies is 
due to the stronger cem(‘nts produced today in comparison with 
those of ten or more years ago. Figure 1 brings out clearly the 
direct reflation between strength and water-cement ratio. Figure 2 
shows the same relation, but here the watc^r-cement ratio is 
express(‘d in gallons of water per sack of cement. This relation 
was first stated by Abrams- in 1918, whose curve of that date 
is shown in the figure. A more recent curve* by the same 
investigator shows the improvement in cemcmt in r(*cenl; years, 
and since the strength of plastic mixtures is independent of the 
amount and gradation of the aggn'gates, this later curve is 
applicable to the design of mortars for strength, which uso present- 

^ A.S.T.M. Standard 0128-39. 

* Eng. N€V)s-Rec., May 2,1918. 

»Proc., A.C.I., 1931, p. 1330. 
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day Portland cements. This curve cannot be used unless damp 
curing conditions are maintained. 



0.6 08 LO L2 [4 L6 

Bags of cement(94 lb. each) per cubic foot of wafer 

60 80 100 120 140 

Pounds of cement per cubic foot (7 '/2 gal.) of water 

Fig. 1. — Relation between compressive strength and absolute volume of cement 
to volume of water. 

In the measurement of water in a mixture all water outside 
of the solid particles is included. Most sand is delivered in a 
more or less damp condition and the moisture that is carried 
must be determined and allowance made in determining the 
amount of water to add. 
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Permeability. The permeability of a mortar is measured by 
the rate at which water under a given pressure will pass through 
a given thickness of the material. When the mortar is mixed, 
not all the water reacts with the cement and a large portion of it is 
really free water necessary in the mix to make it workable. As 
the mortar hardens, this free water gradually evaporates, thus 
providing air voids. The longer the mortar is cured in a damp 
condition, the greater the amount of water in permanent com- 
bination with the cement and the less the amount of air voids. 
Excess water in the original mix will, of course, increase the air 
voids and make the mortar more permeable. Repeated tests 
have shown that a reasonably water-tight mortar cannot be 
ol)taiiied with a water-cement ratio greater than 
water per sack of cement. In addition to a low water-cement 
ratio and prolonged curing, as dense a mixture as possible should 
be used. 

Density. Other things being equal, a coarse-graded sand 
will produce a denser mortar than fine-graded sand. For any 
given proportion of sand to (*-ement the voids in the mortar vv^ill 
vary with th(^ volume of the mixing water used. In a very dry 
mortar the jx^rceiitage of voids may be greater than in a wetter 
mix so that the voids decrease as water is added until the point 
of minimum voids (minimum amount of mortar) is reached. Ttu; 
addition of more water increases the voids. The exact proportions 
of cenumt, sand, and water that will produce the densest mortar 
vary for each sand depending upon its gradation. In general, 
coarse sands take l(»ss water and less cement than fine sands. 

WorkahiUiy. There are so many factors affecting th(^ w^ork- 
ability of a mortar that no satisfactory method of measuring it 
has ever been developed. Gradation, shapes of particles, and 
proportions all have their effect. A mortar allowed to stand for 
1 or 2 hours and then reworked often is found more workable 
than the original mortar. Fine sand makes a more w^orkable 
mortar than coarse sand, but since its water requirement is 
higher, the strength is decreased. In providing a workable 
mortar care must be taken that strength and durability are not 
sacrificed. 
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8. Determination of Yield and Strength. It is desired to sup- 
ply 100 cu. yd. of 1:3 mortar which will reach a strength of 
3000 p.s.i. in 28 days. The sand available has 35 per cent voids, 
weighs 100 lb. per cu. ft. when dry, and contains 2 per cent of 



Fiti. 2.— Relation tietween eoiniiressive strength nnd wator-eoment. ratio. 


moist ures hy weight, in wliieli (H)ii(lition it wtdghs 83 lb. per eu. ft. 
What quantities of materials are requin^d? 

Referone-e to Abram^s curve in Fig, 2 shows that a 3()()0-lb. 
mortar cured damp for 28 days should have 7.2 gal. of water per 
sa(*k of cement. A one-sack batch will yield 0.487 + 3 X 
0.65 + 7.2 X 0.134 = 3.40 cu. ft. = 0.126 cu. yd. In 100 cu 
yd. ther(^ will be 

100 -r 0.126 = 793 one-sack batches 
Therefore the quantities required are 

Cement == 793 sacks 
Sand 3 X 793 -f 27 = 88.1 cu. yd. dry 
Water 7.2 X 793 = 5710 gal. 
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However, isince the sand contains 2 per cent moisture, the 
number of cubic yards in its moist condition is 

X 88.1 = 106 cu. yd. 

If this mortar were to be mixed in approximately 1-cu. yd. 
batches (8 sacks) the sand and water for each batch would be 
as follows. 

Sand 3 X 8 X = 28.9 cu. ft. 

Water 7.2 X 8 ~ (0.02 X 2400) 8.35 = 52 gal. 

In actual work some of the water in the mix is lost either by 
absorption by adjacent materials or by evaporation so that 
the actual yield is reduced from 2 to 4 per cent. This should 
be considered in making estimates of quantities of materials 
required for a given volume of. mortar. 

9. Concrete Mixtures. Concrete may be considered as a 
mortar mixture into which the coarse aggregate particles have 
IxHUi mixed, or it may be considenxi as a combination of the 
s(^parate ingredients. In any cas(^ th(^ factors governing the 
strength of a mortar hold true for a concrete provided a suitable 
(X)arse aggregatci is used. Since the water in the mixture has to 
wet th(^ surfaces of tlu' coarse aggregate particles as well as those 
of the cement and sand grains, it follows that the larger the size of 
th(^ (‘oars(' aggn^gate, the less the water that will l)e required for a 
giv(‘n consistency; hence great(»r strength and durability. 

Design specifications have not kept pace with the improvement 
in cement in recent yc^ars. For this reason caution should be 
exercised in designing for low specified strengths. With fair 
curing conditions a compressive strength of 2()(K) p.s.i. in 28 days 
may be obtaiiK'd with a very lean mixture, but the resulting 
concrete will b(' neitlKU* watei-tight nor capable of withslandiiig 
ordinary weather conditions. Experience has shown that con- 
crc'te (‘xposed to the elements should not have a wabu' content 
of more than 7 } 2 gal. per sack of cement. 

A (concrete must have a certain degree of workability, but, 
as for mortars, no method has yet been developed which is 
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an accurate measure of workability. In the case of a concrete, 
this quality is influenced by the nature and amount of the coarse 
aggregate as well as by the amounts of cement and water, and the 
amount and nature of the fine aggregate. A method of measur- 
ing the workability, or more properly the consistency, is the 
slump test.^ A conical shell of 16-gauge galvanized metal with a 
base 8 in. in diameter, a top 4 in. in diameter, and an altitude of 
12 in. is filled to overflowing with concrete rodded into the shell 
in three separate layers, each receiving 25 strokes of a ^s-m. 
bullet-end rod 24 in. in length. The excess is carefully struck 
off and the mold is at once lifted slowly vertically. The amount 
of drop of the top of the mass below the original 12-in. height, 
measured in inches, is known as the slump. Mass concrete 
and highway mixtures are workable with a slump of from 1 to 
3 in. Concretes for reinforced beams and columns i\(iuire a 
greater degree of workability, with slumps of from 4 to 6 in. 

As ill mortar, excess water in concrete dries out as the con- 
crete ages, so that a water-tight concrete should not have a 
water content of more than 7 ‘ 2 ccmient. Careful 

grading of aggregates to obtain as dense a mixture as possible^ 
also tends to decrease the permeability, but the waste and conse- 
quent additional expense rarely warrants such a proc('dure. 

10. Design of Concrete Mixtures. In the actual s('lection of 
the proportions that are to go into a given mix, the first step 
must be the selection of the water-cement ratio which will 
produce the strength ncpiired. In making this selection this 
ratio must in no case exceed 7*^2 cennait and if 

the concrete is to be subjected to s(»vere weather conditions a 
decrease to 6 or 6^ 2 worth-while insurance of produc- 

ing a durable concrete. 

Abram’s curve shown in Fig. 2 presiqiposes ideal conditions 
of mixing, placing, and curing, which usually are not met on 
the average job. Therefore the selection of the water-cement 
ratio for the desired strength should be taken from Fig. 3 which is 
a graphical representation of the specification for strength of 
the American Concrete Institute (1928). 

1 A.S.T.M. Standard C143-39. 
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Since part of the water will usually be contained in the aggre- 
gates, this amount must be determined. A portion of the 
moisture in the aggregates is in the interior of the particles . 
Such moisture, if it remains in the interior until after the cement 
has set, does not affect the water-cement ratio. If a bone-dry 
aggregate is used, a certain amount of water will be absorbed by 
the aggregates and the water-cement ratio will be changed. 
The average aggregate? will al)sorb about 1 per cent of water by 
weight, trap rock and granite about oiie-half that amount, while a 



Vui. 

wry porous aggr(»gat,(‘ may absoi-b sev(‘ral pen’ c(?nt by weigh t.^ 
It may then be d(*sirable to make up s(?veral trial batches, with 
variable? quantities of fine* and coarse aggregate, until the devsirexi 
de'gree e)f workability is obtaine'd. From the record of these 
trial bate'he's, the? amouiit of wate?r, fine aggregate, and coarse 
aggregate for each l)atch finally may be selected. 

From the abo\x‘ paragraidi it is obvious that an arbitrary 
spex'ification of the quantitie\s of e?ement, sand, and e?oarse aggre?- 
gate is not desirable. It is far be^tter to specify the strength 
de'sire'd, for some type's of work the maximum size of aggre?gate 

^ The exact amount of waU'r absorbed by any aggregate may be obtained 
by determining the percentage of surface^ moisture (A.S.T.M. Standard 
(U 28-39) and also tlu* percentage* of total moisture. The latter may be 
obtained by drying out a moist sample of known wciglit and noting its 
weight when thoroughly dried. The dilYerence between the percentages 
ol)t, aim'd by these two tests is the percentage of water absorbed by the 
aggregates. 
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which may be used, and possibly a limiting ratio between the 
amounts of fine and coarse aggregate. The following example 
shows the procedure under such a specification: 

11. Example of the Design of a Concrete Mixture. Certain 
aggregates have bc'en approved for a specific job. They have 
the following characteristics: The sand has 35 per cent voids and 
weighs 104.4 lb. per cu. ft. dry and roddc^d.^ One cubic foot 
measured in its natural moist condition weighs 88.1 lb. and this 
same quantity when thoroughly dried weighs 84.4 lb. The per- 
centage of moisture by weight is tlK^refore (88.1 — 84.4) 
84.4 = 4.4per cent and the bulking factor is 104.4 84.4 = 1.24. 

The coarse aggregates has 33 per cent voids and weighs 107.5 lb. 
per cu. ft. dry and rodded. One cubic foot measured in its 
natural moist condition weighs 105.0 lb. and this same (juantity 
when thoroughly dried weighs 103.3 lb. The pe'rcentage of 
moisture by weight is therefore (105.0 ~ 103.3) -r- 103.3 = 1.6 per 
cent, and the bulking factor is 107.5 103.3 = 1.04. 

The specified stre'iigth of the (concrete is 2000 p.s.i. at 28 days. 
From Fig. 3, 7 } 2 R'ak of water an' to b(^ used for ('ach sa(;k of 
(*ement. Trial batches using 5 lb. of cement and 3.3 lb. of 
water (which maintains the desin^d wat(ir-(;ement ratio) are 
made up using various proportions of surface-dry aggregates, 
''riie desired degree of w^orkability, as measured l)y the slump, is 
obtained w4th 12.1 lb. of sand and 21.4 lb. of coarse aggregate. 

For a one-bag batch with the surfacevdry aggregates the fol- 
lowing quantities must be used: 

Cement = 1 sack = 94 lb. 

Sand = X 12.1 = 227.5 lb. 

Coarse aggregate = X 21.4 = 402.3 lb. 

Water = 7.5 gal. 

However, the aggregates are to be used in the field in their 
natural condition as determined above. It will be assumed that 
each of the aggregates naturally absorbs 1.0 per cent of moisture 
by weight. The amount of sand must then be increased by 


1 Soo A.S.T.M. Standards Cl 28-39 and 069-30. 
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4.4 ~ 1.0 = 3.4 per cent to 235.2 lb. The free water in the sand 
is 7.7 lb. = 0.92 gal. Likewise the amount of coarse aggregate 
must be increased by 1.6 — 1.0 = 0.6 per cent to 404.7 lb. and 
the free water in the coarse aggregate is 2.4 lb. = 0.29 gal. 


The field mix by weight using 
Cement = 1 sack 
Sand 

Coarse aggregate 
Wate r = 7.5 - 0.92 - 0.29 
The field mix by volume is: 


the natural aggregates is then : 

= 94.0 1b. 

= 235.2 lb. 

= 404.7 lb. 

= 6.3 gal. 


Ceiruuit = 1 sack 
Sand - 235.2 88.1 

(k)arse aggregate = 404.7 -r- 105.0 
Th(^ yield for a one-bag batch is: 

C(‘in(‘nt = 1 cu. ft. (1 - 0.513) 

Sand = 2.67 cu. ft.* 2.67 (1 - 0.35) ~ 1.24 
Coarse aggn^gate = 3.85 cu. ft. 

3.85 (1 - 0.33) - 4 - 1.04 

Water == 7.5 gal. 


1.00 cu. ft. 
2.67 cu. ft. 
3.85 cu. ft. 

0.49 cu. ft. 
1.40 cu. ft. 


2.48 cu. ft. 
1.00 cu. ft. 
5.37 cu. ft. 


The yield from a one-bag batch being known, it is possible to 
compute the quantities required for a given volume of con(*rete. 
As in mortars, from 2 to 4 jx^r C(»nt should be added on account 
of the actual loss, after placing, of a portion of the water. 

12. Control of Concrete Mixtures. Where a small quantity 
of concrete is to be placed, elaborate examination and inspection 
of each batch are not warranted and economy is best served by 
keeping the water-cement ratio below the theoretical value. 

On the other hand, where large quantities of concrete are to be 
placed, spc'cial considerations are desirable to insure economy 
and a uniform quality of concrete. Once the proportions are 
selected, as long as the aggregates come from the same source 
little trouble is usually encountered (except variable water 
content) in providing the proper amount of fine aggregate for 

Witli the water within the particles assumed as 1 per cent, a given 
number of sand grains will occupy the .same space whether this amount of 
moisture is actually present or not. 
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each batch. The coarse aggregate may segregate in the stock 
pile and considerable care must be taken to insure uniformity. 

The control of the water content is the most difficult. As 
shown in Art. 11, the amount of moisture in the aggregates has a 
considerable effect upon the volume and some effect upon the 
weight. Unfortunately, the percentage of moisture in the stock 
piles is not constant. Where measurement is to be made by 
volume, a large job warrants a ^^job curve for each aggregate. 
This curve shows the volume per cubic foot for different per- 
centages of moisture, and by making periodic determinations of 
the amount of moisture in the stock piles, the correct amount of 
aggregates and water can be assured for each batch. Where 
measurement is made by weight, a similar curve may be con- 
structed, showing the amount of water for various weights of 
aggrtigate with different moisture cont(*nts. 

Another method of control is the use of an inundator. The 
volume of sand is measured while inundated in just sufficient 
water to fill the pr(‘viously determined voids, and then the neces- 
sary additional amount of water is added. Any moisture origi- 
nally present in the sand thus becomes a part of the amount 
required to inundate the sand and no readjustment is iK^cessary. 
Th(^ only inacxniracy of this method is (paused by tlu^ amount of 
moisture in the coarse aggregate, but as this may easily be deter- 
mined and is often fairly constant, a prop(‘r allowance may 
readily be made. 

13. Mixing. Practically all concrete is machine-mixed. The 
ordinary mixer consists of a rotating drum, in the interior of 
w^hich are blades so placed that, as tlie drum rotates, they lift 
the ingredients, which in turn slide off the blades and drop to the 
mass then at the bottom of the drum. The time of mixing 
depends upon the character of the mixture and the speed of 
the mixer, but in general little is to be gained by continuing the 
operation beyond 2 minutes, as is showm by Fig. 4.^ The Joint 
Committee recommends that ^Hhe mixing of each batch shall 
continue not less than 1 min. after all the materials are in the 
mixer, during which time the mixer shall rotate at a peripheral 
speed of about 200 ft. per min.^’ 

1 Abrams, Proc.j A.C.I., 1918, p. 22. 
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14. Placing. Concrete is conveyed to the forms from the 
mixer by means of buggies or barrows or by inclined chutes or 
pipes. It is important that the method used does not allow 
segregation of the ingredients. It should not all be dumped in 
one place and allowed to flow horizontally, but should be depos- 
ited in approximately uniform layers. Forms should be tight 



Fi(i. 4. EfT('c(, of (imc of mix upon .^treiiKth, for statioimry rnix(*rs. 

in order to j)r(‘V(‘iit the loss of eejiuMit carried l)y th(^ (*s(‘ai)ing 
watc'r. In hot dry wi'ather, wooden forms should be thoroughly 
wetted on tlie contact faces to prevent ihvm from robbing watfU’ 
from the mortar facers in contact with the forms, which causes 
these faces to be pulled away with the forms upon stripping. 

The filling of the forms should be continuous where possible in 
order to prevent the formation of laitance or ‘^day\s work’' 
planes. Laitance is a whitish substance consisting of the finest 
particl(‘S of the c(anent toget,h(*r with some of the silt and clay 
from the aggregates. It is brought to the surface of frershly 
mixed concrete where excess water is used (as it usually is in 
reinforced concrete) and, as it hardens very slowly and never 
acquires much strength, it constitutes a plane of weakness. 
WTiere such continuous deposition is impossible, the laitance 
should be scraped off and the surface of the old concrete rough- 
ened and wetted bc'fore placing is resumed. 
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Where forms have considerable height with reinforcement 
continuous in either a vertical or a horizontal direction over the 
full height, some means should be provided of depositing the 
concrete without dropping it through too great a distance. In 
addition to the separation that is bound to take place, both forms 
and reinforcement become coated with hardened concrete long 
before they are completely filled, which may cause planes of 
weakness in the top of the structure. Properly constructed 
enclosed chutes or pipes extending dowm into the forms will 
insure against these weakness planes and also produce a satis- 
factory surface finish. 

Spading or puddling of the concrete is necessary to cause it to 
si)read laterally after it has been deposited in the forms. This 
puddling should be done in such a manner as to force the coarse 
aggregate against the forms. In a properly designed mix suffi- 
cient mortar will follow^ and encase the coarse aggregate to insure 
a good surface finish, but if all of the coarse aggregate is forced 
into the interior, away from the forms, the surface is less durable. 

Vibrators have been used in the past few years to aid in the 
flow of the concrete in the forms. They are operated either by 
compressed air or by electricity. Tliey are used both internally 
and against the outside of the forms. Since they allow the use 
of a very sluggish mixture, with its consequent lower water- 
cement ratio, higher strength concretes may be expected. 

16. Curing. The principal variations in curing conditions 
which affect the; pro(H‘ss of hardening and the strength of the con- 
crete are variations in moisture and temperature conditions. 
While it is important that the amount of water used in mixing be 
controlled so that the consistency is as nearly normal as practical, 
it is just as important that the concrete be not allowed to dry out 
immediately, if the maximum strength obtainable is to be attained. 
All concrete should be protected against premature drying out for 
at least 1 week, and for a longer time if the temperature is near 
the freezing point. This may be done by sprinkling with water at 
intervals, or by covering with damp or wet burlap. In road 
construction, water may be held over the entire surface by 
damming the edges with loose earth and forming a series of 
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ponds. The importance of keeping the concrete moist while 
hardening cannot be too strongly emphasized. Tests show that 
a concrete allowed to dry out immediately will usually reach 
a strength of not more than 50 per cent of the strength of similar 
concrete kept moist over the entire period of curing. Figure 
6 shows this relation^ graphically. All test specimens were 
tested at 4 months, having had various intervals of storage in 
damp sand. Each value is the average of 24 tests (four each for 
six consistencies). 



Fig. 5. 

The relation between the mean temperature during the curing 
period and the strength of concrete is illustrated by Fig. 6.^ 
The tests from which the curves were plotted covered a wide 
range of temperature conditions, and the results were fairly 
consistent. A knowledge of the effect of the mean temperature 
upon the strength is very necessary in determining the time 
when forms may be removed and loads applied, and a careful 
study of Fig. 6 will furnish the necessary information for deter- 

^ Taken from Bull. 2, Structural Materials Research Laboratory, Lewis 
Institute, Chicago, 111. 

* Taken from Bull. 81, Engineering Experiment Station, University of 
Illinois. 
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mining the relative length of time the forms should be kept in 
place under different temperature conditions. 

By combining high temperatures with a saturated condition 
of the atmosphere, it would follow that accelerated hardening of 
the concrete would be obtained. These conditions are brought 
into being by the application of live steam to concrete while 



Fig. 6. 


hardening. This method is especially useful in the manufacture 
of concrete blocks, tile, small pipe, etc., where the saving in forms, 
storing space, and time is important. By placing the concrete 
products in a confined space, and applying the steam under 
pressure, a still more rapid increase in strength will be attained. 
The steam should not be applied until after the concrete has 
obtained an initial set. Results of tests show that up to 80 p.s.i. 
gauge pressure, steam has an accelerating action on the harden- 
ing of concrete, and that the compressive strength increases 
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'with the pressure and time of exposure. The application of 
the steam, too, permanently accelerates the hardening after th(? 
exposure to steam ceases. Concrete so treated has reached a 
compressive strength in 2 days (exposure to steam under pres- 
sure 24 hours) greater in some cases by 100 per cent than 
unsteamed concrete has reached in 28 days. 

16. Freezing. The effect of low temperatures in delaying the 
hardening of concrete is shown in Fig. 6. When water reaches 
a temperature of 39 deg. Fahrenheit some subtle change occurs 
which decreases its chemical ability for combination. This 
change becomes more marked as the freezing point is approached, 
and concretes placed with the temperature near the freezing 
point take several times as long to obtain a final set as concretes 
cured at normal temperatures. In case of dry atmospheric con- 
ditions much of the water may evaporate before the final set 
takes place, and insufficient water be left to combine chemically 
with tlui cement. In case the temperature falls below the freez- 
ing point before final set, the expansion of the water while freezing 
exerts a force sufficient to destroy the cohesion between the 
particles of the green concrete. 

The injurious effect of freezing is lessened by two factors, 
namely, that concrete is a very poor conductor of heat, and that 
the chemical action of setting and hardening generates a certain 
amount of heat to combat the freezing action of the atmospheric 
conditions. Thus the serious injury is usually confined to the 
surface of the concrete, and rarely penetrates more than an inch 
or two in depth. In massive members this may not seriously 
impair the strength, but be harmful only to the appearance. 
In the smaller members, however, a large percentage of the 
strength may be lost. 

Various methods are used to prevent the freezing of concrete, 
namely, heating the materials, covering the green concrete, 
adding certain salts to the mixture to lower the freezing point of 
water, etc. The Joint Committee recommends that: 

In freezing weather suitable means shall be provided for main- 
taining a temperature of at least 50 deg. Fahrenheit for not 
less than 72 hours after placing, or until the concrete has thor- 
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oughly hardened . . . Salt, chemicals, or other foreign materials 
shall not be mixed with the concrete for the purpose of preventing 
freezing, unless approved by the Engineer.” 

Effects of Miscellaneous Agencies and Conditions on the 
Strength and Durability of Concrete 

17. Salts, Hydrated Lime, and Water-proofing Compoimds. 

Common salt is often added to the mix to lower the temperature 
at which the water will freeze. The addition of salt lowers the 
freezing point about 1 deg. Fahrenheit for each 1 per cent of 
salt added to the mixing water. This has been shown to be 
beneficial to the strength of concretes cured at freezing tem- 
peratures up to 12 per cent. More than this amount of salt has 
generally proved injurious. With normal temperatures the 
addition of common salt is injurious, the decrease in strength 
being roughly proportional to the percentage of salt added. The 
set is retarded in all cases, and in reinforced concrete the salt 
is likely to cause corrosion of the steel. 

Calcium chloride is used for the same purpose as common salt. 
Not such a large pcTcentage is beneficial to strength as in the 
case of common salt, but up to 4 per cent concretes cured at any 
temperature are benefited, and the setting is accelerated. Tests 
made at the University of Wisconsin^ indicated that the best 
effect was obtained with a mixture of 2 per cent of calcium 
chloride and 9 per cent of common salt. 

The use of hydrated lime in quantities up to 15 per cent of the 
weight of the cement has been advocated by various authorities 
on the theory that it improved the workability of the concrete 
or increased its strength and water- tightness. In lean mixtures 
it is true that the addition of hydrated lime does have a marked 
effect in producing a more plastic and better working concrete. 
In the richer mixes this effect is less pronounced. Some tests 
have shown a slight increase in strength with the use of a small 
percentage of hydrated lime. It appears that if the hydrated 
lime is added without decreasing the amount of cement or 
increasing the amount of water, such an increase usually occurs, 

^ Wisconsin Eng .^ October, 1913. 
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but if some of the cement is replaced by hydrated lime, a reduc- 
tion in strength can be expected. 

Various water-proofing compounds in powdered or liquid form 
are sometimes used to make a more impervious concrete. They 
are either added to the mixing water, mixed with the cement on 
the job, or added to the cement during its manufacture. Their 
function is to fill the voids or pores of the concrete with a more or 
less soapy, insoluble filler, and thus prevent the percolation of 
water through the concrete. The results obtained are varied. 
Some practically impervious concrete has been produced, while 
on other work the water-proofing has not been successful. 
Practically all of the compounds in use detract from the com- 
pressive strength of the concrete. Fully as impervious concrete 
can generally be obtained by using a slightly richer mix, well- 
graded fine aggregate, as stiff a consistency as possible, and 
thoroughly puddling the concrete as it is placed. 

Certain classes of mineral oils have been used in concretes for 
damp-proofing them or reducing their permeability, but the 
results obtained do not warrant their use. 

18. Alkali. The action of alkali on concrete is a problem pecul- 
iar to the prairie regions of the west. These regions, because 
they have a low rainfall and poor drainage, present extraordinary 
conditions in respect to the amounts of soluble salts present in 
the soil. These salts are mainly sodium, magnesium, and calcium 
sulphates. Seepage water from shallow excavations commonly 
shows concentrations of from 1 up to 6 per cent or more. Chemi- 
cal action between these sulphates and the cement causes the 
decomposition of the concrete, the physical action resembling 
exactly that of frost. Cases have been cited where concrete 
immediately above and free from such contact was in first-class 
condition. The action is slow and retarded by impermeability, 
but while there is reason to believe that well-made structures of 
dense concrete will stand up indefinitely in sea water where 
constantly immersed, there is no doubt that equally well-made 
concrete will not stand up long in contact with ground waters of 
high alkali content. The life of a structure in contact with such 
waters may be lengthened by following the same precautions that 
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should be used in making and placing concrete which is subject 
to the action of sea water, and by providing drainage such that as 
small an amount of alkali water as possible shall come in contact 
with the finished concrete. ^ 

19. Oils, Acids, and Sewage. Concrete thoroughly hardened 
is unaffected by mineral oils such as ordinary petroleum or engine 
oils. Various animal and vegetable oils may slightly weaken 
and disintegrate a concrete, but such cases are rare. 

Acids which seriously injure other materials will also injure 
concrete. The condition where this is most likely to occur is 
in the discharge of acids in sewage. Strong sulphuric acid in 
contact with the concrete converts the carbonate of lime into 
sulphate of lime, which is soft and easily corroded. Two factors, 
however, tend to make this effect less marked; first, the likelihood 
of the acid being so much diluted by the water of the sewage as to 
be practically harmless, and second, the greasy substance which 
is usually found to coat the perimeter of a sewer under the 
water line prevents the full action of the acid upon the cement. 

20. Manure. Manure is sometimes used to cover fresh con- 
crete in freezing weather. Since dry manure is a poor conductor 
of heat, and since during decomposition it generates heat, it is 
quite effective in preventing freezing of the concrete. Unless 
the work is first covered by some impermeable material, the uric 
acid in the manure is likely not only to discolor the green concrete 
but partially to disintegrate it. If the manure becomes wet 
during the early stages of the hardening of the concrete, unless 
the latter is efficiently protected, the disintegrating effect may 
be quite marked. Thoroughly hardened concrete is sometimes 
discolored by contact with manure, but its strength is not 
impaired. 

^ The Joint Committee specifies that: ** Concrete in alkali waters or 
below the ground line of alkali soils shall contain a minimum oi 1% bbl. 
(7 bags) of Portland cement per cubic yard in place . . . Concrete shall 
be placed in such a manner as to minimize the number of horizontal or 
inclined seams, or work planes. Metal reinforcement or other corrodible 
metal shall not be placed closer than 2 in. to the surface of members exposed 
to alkali soils or waters. In foundations and in heavy structures the metal 
reinforcement shall not be placed closer than 3 in. to the surface,*' 
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21. Electrolysis. Although in most structures the danger of 
action by electrolysis is negligible, there are certain conditions 
where reinforced concrete may be seriously damaged by the flow 
of an electric current between the concrete and the steel. If 
electrically positive reinforcement is in contact with concrete, it 
will become corroded, provided the concrete is sufficiently moist 
and the voltage sufficiently high. The corrosion of the reinforce- 
ment with its consequent expansion causes cracking in the con- 
crete. Strong currents, however, of high enough voltage are 
not usually found under actual conditions, so danger from this 
source is very rare. Common salt, even in amounts less than 
1 per cent, increases the rate of corrosion of the reinforcement 
since it increases the conductivity of the concrete. This rate of 
increase is so tremendous that special care should be taken in 
structures exposed to contact with sea water to prevent the flow 
of stray electric currents. In constructions where stray electric 
currents may be expected, no salt should be used in the concrete. 
Electrically negative reinforcement in contact with concrete 
produces a softening effect upon the latter, which may extend 
for }4 in. or more all around the reinforcement. This softening 
effect eventually completely destroys the bond between the 
concrete and the steel. It manifests itself at all voltages, the 
rate being approximately proportional to the voltage. 

22. Sea Water. Almost invariably, specifications forbid the 
use of sea water in mixing concretes. The detrimental effect to 
the concrete itself is usually not so large except in very lean 
mixtures, but in reinforced concrete construction where sea 
water is used in mixing, the corrosion of the steel is likely to be 
serious, and may eventually result in the complete destruction 
of the work. 

The reliability of concrete and reinforced concrete when 
exposed to the action of sea water is variable, but, under favor- 
able conditions and with proper care, structures comparing 
favorably in durability with those of timber or steel can be 
constructed. A richer and denser mix should be used than for 
ordinary construction, in order to insure against the infiltration of 
water into the concrete, which causes, in the case of plain con- 
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Crete, complete disintegration due to chemical reaction, or in the 
case of reinforced concrete, failure due either to electrolysis or to 
rusting of the steel. Just enough fresh water should be used in 
mixing so that the concrete settles around the reinforcing rods 
with light tamping. The forms should be oiled to insure a 
smooth surface, and if practical, a richer mortar coat should be 
applied next the forms at the same time the other concrete is 
placed. Reinforcing material should be protected by at least 
3 in. of concrete. Construction joints should be avoided, and the 
concrete should not be exposed to the sea water until it is thor- 
oughly hardened.' 

1 The Joint (U)ininitte(^ specifies that: “Plain concrete in sea water from 
2 ft. below low water to 2 ft. above high water, or from a plane below to a 
plane above wave action, shall contain a minimum of bbl. (7 bags) of 
Portland cem(mt per (iubic yard in place. Other plain concrete in sea water 
or exposed directly along the sea coast shall contain a minimum of bbl. 
(6 bags) of Portland cement per cubic yard in place. Porous or weak 
aggregates shall not be used ... 

“Sea water shall not be allowed to come in contact with the concrete 
until it has hardemd for at least 4 days. Concrete shall be placed in such a 
manner as to minimize the number of horizontal or inclined seams or work 
planes. The placing of concrete between tides shall be a continuous 
operation, . . . where it is impossible to avoid seams or joints the surface 
of the set concrete shall be roughened . . . , thoroughly cleaned of foreign 
matter and laitance, and saturated with water. The new concrete placed in 
contact with the hardened or partially hardem^d concrete shall contain an 
excess of mortar to insure bond. To insure this (‘.xcess mortar at the junc- 
ture of the hardened and newly deposite<l concrete, the cleaned and satu- 
rated surfaces of the hardened concrete, including vertical and inclined 
surfaces, shall first be slushed with a coating of neat cement grout against 
which the new concrete shall be placed before the grout has attained its 
initial set. Concrete shall be deposited in sea water only when so directed 
by the Engineer . . . 

“ Metal reinforcement shall be placed at least 3 in. from any plane or 
curved surface, except at corners when it shall be at least 4 in. from adjacent 
surfaces. Metal chairs, supports, or ties shall not extend to the surface of 
the concrete. Wluire unusually severe conditions of abrasion are antici- 
pated, the face of the concrete from 2 ft. below low water to 2 ft. above high 
water, or from a plane below to a plane above wave action, shall be pro- 
tected by creosoted timber, dense vitrified shale brick, or stone of suitable 
quality, as designated on the plans or as required by the Engineer. 
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23. Compressive Strength. The ultimate strength of a con- 
crete normally increases with age. This increase proceeds 
very rapidly for the first few days after the concrete is placed, 
but becomes more gradual as time goes on, though continuing 
at a more reduced rate for an indefinite period. The compressive 
strength of concrete at the age of 28 days is generally used as a 
measure of the quality of the concrete. This assumes proper 
mixing and placing and suitable curing conditions. The com- 
pressive strength of the concrete is based on tests of 6- by 12-in. 
or 8- by 16-in. cylinders made in accordance with the Standard 
Methods of Making and Storing Specimens of Concrete in the 
Field, of the American Society for Testing Materials,^ and tested 
in a well-equipped laboratory by a competent operator. 

The ultimate compressive strength expressed in pounds per 
square inch is used as a basis for determining the unit stresses to 
be used in design, for it has been found that practically all of the 
other structural properties of a concrete are proportional to the 
compressive strength. 

24. Tensile Strength. The tensile strength of concrete is a 
property of little importance, because it is so low in comparison 
with the compressive strength' that it is usually neglected alto- 
gether in the design of reinforced concrete structures. It may 
roughly be estimated as having a value of about 10 per cent of 
the compressive strength. 

26. Transverse Strength. The transverse or flexural strength 
of concrete is low as compared with its compressive strength, 
but much greater than the strength in pure tension. The trans- 
verse strength is measured by the stress developed in beam 
action. In a reinforced concrete member this strength is usually 
disregarded, and steel reinforcement is placed in the member to 
develop the flexural stresses on the tension side. Load tests, 
however, on reinforced concrete structures have shown that the 
transverse strength of the concrete contributes to a marked 
degree in increasing the capacity of the structure. Tests made 
by Duff A. Abrams^ indicate that, at 28 days, the transverse 

1 A.S.T.M. Standard C31-39. 

* See Bull. 1 1 Structural Materials Research Laboratory, Lewis Institute, 
Chicago. 
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strength varies from 26 per cent of the compressive strength 
for a 1000-lb, concrete to 15 per cent for a 4000-lb. concrete. 

26. Shearing Strength. The shearing strength of concrete is 
important in that failure by shear on a diagonal plane often 
occurs in short compression specimens. The direct shear must 
not be confused with the combination of shear and diagonal 
tension that occurs in the web of a beam. The resistance of 
concrete to direct shear is difficult to determine, as it is almost 
impossible to eliminate the effect of bearing, diagonal tension, 
and other stresses, so that different series of tests show quite a 
variation from one another. For most concrete the shearing 
strength is at least 60 per cent of the compressive strength, 
and will need to be considered in design only in exceptional 
cases. 

27. Elasticity. Concrete is not a perfectly elastic material, 
there being a slight decrease in the ratio of stress to strain as the 
stress increases. Concrete also shows a permanent set under the 
smallest loads, but within working limits there is a fairly con- 
stant relation between temporary stress and strain, which may be 
considered as the modulus of elasticity of the concrete. 

Since the stress-strain line is curved almost from the beginning, 
the method of calculating the modulus of elasticity needs to be 
considered. Figure 7 is a typical stress-strain diagram with the 
curvature somewhat exaggerated. A load producing a stress 
Oc has been applied and removed a sufficient number of times 
until the permanent set Oa shows no further appreciable increase, 
and all points on the stress-strain line ad fall on an approximately 
straight line. The deformation measured from the original 
position, for a stress Oc, is Oh, and the slope of the line Od is 
called the ‘‘secant modulus.” The slope of the tangent to the 
curve, represented by OT, is known as the “initial modulus” or 
“initial tangent modulus.” 

In reinforced concrete design the principal use of the modulus 
of elasticity is to determine the value of the relative stresses 
carried by the steel and concrete, assuming that there is perfect 
bond between the two materials. For such a computation the 
deformation should be measured from the original position, and 
the secant modulus should be used. In the case of a beam 
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where the stress in the concrete varies according to the straight- 
line” theory, the secant modulus, while not exactly represent- 
ing the conditions, is nearer to the exact conditions than the 
initial modulus. The relation between the secant modulus 
and the initial modulus is not a constant, but for all but the 
smallest loads the former is the smaller. 



Fi<i. 7. 


There is a relation between the modulus of elasticity of a 
concrete and its compressive strength, but this relation is not 
linear. Stanton Walker^ (expresses this relation for usual con- 
cretes as E = 33,000 where E = the initial modulus, and S 
the compressive strength of the concrete. The tests from which 
this relation was determined covered a wide range of consistencies, 
mixers, times of mixing, curing conditions, and age at time of test. 
These tests also showed that the modulus of elasticity increases 
as the aggregate becomes coarser (within certain limits), that it 
increases with age, the richness of the mix, and time of mixing, 
and is less for wet than for dry consistencies. 

The value for this initial modulus for concrete at the age of 
28 days varies from about 1,500,000 to 5,500,000 p.s.i. with 

* Sec Bull. 5, Structural Materials Research Laboratory, Lewis Institute, 
Chicago. 
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a somewhat narrower range for the usual concretes. The valutas 
most often used in design are generally somewhat smaller, the 
Joint Code specifying that the modulus of elasticity of the steel 
be taken as 30,000,000 p.s.i. and that of the concrete as lOOO/'c, 
where fc is the ultimate compressive strength determined as 
described in Art. 23. 

28. Elastic Limit. For the same reasons as those given at the 
beginning of the previous section, there can be no elastic limit in 
the true sense of the term. There appears to be a stress, however, 
below which repetition of the same load does not cause appreci- 
able increase in set, while beyond this stress, repetition of load 
causes increased set indefinitely, and final failure far below the 
normal ultimate strength. This stress may be considered as the 
elastic limit. Tests show quite a range of values, varying from 
25 to 90 per cent of the ultimate compressive strength, but for 
the average concrete it is probably in the neighborhood of from 
40 to 60 per cent of the ultimate compressive strength. 

29. Plastic Flow. Tests have shown that all concrete under a 
sustained load continues to deform or ^‘plastically flow^' for a 
long period of time. This deformation is independent of that 
due to shrinkage caused by the decrease in moisture content. 
The results of tests by R. E. and H. E. Davis^ on 4- by 14-in. 
cylinders of 1:5.05 concrete with a water-cement ratio of 1.03, 
loaded at 28 days and stored in air of 70 per cent humidity arci 
shown in Fig. 8. For specimens stored under water the deforma- 
tions due to flow were much smaller. 

Th(i effect of this plastic flow in a reinforced concrete column 
is, under sustained load, to gradually relieve the compressive 
stress in the concrete until the yield point of the steel is reached. 
Tests of reinforced concrete columns, sponsored by the American 
Concrete Institute, made at Lehigh University and at the 
University of Illinois ^ have shown increases in the steel stress of 
from two to four times that obtained under the initial loading. 

In beams and slabs the effect of the shrinkage and plastic 
flow is to move the neutral axis toward the tensile reinforcement, 

^Proc., A.C.I., vol. 27, p. 837, 1931. 

2 Proc., A.C.I., vol. 27, pp. 677 and 761, 1931, and vol. 28, p. 157, 1932. 
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thus decreasing the stress in the concrete and increasing that in 
the steel. 

In all cases the removal of the load shows some recovery or 
backward flow, which often continues for an appreciable period, 
but such values are always less than the deformations under the 
sustained load. 



30. Contraction and Expansion. Concretes expand as the 
temperature is raised, and contract as the temperature is lowered. 
The coefficient of expansion per degree of temperature change 
increases somewhat with the richness of the mix, but the range of 
values is small. Tests made in the laboratories of Cornell 
University gave a range of values of from 0.00000677 for a 1 : : 

3 concrete to 0.00000537 for a 1 :3:6 concrete, with an average for 
all tests of 0.00000604. Other tests have shown a close agree- 
ment. The value generally used is 0.000006 per degree 
Fahrenheit. 

Concretes expand in volume if kept wet or immersed in water, 
and contract if exposed to air. This property is not confined to 
freshly placed concrete but is characteristic of concretes of many 
years’ service. A concrete which dries out in air may be expected 
to contract from 0.02 to 0.05 per cent, and when immersed in 
water may expand at least one-half of this amount. 

This tendency to change in volume with different moisture 
conditions and changes in temperature does, of course, set up 
stresses of both tension and compression in a restrained rein- 
forced concrete structure. The tensile stresses often exceed the 
amount that the concrete can sustain, and cracks result. 
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31. Bond. The adhesion of new concrete to work previously 
placed, becomes an important consideration in certain classes of 
construction. Very few tests of this property, however, have 
been made. Tests made by Hector St. George Robinson in 1912 
indicate that a thorough cleaning of the old surface is beneficial to 
bond. When the old surface was roughened, cleaned, either 
treated with hydrochloric acid or coated with cement grout, a 
joint of about 80 per cent efficiency was obtained. Merely 
wetting the surface gave an efficiency of about 40 per cent, and 
wetting and roughening something more than 50 per cent. If 
the old concrete is not thoroughly wetted, it will draw the 
moisture from the new concrete, often leaving not enough in 
the latter for a normal consistency, and resulting in weak con- 
crete near the joint as well as producing a joint of low efficiency. 
(For bond between concrete and steel see Art. 41.) 

32. Weight. The weight of a concrete varies somewhat with 
the proportions of the mix, the consistency, and the character 
of the aggregate. The richer concretes are slightly heavier, and 
the wetter consistencies are lighter, except when cinders are used 
as the coarse aggregate. A stone or gravel concrete will usually 
weigh between 140 and 150 lb. per cu. ft., with an average of 
about 145 lb. per cu. ft. In reinforced concrete the steel adds 
from 3 to 5 lb. per cu. ft., and the weight of reinforced concrete 
(including the steel) is usually taken as 150 lb. per cu. ft. The 
weight of cinder concrete may be taken as 115 lb. per cu. ft. 

Other Properties or Concrete 

33. Resistance to Fire. Concrete is not only incombustible, 
but also a poor conductor of heat. Hence it is a splendid fire- 
resisting and fire-proofing material. Clay products and building 
stones are equally non-combustible, but they possess greater 
conductivity and a higher coefficient of expansion. The low 
coefficient of expansion lessens the tendency to crack when 
heated, and the low conductivity prevents the transference of the 
heat of the fire to the interior of the mass and to the reinforcing 
steel. Tests of conductivity have shown that when the surface 
of a mass of concrete is exposed for hours to a high heat, the 
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temperature at a depth of 1 in. beneath the surface is consider- 
ably lower, while at a depth of 3 in. or more the rise in tempera- 
ture is very slight. 

The low thermal conductivity of concrete is to a large extent 
due to voids in the material. Neat cement, with a void content 
about twice that of the average concrete, shows a corresponding 
decrease in its conductivity. It is also partly due to the absorp- 
tion of the heat of vaporization by the water of combination in 
the hardened cement. The absorption of heat by the surface 
material as it becomes dehydrated retards the dehydration 
of the concrete beneath. The surfaces concrete which is injun'd 
by heat, but) whi(di remains in place, affords protection for the 
material farther in, as it is a poorer condu(*tor than the original 
concrete. 

The experience gained from some of the great fires, for example, 
those of Baltimore and the Edison Plant, etc., has shown that 
concrete exposed to high heat for a considerable length of time 
becomes calcin(>(d to a depth of from } to in. but shows no 
tendency to spall off except at exposed corners and edges. 

The ,Ioint Committee specifies as follows for concrete covering 
over steel reinf orccunent : 

“Metal reinforcement in fire-resistive construction shall be 
]^rot(K^ted by not less than 1 in. of concrete in slabs and walls, and 
not less than 2 in. in Ix'ams, girdtn-s, and columns, providt^d 
aggregate showing an expansion not materially greater than that 
of limestone or trap rock is used; when impractical)le to obtain 
aggregate of this grade, the protective covering shall be 1 in. 
thicker and shall be reinforced with metal mesh having openings 
not exceeding 3 in., placed 1 in. from the finished surface.^’ 

An idea of the severe test which concret e may be expected to 
pass as a fire-resisting material may be obtained from the follow- 
ing specification of the Building Code of the City of New York 
for fire-proof partition walls. 

“ A vertical panel of not less than 14 ft. long and 9 ft. high shall 
be subjected to a fire continuous for not less than 1 hour at an 
average temperature of 1700 deg. Fahrenheit during the latter 
half hour, followed by an application for not less than 2^ min- 
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utes of a hose stream from a IJ^-in. nozzle at 30 lb. nozzle pres- 
sure, without passage of flame during the test.’^ 

34. Weathering Qualities. The principal weathering agencies 
affecting the durability of concrete are variation in temperature, 
wind, rain, and variation in moisture conditions. Changes in 
temperature and moisture conditions cause more or less expansion 
and contraction in concretes, which in turn are apt to cause 
cracking that may result in ultimate failure. Cracking due to 
variations in temperature is likely to be confined principally to 
the surface of a structure, and may be made hjss harmful by the 
use of steel reinforcement so pla(*ed that a multitude of small 
cracks, which often are not visible to t he nakcni (*ye, n'place a few 
large and deep cracks. Expansion and contraction diu' to 
moisture changes are oftentimes more serious, as the moisture 
may penetrate the concrete farther and cause dangerous stresses 
t ;0 be introduced. The expansion and contra(;tion of ri(;h mixes 
are considerably more than those of the leaner mixtui'es, when 
moisture and temperature conditions vary. This circumstance 
is often responsible for the cracking off of a rich surface coat« 
floated or plastered on a leaner base. The surface material 
not only tends t-o expand and contract more on a(*count of its 
comparative richness, l)ut it ]n*otects the und(*rlying matcvrial 
from going through th(^ (extensive tem])(n*a1,ur(^ and moisture 
chang(^s which it itsc^lf is (experiencing. To prevent th(' ultimate 
spalling off of this surfiuH^ lay(‘r, as h'un and as (bin a surface' coat 
as possibles should Ixi used, and wdie're i)racticable, it should bo 
applieid beifore tlie leaner l)ase has se^t so as to make the bojid 
botwexm the two as strong as possible. 

36. Abrasive Resistance. The extensive use of concreite in 
th(i construction of roads, pavements, and floers makes its re^sist- 
ance to wear or abrasion an important consideration. In 
general, a concrete of high compressive strength will have a high 
re^sistance to abrasi^m action. Abrasion either wears away the 
cement and sand grains or it pulls the sand grains out of the 
cement matrix. It follow’^s, therefore, that with soft aggregates 
more cement will be needed in order to keep the wear low, while 
with hard and durable aggregates just sufficient cement is needed 
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to hold the aggregate against the abrasive action. The quantity 
of mixing water used, however, the length of time of the mixing, 
and the curing conditions have more effect on the abrasive resist- 
ance than the hardness of the aggregate, and a good wearing 
surface can be produced with inferior aggregates if other condi- 
tions are favorable. Provided the proper precautions are taken, 
and a good quality concrete produced, the actual wear on the 
surface of either a pavement or a floor will not be of any serious 
amount, no matter how heavy the traffic. 
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36 . T3rpes of Reinforcement The reinforcing steel in rein- 
forced concrete construction must be of suc^h form and size that 
it easily may be incorporated as a part of the structure and 
provide sufficient surface to bond thoroughly together the two 
materials. In order to prevent the great concentration of stress 
at any point in the concrete, and in order to furnish sufficient 
area for bond strength, it is ne(?essary to use the steel in com- 
paratively small sections. With the small sections required, 
economy of manufacture requires the use of steel in the form of 
round or square bars. These vary in size from in. in diameter 
up to 1 J ^ in. in diameter. Bars of all diameters are not always 
readily obtainable, and designers should confine their selections 
to the sizes manufactured by all bar companies. These are 
indicated in Table 1 (Appendix D). In order to insure prompt 
delivery the number of sizes and lengths of bars to be used on a 
job should be kept to a minimum. The following extras in 
cents per 100 lb. are standard with all mills for both round and 
square bars. 


Size Extras 


% in. and larger. 

% in 

M in 

in 

34 in 


Lengths less than 10 ft. are subject to the follow! q^tras 

Lengths over 60 in. and less than 120 in 

Lengths 48 in. to 60 in. inclusive 

Lengths 24 in. to 48 in. inclusive 

Lengths 12 in. to 24 in. inclusive 

Length 12 in. or less not less than 40 cts^ 



41 



42 


PROPERTIES OF REINFORCED CONCRETE 


Small quantities of the same shape and size are subjecft to the 
following extras : 


Loss than 2000 lb. to 1000 Ib 20 cts. 

I.<ess than 1000 lb 50 cts. 


There is also an extra charge for cutting less than 2000 lb. of 
any size to a specific length, whether or not tin) above extras 
apply. They are as follows: 


L(^ss than 2000 lb. to 1500 lb 10 cts. 

Ij(^ss than 1500 lb. to 1000 lb 20 cts. 

Less than 1000 lb. to 500 lb 40 cts. 

Less than 500 11) 60 cts. 


Plain round and square bars are sometimes used, the necessary 
bond strength being furnish(‘d by the adhesion of the steel and 
concrede. Plain flat bars are not desirable, as the adhesion 
between them and the conen^te is considerably less than for round 
or square bars. D(‘formed bars have beem devised to furnish a 
bond b(‘twe(‘n th(‘ concretes and st(»el in addition to the normal 
surfa(^(‘ adhesion. This is accomplished by providing projections 
or deprc'ssions or both on the surfaces of the bar.^ Some defornu^d 
bars ar(‘ so shap(Hi that the area of iho section is constant through- 
out th(‘ length, while otliers have considerable difference betw(^en 
sectional areas tak(m at different points. On most reinfor(;ed 
concrete work of the j) resent day some form of deformed bar is 
used. Some of the common types of deformed bars in use are 
illustrated in Fig. 9. 

Wire fabric and (*xpanded metal in various forms are used 
to a considerable ext(mt in slabs and other thin concrete sections. 
These types of reinforcement are easy to place, and since the 
metal is so well distriV)ut('d in small sections, it is especially well 
adapted to resist the cracking likely to occur from changes in 
tempeu-ature and moisture conditions. Some of ttie forms of 
this type of reinforccunent are shown in Fig. 10. 

37. Grade of Steel. Three grades of steeP are in use for 
reinforcing bars, namely, structural steel, intermediate, and hard. 
Some authorities prefer that bars of the structural steel grade 


1 A.S.T.M. Standard A15-33. 



REINFORCEMENT 


43 


only be used but the modern tendency is to use the intermediate 
grade. The brittleness of the hard or high-carbon steel is to be 
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feared especially in light members subject to sudden impact 
stresses. High-carbon steel when used should be thoroughly 
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inspected and tested in order to prevent brittle or cracked mate- 
rial from being used in the completed structure. Structural 



steel should have an ultimate strength of from 55,000 to 70,000 
p.s.i. The intermediate grade should range from 70,000 to 
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90,000 p.s.i., and the hard grade should have an ultimate strength 
of 80,000 p.s.i. or greater. 

38. Coefficient of Expansion. The coefficient of expansion of 
steel is approximately 0.0000065 per degree Fahrenheit, and this 
value may be used in all design. 

39. Modulus of Elasticity. The modulus of elasticity of all 
grades and kinds of steel is nearly the same, and may be taken as 
30,000,000 p.s.i. 

40. Advantages of Concrete and Steel in Combination. Since 
concrete is only about one-tenth as strong in tension as in com- 
pression, it cannot be used economically by itself for the construc- 
tion of any member sustaining or likely to sustain flexural stresses. 
Its compressive strength is sufficiently high to be of structural 
importance, and it is a good fire-proof material ; it is durable, and 
materials for its manufacture can be obtained in almost any 
locality. 

Steel, on the other hand, when not embedded in concrete, 
cannot withstand successfully great heat and is subject to corro- 
sion. Its tensile strength is high in almost any shape of section. 
To resist compression by itself it must be made in forms of less 
concentrated cross-section than the bar, in order to have lateral 
rigidity. 

When the two materials are so arranged in a structural member, 
subject to both tension and compression, that the steel will resist 
the tension and the concrete the compression, the greatest advan- 
tage over other types of construction occurs. The member is 
more fire-proof than one constructed of steel or timber alone, and 
is often more economical. The steel is used in its cheapest form, 
the bar, and protected by its covering of concrete. In compres- 
sion members such as columns, the use of the steel is not so 
economical, but a reinforced concrete column is again the most 
permanent and fire-proof construction obtainable. Columns of 
structural steel incased in concrete may be as durable, but the 
initial cost is greater. Plain concrete columns are not safe 
construction on account of the possible bending or shearing 
forces which may develop. 
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41. Bond between the Concrete and the Steel. All reinforced 
concrete construction is based on the assumption that the two 
materials are thoroughly bonded together. The high value of 
the adhesion of concrete! to steel rods embedded in it was known 
long before the days of reinforced concrete, and use of this 
property was made in anchor bolts, rods, etc. Most of the tests 
of bond have been made by embedding a short reinforcing bar in a 
block or "cylinder of concrete and pulling it out in a testing 
machine. In such t(‘sts the concrete surrounding the bar is in 
compression, and the conditions do not correspond to those 
ordinarily existing in beams or slabs. Other tests have been 
made with the two bars (imbedded, one in each end, of a concrete 
cylind(!r, and t(!nsion applied to each rod to dc^termine the bond 
strf!ss. Still other tests have be(‘n made with rods embedded 
in small reinforced coiKTC'te beams, tlie middle portion of t he rods 
being left exposed, ''I'he* rc^sults of tests of different types seem 
to show that a corr(*ct valu(‘ of tint bond resistam^e can be obtained 
by i)rop('rly made tests of the simple kind first mentioned. 

From an extensive seri(»s of bond tests made at the Univ(!rsity 
of Illinois^ conclusions were reached as follows: 

Bond l)etween conen^te and stdel may be divided into two 
primapal elcanents, adlu^sive resistance and sliding resistance. 
The sourc‘e of adhesive* rc'sistance is not known, but its presence 
is a matter of universal expericnice* with materials of the nature of 
mortar and concr(*t(!. Sliding resistance arises from ineepialities 
of th(! surface! of the bar and irregulanti(‘s of its section and align- 
m(!nt together with the* corresponeling conformations in the 
cone*rete. The aelhesive resistance* must be overcome before 
sliding re*sistance* ce)mes into actie)n. In other words, the two 
elem(*nts of bond r(*sistance are not effective at the same time at a 
given point. Many evidence*s of the tests indicate that adhesive 
resistance is much the more* im}K)rtant element of bond resistance. 

Pull-out tests with plain bars show that a considerable bond 
str(*ss is ele*V(*lope*d be^fore a measurable slip occurs. After 
the adhesive* re^sistance is overcome, a further slip without an 
opportunity of re\st is accompanmd by a rapidly increasing bond 

^ Rtill. 71, Enjrineerinjf Experiment Station, University of Illinois. 
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stress until a maximum bond resistance is reached at a definite 
amount of slip. 

Pull-out tests with plain round bars show end slip to begin at an 
average bond stress equal to about one-sixth the compressive 
strength of 6-iii. cubes from the same concrete; the maximum 
bond resistance is equal to about one-fourth the compressive 
strength of 6-in. cubes. These values were about the same for a 
wide range of mixes, ages, and conditions of storage. In terms 
of the compressive strength of 8- by 16-in. concrete cylinders 
these values would be about 13 per cent for first end slip and 
19 per cent for the maximum bond resistance. 

The tests indicate that bond stress is not uniformly distributed 
along a bar embedded any considerable length and having the 
load applied at one end. Slip of bar begins first at the point 
where the bar enters the concrete, and the bond stress must be 
greater here than elsewhere until a sufficient slip has occurred to 
develop the maximum bond resistance at this point. Slip of bar 
begins last at the free end of the bar. After slip becomes general, 
there is an approximate equality of bond stress throughout the 
embedded length. 

The maximum bond resistance was not materially different 
for bars of differc^nt diameters. Rusted bars gave bond resistances 
about 15 per cent higher than similar bars with ordinary mill 
surface*. The tests with flat bars showed wide variations of bond 
resistance* and were not conclusive. Sepiare bars gave values 
e)f unit stre:^ss about 75 per cent of those obtained with plain round 
bars. 

Adht*sive re^sistance must be destrejyed, sliding resistance 
largely ove*rcome, and the concrete ahead of the projections must 
undergo an appreciable compre*ssive de^formation before the 
projections on a deformed bar become effective in taking bond 
stress. The tests indicate that the projections do not materially 
assist in resisting a force tending to withdraw the bar until 
a slip has occurred approximating that corresponding to the 
maximum sliding resistance of plain bars. As slip continues 
a larg(*r and larger portion of the bond stress is taken by direct 
bearing of the proje(*tions on the concrete ahead. 
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A working bond stress equal to 4 per cent of the compressive 
strength of the concrete tested in the form of 8- by 16-in. cylinders 
at the age of 28 days (equivalent to 100 p.s.i. in concrete having 
a compressive strength of 2500 p.s.i.) is as high a stress as should 
be used. This stress is equivalent to about one-third that 
causing the first slip of bar and one-fifth the maximum bond 
resistance of plain round bars as determined from pull-out 
tests. The use of deformed bars of proper design may be 
expected to guard against local deficiencies in bond resistance 
due to poor workmanship and their presence may properly be 
considered as an additional safeguard against ultimate failure 
by bond. It does not seem wise, however, to place the working 
bond stress for deformed bars much higher than that used for 
plain bars. 

The Joint Committee recommends a bond stress of 0.04 of the 
ultimate compressive strength for plain bars and 0.05 for 
deformed bars. 

42. Length of Embedment of Reinforcing Bars to Develop 
Full Strength in Bond. 

Let 

fg = allowable unit tensile stress in the steel. 

Ag = the area of the bar. 

0 = the circumference or perimeter of bar. 

1 = diameter or thickness of bar. 

u = allowable unit bond stress between the concrete and the 
steel. 

h = required length of embedment. 


For any bar 

For round bars 

For square bars 

For round or square bars 


l\OU 

Trhiu 


= Agfg 
_ ‘jr Pfg 

- 4 


Aiuh = i^fs 


U 


U 

4u 


43. Reinforced Concrete in Tension. Early tests of rein- 
forced concrete seemed to indicate that the ultimate strength 
in tension was far greater than that of plain concrete. This was 
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due to the fact that the bond between the concrete and the steel 
causes a uniform stretching of the concrete, and the cracks which 
occur when the concrete is stressed are so numerous and minute 
as to be difficult to detect when they first begin to open up, 
and do not become visible until a stretching occurs correspond- 
ing to a tensile stress much greater than the ultimate strength 
of concrete. 

A reinforced concrete beam carrying its design load is more 
heavily stressed on the tension side than the ultimate strength of 
plain concrete, provided enough steel is embedded on the tension 
side to develop the full allowable compressive strength of the 
concrete. The presence of the cracks above referred to, there- 
fore, greatly decrease the tension that can be taken by the 
concrete, and most moment formulas now in use for the design 
of reinforced concrete beams neglect entirely the tensile strength 
of the concrete. 

The effect of temperature and moisture changes on plain 
concrete is discussed in Arts. 15 and 34. If a structure having a 
large area of exposed surface is restrained by outside forces, 
these changes cause stresses to be set up in the concrete which 
will in turn cause cracks to appear on the exposed surface. 
In order to prevent the appearance of large and unsightly cracks, 
such surfaces should be reinforced with sufficient steel (generally 
about 0.25 per cent of the cross-section of the concrete) to 
cause the stretching due to the tension in the concrete to be 
distributed uniformly over the whole surface, and thus make the 
cracks so numerous as to be invisible. 
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44. Stresses in Homogeneous Beams. Reinforced concrete 
beams are non-homogeneous members in that they are made 
of two entirely different materials. The formulas that are 
used in the analysis of reinforced concrete beams arc therefore 
different from those that are used in the design or investigation 
of beams composed entirely of steel, wood, or any other stru(;tural 
material. The fundamental principles involved in the derivation 
of these formulas are, however, essentially the same as those 
relating to homogeneous bc^ams, although many modifications are 
required before definite applications can be made. Briefly, these 
fundamental principles are as follows: 

1. At any cross-section there exist internal forces which may be 
resolved into components normal and tangential to the sciction. 
Those compoiKiiits which an^ normal to the section are stresscjs 
of tension and compression; their function is to resist the bending 
moment at the section. The tangential components added 
together constitute a stress known as the rt^sisting shear. 

2. The neutral axis passes through the center of gravity of the 
cross-section. 

3. The intensity of stress normal to the section increaseis 
directly with the distance from the neutral axis, and is a maxi- 
mum at the extreme fiber. The intensity of stress at any given 
point in the cross-section is represented by the equation 



in which / = the unit fiber stress at a distance y in. from the 
neutral axis. 

M = the external bending moment at the section in 
inch-pounds. 
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/ = the moment of inertia of the cross-section about the 
neutral axis in biquadratic inches. 

4. The longitudinal shear in pounds per square inch {v) at any 
point in the cross-section is given by the equation 


V = 


YR 

Ih 


in which V = the total shear at the section in pounds. 

Q = the statical moment about the neutral axis of that 
portion of the cross-section lying between an 
axis through the point in question parallel to 
the neutral axis, and the nearest face (upper or 
lower) of the beam in inches cubed. 

I — the moment of inertia of the cross-section about 
the neutral axis in biquadratic inches. 
h = th(^ width of the beam at the given point in iiKthes. 

The statical moment mentioned above is the product of the 
area of the portion considered and the distance of its center of 
gravity from the neutral axis. 

5. In a henm with constant cross-section, the maximum 
values of / and v will occur where M and F, respectively, are a 
maximum. 

6. At any point in the beam there exists a vertical shear, the 
intensity of which is equal to that of the longitudinal or horizontal 
shear. 

7. The intensity of shear (horizontal and vertical) along a 

vertical cross-section in a rectangular beam varies as the ordinates 

of a parabola, the intensity being zero at the top and bottom 

of the beam and a maximum at the neutral axis (see Fig. 26). 

The maximum is one and oruvhalf times the average intensity or 

3 F . , , . ^ , r . 

2^ Im neutral axis Q = — and I = yg ' equa- 


tion V ~ 


qv 

Ih 


8 . Owing to the action of shearing forces (horizontal and 
vertical) and flexure stresses, at any point in a beam there are 
inclined stresses of tension and compression, the maximum values 
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of which form an angle of 90 degrees with each other. The 
intensity of the inclined stress at any point is given by the 
equation 



in which / = the intensity of horizontal fiber stress. 

V = the intensity of vertical or horizontal shearing 
stress at the point. 

The inclined stress makes an angle a with the horizontal of 

2v 

such an amount that tan 2a = — 

9. Since the horizontal and vertical shearing forces are equal 
and the flexural stresses are zero at the neutral plane, the inclined 
tensile and compressive forces at any point in that plane form 
an angle of 45 degrees with the horizontal, the intcuisity of each 
being equal to the unit shear at the point. At the end of a simply 
supported beam where the b(»nding moment is zero, these stresses 
act at practically 45 degrees with the horizontal for the entire 
depth of the beam. Since the shear is zero at the point of maxi- 
mum moment, the stresses there are horizontal. 

46. Assumptions in the Theory of Flexure. The common 
theory of flexure assumes : 

1. A plane cross-section before loading remains a plane cross- 
section after loading. 

2. The stress is proportional to the deformation. 

The first of these two assumptions implies that the unit defor- 
mations of the fibers at any section are proportional to their 
distances from the neutral axis, and the second that the unit 
stresses in the fibers vary as the distances of the fibers from the 
neutral axis. 

The common theory of flexure does not apply for wide ranges 
of stress. In the design of structures, however, the stresses 
used are only a comparatively small percentage of the ultimate, 
and the errors in the above assumptions are small and on the side 
of safety. For stresses in excess of those commonly used in 
design, the relation between stress and deformation is not con- 
stant; the stress-deformation diagram for such cases assumes morc^ 
nearly the form of a parabola. 
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In the following discussions, a straight-line variation between 
stress and deformation is assumed. Furthermore, the tensile 
strength of the concrete is neglected. 

46. Plain Concrete Beams. Plain concrete beams are ineffi- 
cient as flexural members since failure on the tension side of the 
beam occurs when but a small portion of the ultimate compressive 
strength of the concrete has been developed on the compression 
side of the beam. The resisting moment of a plain concrete beam 
may be expressed by the equation 



c 

in which = the working unit stress of concrete in tension. 

c = the distance from the neutral axis to the extreme 
tension fiber. 


For a rectangular section of width b and depth a, I "^ba^ 


, a . I ba^ 
and c= BO that - = — • 

2 CO 

Illustrative Problems. I. How great a moment can be devel- 
oped by a plain rectangular concrete beam whose cross-section is 
8 X 14 in. if the safe working stress of concrete in tension is 
125 p.s.i.? 




125 X 8 X 142 
6 


32,670 in.-lb. 


II. A simply supported plain concrete beam with a span of 
8 ft.-O in. is to support a uniform live load of 200 lb. per lin. ft. 
Determine the size of beam required. The allowable extreme 
fiber stress is 125 p.s.i. 

Assume the weight of the beam as 115 lb. per lin. ft. The total 
load is then 315 lb. per lin. ft. 

ilf == X 315 X 82 X 12 = 30,300 in.-lb. 

Since M = 

ta. (required). 1460 m.. 


If 6 = 8 in., a (required) = 13.5 in. The weight of the beam ia 
113 lb. per lin. ft., which agrees closely with the assumed weight. 



54 


BEAMS AND SLABS 


Rectangular Beams with Tension Reinforcement 

47. Flexure Formulas. The tensile and transverse strength 
of plain concrete is very low and unreliable (see Art. 43), and its 
practical uses are limited to structures or parts of structures in 
which no tensile stresses are induced, i.e., to arches, piers, and 
certain massive constnictions. In order to make concrete 
available for use in structural members involving tension, such 
as beams, for example, steel bars are embedded in the tension 
side of the beam. It is, of course, assumed that the bars are 
embedded so that the union between the steel and concrete is 



Fig. 11. 


sufficient to make the two materials act as one. The purpose 
of the steel is to carry the tensile stresses. The concrete sustains 
the compr(\ssive and shearing stresses, because its resistance to 
these is comi)aratively large. 

Figure 11 represents a portion of a rectangular n^inforced 
concrete; beam. Let AB represeait any cross-section before the 
load is applied to the beam, and A'B' the same cross-se(;tion after 
the load is applied. The upper fibers of the beam (the com- 
pression fibers) will tend to shorten, and the low(;r fibers will 
lengthen. According to Assumption 1, Art. 45, the deformation 
at any horizontal plane in tin; beam is proportional to the dis- 
tance from that plane to the neutral axis. With proper inter- 
pretation, the distance AA' may b(; considered to represent the 
shortening of the extreme upper fibers for a unit length of beam, 
and BR' the unit elongation of the steel. In the stress diagram, 
fc represents the unit compressive stress in the extreme fiber at 
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the section AB. The total compression C = {l2fckd)b = iifckbd, 
and the total tension, neglecting that in the concrete, is T = AJtt 
in which is the unit stress in the steel and Ag the cross-sectional 
area of the steel. For the general notation used in the following 
discussion, see Appendix A. 

For equilibrium, the total compressive resistance of a beam 
must equal the total tensile resistance. From Fig. 11, 

HfMd = Asfs (a) 


From the assumption that deformations vary as the distance 
from the neutral axis. 


AA' kd 
BB' d- kd 


(b) 


Since i? 


unit stress 
unit deformation 


r it follows that 


AA' = ^ a#d BB' = 


Hence 


II 

• II 

(c) 

Equating (6) and (c), 


3 1 
1"^ 

II 

id) 

from which 


w/,(l - k) 

k 

0) 

or 


. _ /.* 

7i(l — k) 

(la) 


Equations (1) and (la) give the relation between the actual 
simultaneous stresses in the steel and the concrete in any beam 
at any stage of loading, provided the value of k is known. The 
equation for k is derived in the following paragraph. 

The actual ratio of the area of the steel to the effective 
cross-sectional area of the concrete is 
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P = 


bd 


Hence, from equation (a), 


k = 


Pf. 


(e) 


Substituting in equation (e) the value of /, from equation (1) 

2pw(l — k) 


k = 


k 


Solving for k, 


k = V"2pn + (pn)* — 


pn 


( 2 ) 


This value of k is independent of the unit stresses in the steel 
and concrete but is dependent upon the proportion of steel in 
the beam and the ratio of the moduli of elasticity of the two 
materials. It is to be used in reviewing, i.e., in calculating unit 
stresses or resisting moments of a beam whose dimensions and 
amount of reinforcement are knqwn. 

From Fig. 11, the lever arm jd of the internal stress couple is 


hence 


Jd = d-j 



(3) 


The resisting moment of a beam is dependent upon the strength 
of either the steel or the concrete. The resisting moment of each 
is equal to the total stress in each, i.e., compression in concrete 
and tension in steel, multiplied by the lever arm jd of the couple, 
or 

Me = {Hfckbd)jd = y^fJ^d} (4) 

M. = A4.jd (5) 

Since .4* = pM, equation (5) may also be written as follows: 

M, = (5o) 

The actual internal moments as expressed by equations (4) 
and (5) are each equal to the external bending moment at all 
stages of loading (for equilibrium), but if the maximum allowable 



RECTANGULAR BEAMS 


67 


value of the resisting moment of the concrete, Me, is reached 
before that of the steel, it means that the beam will be over- 
stressed on the compression side before the maximum allowable 
fiber stress in the steel is reached; i.e., the beam has more steel 
than is theoretically required — ^it is overreinforced. 

In designing a reinforced concrete beam, it is desirable to 
place in the beam an amount of steel such that the limiting unit 
stresses or limiting resisting moments as expressed by equations 
(4) and (5) or (4) and (5a) shall be reached simultaneously. If 
this ideal steel ratio is obtained 


Me = lifckjbd^ = Asfajd = pfajbd^ 


or 


M = Kbd^ 


(/) 


( 6 ) 


in which K = fjej or p/J 
f 

If the ratio - = 

Jc 

and solving for 


fa n k 

If the ratio j equation (d) reduces to the form - = 

Jc T I /C 


k = 


n 


n + r 


( 7 ) 


This value of k depends only upon the unit stresses in the steel 
and in the concrete and upon the value of the ratio n. Therefore 
equation (7) cannot be used in review j since the simultaneous 
values of /, and fc are not known. 

An expression for the ideal steel ratio may be obtained as 
follows: Since with this ideal percentage of steel }^^frkj = 

k 

(equation /), it follows that P = ^ and since for any given values 
n 

of /, and frj k = the equation for p becomes 


The values of Me and M, will be equal to each other only when 
the amount of steel placed in the beam is such that the actual 
A 

steel ratio, p = is equal to the value given by equation (8). 
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On account of the commercial sizes of reinforcing steel in use, 
the actual ratio will usually be greater or less than the ideal. 
In the former case il/, will be greater than Me and the strength 
of the beam will be limited by that of the concrete. For under- 
reinforced beams, in which the actual steel ratio is less than the 
ideal ratio, the reverse will be true. 

48. Application of Equations to Design and Review Problems. 
The equations previously developed are summarized below. 


1 

II 

(1) 

II 

(la) 

k = y/2pn + (pn)^ — pn (review) 

(2) 

. k 


.^1-3 

(3) 

M. = Vifckjbd^ 

( 4 ) 

M, = AJ.jd 

(6) 


(5a) 

M = KM'^ 

(6) 

Tl * 

^ - n + r 

( 7 ) 

n 

(8) 

^ 2r{n + r) 


To design a beam, either equation (4) or (6) may be used to 
determine the cross-section required to insure against crushing 
of the concrete under any given bending moment, and equation 
(5) to determine the area of steel necessary to develop the full 
strength of the concrete in compression. Values of k and j are 
obtained from equations (7) and (3). 

Economic and constructional considerations are usually best 
served when the cross-section of a rectangular beam is so pro- 
portioned that b is from one-half to three-quarters of d. Con- 
struction limitations make it undesirable to select d in multiples 
of less than 3^ in., and sometimes 1-in. multiples are used. Also, 
in order to keep the amount of mill or carpenter work as small 
as possible, the width of beam h should be chosen so that a plank 



RECTANGULAR BEAMS 


59 


of standard width ina}’ be used for the bottom form. In ful- 
filling this requirement, most designers consider the nominal 
width of the plank and hence proportion all beams for widths of 
oven integral inches. Some designers, however, prefer to con- 
sider the actual width of the lumber available after dressing and 
proportion their beams accordingly. The nominal width is used 
in all of the problems in this text. 

To determine the resisting moment of a given beam of known 
dimensions and reinforcement, equations (4) and (5) or (4) and 
(5a) should be solved for Me and Ms] the smaller value is the 
required moment. To determine the maximum unit stresses 
fs and fc in a beam of known dimensions and condition of loading, 
equations (4) and (5), or (4) and (1), or (5) and (la) can be used, 
substituting for Ms or Me the maximum external bending moment 
M, In any review problem, values of k and j are obtained from 
equations (2) and (3). 

The value of the external bending moment varies according 
to the method of supporting the beams and the type of loading. 
For example, a simply supported beam, t.e., one resting on two 
supports, one at each end, and not restrained in any way, with 
a uniformly distributed load, may be assumed as having a moment 
equal to } iwU] a partially continuous beam (continuous over 
one support only), with the same type of loading } i{)wU] £#id a 
fully continuous beam (continuous over two or more supports) 
hi which w = the load per unit of length and I = the 
span. For other loadings and methods of support see Chap. VI. 

The span length I of freely supported beams and slabs is 
generally taken as the distance between the centers of supports, 
but need not exceed the clear span plus the depth of the beam or 
slab. The span length for continuous or restrained members 
built monolithically with the supports is often considered as the 
clear distance between faces of supports. Many designers use 
the distance between the centers of supports as the effective span 
length, for both continuous and simply supported beams. 

The above equations and methods refer to flexural stresses 
only, (tension and compression) and do not provide for the 
shearing stresses that exist in the beam. These are considered 
separately in Arts. 67 to 84. 
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49. Placing the Reinforcement. In placing the reinforcement^ 
three general requirements must be fulfilled. First, there must 
be sufficient space between the rods to permit proper placing of 
the concrete around them; second, there must be sufficient con- 
crete in the plane of the rods properly to transmit the stresses 
of tension and shear; third, there must be sufficient concrete 
below the steel to afford ample protection for the steel against 
moisture and fire damage. 

The Standard Building Code^ of the American Concrete 
Institute (hereafter referred to as the Joint Code) specifies that 
the clear distance between parallel bars shall be not less than: 
(a) 1 in.; (b) times the diameter for round bars or 2 times the 
side dimension for square bars; (c) 1 }'^ times the maximum size 
of the coarse aggregate. 

The Joint Code also specifies that the concrete protective 
covering for reinforcement at surfaces not exposed directly to 
the ground or weather shall be not less than 3.4 in. for slabs and 
walls and not less than 1)^ in. for beams, girders, and columns. 
If the concrete surface is to be exposed to the weather or in 
contact with the ground, a protective covering of at least 2 in. 
is requir(?d, except that if the concrete is to be poured in direct 
contact with the ground, without the use of forms, a covering 
of alileast 3 in. must be furnished. 

In general, the centers of bars in beams should be at least 2J^ 
in. from the bottom surface of the beam, in order to furnish at 

^ The Standard Building Code refers to the report of Committee 3J8 (the 
Standard Building Code Committee, formerly 501 ) of the Americ an Comrrete 
Institute. This committee presented a report at the 32nd Aimiial (Wven- 
tion of the Institute on Feb. 25, 1936, containing tentative building regula- 
tions for reinforced concrete. This report was subsequently approved as a 
tentative standard, No. 501-36T. The Committee, c;ooperating with the 
Committee on Engineering Practice of the Concrete Reinforcing Steel 
Institute, presented a revised report in 1940, containing revisions based 
upon several years of intensive study of the numerous advances in both 
design and construction that had been developed subsequent to the presen- 
tation of the original report. This revised report Avas returned to the Com- 
mittee for further consideration of some of the recommendations in the 
report. Text references to the Standard Building Code (the Joint Code) 
quote from this revised report, except for two-way slabs and flat-slab floors. 
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least 13 ^ in. of clear insulation below the bars and the stirrups 
that are used for web reinforcement (see Art. 75). If no stirrups 
are required, this distance from the center of the bar to the 
surface can be made 2 in., pro\’ided that the bars are not larger 
than 1 in. in size. In slabs, 1 in. to the center of the bars is 
ordinarily sufficient to give the required ^^-in. insulation. These 
conditions are illustrated in Fig. 12. Although the distances 23^, 
2, and 1 in., shown in Fig. 12, are not the exact distances required 


Sh'rrups 

ru •» // 


" Bars 




111^ min. 


2"t 

(a)- Beam with stirrups (b)-Beam withoutstirrups 

Fig. 12. 


Jl • 




mm. 


fc )'5lab 


to furnish the clear insulation specified in the code, they will in 
practically all cases satisfy the minimum requirements and are 
sufficiently exact for all design purposes. Total depths of beams 
should be taken in multiples of not less than 3^^ in., and preferably 
1 in., so that effective depths (d) will also be in multiples 
of Yi in-, or 1 in., if the above-mentioned distances to the centers 
of the bars are used. 

60. Allowable Unit Stresses. The allowable unit working 
stresses in the concrete, as specified in the Joint Code, are given 
in Appendix B, These stresses are given as a percentage of the 
ultimate compressive strength, /'r, of the concrete at the age of 
28 days (see Art. 23). Thus, the safe working unit stress in 
flexure is 0.40/'c* which gives for 2500-lb. concrete, a value of 
0.40 X 2500, or 1000 p.s.i. A somewhat lower unit stress in 
flexure is specified in many municipal building codes. To empha- 
size this fact, some of the following problems are solved with 
assumed working stresses which do not agree with the recom- 
mendations as given in Appendix B. Where such exception is 
taken, the assumed allowable unit stresses are given in the data 
of the problem. 

* A proposed revision of the Code (1941) will increase this to 0.45/'c. 
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Concretes used in ordinary building construction are pro- 
portioned so as to develop ultimate compr(\ssive strengths varying 
usually from 2500 to 3500 p.s.i. The lower strength concretes 
are normally used for the floor systems and for footings, while 
the higher strength concn^tes are used for the columnsL In 
special cases, 3750-lb. or greater strength concretes might be used. 

51 . Illustrative Problems. I. A rectangular reinforced con- 
crete beam has a total cross-section of 12 X 24 in. and a length 
of 20 ft.-O in. It is reinforced with four round bars in one 
row, the centers of the bars being 2^'^ in. above the lower surface 
of the beam. Assuming a 2500-lb. concrete structural-grade 
steel, and following the specifications of the Joint Code, Appendix 
B, what is the r(\sisting momcmt of the beam? 




2.41 


^ hd 12 X 21.5 

k = \/2>< 0.0093 X 12 + (0.0093 X - 0.0093 X 12 = 0.375 
0.375 


j = 1 - 


= 0.875 


From equations (4) and (5), 

X 1000 X 0.375 X 0.875^ 12(21.5)2 = 911,000 in.-lb. 
71/. = 2.41 X 18,000 X 0.875 X 21.5 = 818,000 in.-lb. 

The beam is theu^fon' rnderreinforced, th(* strength of the 
steel governs, and the resisting mormmt is 818,000 in.-lb. 

II. Us(‘ the beam of tin* preceding problem, and comput(‘ the 
value of the unit stress in the steel (/*) and in th(‘ concr(‘t(‘ (/,), if 
a uniform live load of 1000 lb per lin it is placed upon it 


1 2 X 24 

Weight of the beam = X 150 = 300 lb. per ft. 

Total load = 1000 + 300 = 1300 11). jmt ft. 

M = M X 1300 X 20* X 12 = 780,000 in -lb. 

From Problem I, fc = 0.375, and j = 0.875. 

Substituting in equation (5), 

780,000 = 2.41 X /. X 0.875 X 21.5 
/. = 17,200 p.s.i. 
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From equation (la), 


^ 17,200 X 0.375 

“ 12(1 - 075 ) 


800 p.s.i. 


The value of fc could also have been obtained from equation 
(4), as follows. 

780,000 - X fr X 0.375 X 0.875 X 12 X (21.5)2 
= 800 p.s.i. 


III. If the beam of Problem I were to support a single con- 
centrated load at the mid-span, what wmild be the maximum safe 
load that could be so placed? 

From the solution of Problem I, the resisting momtait is 

818.000 in.-lb. The weight of the beam is 300 lb. per ft., and the 
moment causcxl by this dead load is X 300 X 20*2 X 12 = 

180.000 in.-lb. The maximum moment available for the con- 
centrated load is 818,000 - 180,000 - 638,000 in.-lb. The 
maximum moment causc'd by the concentrated load is M = 
yiPl, hence 

J iP X 20 X 12 = 638,000 

from which 

P (Maximum) = 10,630 lb. 

It should be noted that if the (concentrated load were not at 
t he mid-span, the maximum moments due to the dead load and 
the concentrated load would not oc(cur in the same cross-section. 
If the coiKHcntrated load were incar the mid-span, it is very prob- 
able that the section of maximum moment, would coincide with 
the section at which the conccmtrated load was placed. The 
dead-load moment at this sectioriy instead of the maximum dead- 
load moment, should be drcducted from the resisting moment of 
t he beam in order to obtain the maximum moment available for 
the concemtrated load (see Problem III, Art. 53). 

IV. Determine the cross-section of concrete and area of steel 
rcHpiired for a sitnply supported rectangular beam with a span 
of 18 ft.-O in. which is to carry a uniform live load of 1000 lb. 
p(‘r lin. ft. A 2500-lb. concrete is to be used, and the allowable 
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unit stresses are to be as specified in the Joint Code. The allow- 
able unit stress in the steel is 18,000 p.s.i. 

Assuming that the weight of the beam is 200 lb. per lin. ft., 
the total load to be carried is 1200 lb. per lin. ft., and the actual 
external bending moment is 


M = % X 1200 X 18‘" X 12 = 583,200 in.-lb. 

18,000 
1000 
12 


r = 


k = 


12 + 18.0 


18.0 

= 0.400 


0.400 

i = 1 - -3 " = 0.867 


Substituting in ecpiation (4), 

583,200 = ^ X 1000 X 0.400 X 0.867 X hd^ 
from which 

hd^ = 3370 in.« 


Let b be taken as 10 in.; then d (required) = 18.4 in., and d 
(selected) = 19 in. Adding 2 in. below the center of the steel, 
the total cross-section is 10 X 21 m., and the weight of the beam 
is 220 lb. per lin. ft. 

The actual weight of the beam does not agree with the assumed 
value. Heiure it is necessary to check back to see whether any 
revision should be made in the design. The revised bending 
moment is 


M = :» s X 1220 X 18^ X 12 = 593,000 in.-lb. 

593,000 = X 1000 X 0.400 X 0.867 X hd^ 

bd^- = 3420 in.^ 

With ?> = 10 in., d = 18.5 = 19 in. Since these results agree 
with those assumed in the revision, the design is satisfactory. 

With these values of b and d, the required area of steel is 
obtained from equation (5) as follows: 


593,000 = .4. X 18,000 X 0.867 X 19 
= 2.00 sq. in. 

Two 1-in. square bars, area 2.00 sq. in., are selected. 
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If the ideal steel ratio had been used in determining the quantity of steel 
to be placed in the beam, the procedure would have been as follows: 

From equation (8), 

12 

^ 2 X 18.0(12 + 18.0) - ® 

and 

A, = 0.0111 X 10 X 19.0 = 2.11 sq. in. 

This, it will be noticed, is slightly in excess of the required area as deter- 
mined by the first method. This difference may be accounted for as fol- 
lows: The value of as computed by this latter method, represents an 
area of steel that will devc^lop in tension the full compressive strength of a 
beam whose effective dimensions are 10 X 19 in. But in order fully to 
develop a moment of 593,000 in.-lb. as re(|uired by the problem, an effective 
cross-section of only 10 X 18.5 in. was needed. The value of d =* 19.0 in. 
was selected to simplify the dimensioning of the plans. The development 
of the full strength of a 10- X 19-in. beam therefore furnislu's an excess of 
steel over that required to provide for the maximum external bending mo- 
ment in the beam, and hence is a waste of maU^rial. In this case the two 1-in. 
square bars would not be sufficient. A gn^atcT diffennee between the 
theoretical value of d required and that furnished w^ould emphasize this to 
a greater extent. The latter method involving the ideal steel ratio is therefore 
not recommended for gtmeral use. 

ADDITIONAL PROBLEMS 

1. A simply supported rectangular beam has a total cross-section of 
10 X 16 in. and a length of 20 ft.-O in. It is reinforced with four 5^-in. 
round bars in one row\ The distanc^e from the ctinters of th(? bars to the 
lower surface of the beam is 2}4 in. With 2500-lb. c.oiKirete and inter- 
mediate grade steel, w^hat is the resisting moment of the beam? 

2. If a concentrated load of 3500 lb. were pla(;(‘(i on tlu" beam of Problem 
1, at a distance of 7 ft.-O in. from the support, w hat would lx? the maximum 
unit stress in the concrete and tlu* maximum unit stress in the steel? 

3. A simply supported rectangular beam with a span of 18 ft.-O in. sup- 
ports a uniform live load of 975 lb. per lin. ft. and a concentrated load of 
3000 lb. at the middle of the span. With f'c = 3000 p.s.i. and with inter- 
mediate-grade reinforcing steel, determine the required cros.s-section and 
steel area. 

4. A simply supported rectangular beam wdth a span of 17 ft.-O in. sup- 
ports a live load which varies in amount from zero at the left support uni- 
formly to an amount of 1000 lb. per lin. ft. at the right support. A 2500-lb. 
concrete and structural-grade reinforcing bars are to l)e used. Design the 
beam. 



66 


BEAMS AND SLABS 


5. A rectangular beam, simply supported, has a width of 14 in. and an 
effecitive depth of 26 in. If n * 12 and if the allowable unit stresses are 
1000 p.s.i. and 20,000 p.s.i. for the concrete and steel, respectively, what 
steel area must bo used in order that the resisting moment with respect 
to the strength of the concrete may b(; the same as the resisting moment 
with respect to the steel? 

6. What would be the resisting moment of the beam in Problem 5, if the 
reinforcement consisted of four Js-in. round bars? 

52. Tables for Rectangular Beams. Many of the computa- 
tions involved in the dc^sign and review of rectangular b(^ams 
may be eliminated by the use of previously prepared tables. 

71 

For example, in design, the value of k = depends only 

upon the ratio of the moduli of elasticity and the allowable unit 
stn^sses of the two materials, l^ible (> (Appendix D) gives, for 
the most common values of n and for all pra(‘tical combinations of 
/, and the values of k as determined by the above (Kiuation. 

k 

Corresponding values of j = 1 — X = }4frkj = pfj (for us(‘ 

n, 

in the formula M = Kb(P)j and 2 r( 7 i 4- r) giv(ui. 

Similarly, Table 7 (Appendix D), for us(‘ in the r(wi(‘w of beams, 

gives the valiu' of k = •\/2vn -f (p/i)- — /;n, and j = 1 — - for 

sufficient. valu(*s of t h(^ vai'ial)l(\s y and n to makc^ the solution of 
ordinary prol)leins possible with but a slight amount of 
interpolation . 

53. Illustratwe Proble/tm hivolving the of Tables. 1. 'I'he 
use of Table 6 in d('signing a beam may be shown by its ai)plica- 
tion to IVoblem IV of Art, 51, 

From this table (for values of ii = 12, = 1000, and /« = 

18,000), K = 173, and j = 0.867. Therefore from equa- 
tion (6), 

593,000 = 173bf/- 

and 


bd- == 3420 in.’* 

Let b == 10 in.; then d = 18.5 or 19 in. 
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From eciuation (5), 

598, OOO = A, X 18,000 X 0.867 X 19 

from which 

As = 2.00 scj. ill. 

The use of the equation M = Khd^ is identical with the use of 
Mr = Hfrkjbd^, since K = Mfrkj. 

II. Problem I of Art. 51 may he solvt^d by (uimbining Tables 0 

and 7. The problem might be reworded as follows: A r(*ctangular 
r(*inforced conen^tc* beam has a total cross-section of 12 X 24 in. 
and a length of 20 ft.-O in. It is reinforced with four J^-in. 
round bars in one row, the centers of the bai's being 2V^ in. above 
the lower surface of the b(‘am. As the load is increased, which 
will reacdi the specified stn^ss limit first, the or the steel, 

i.e.y is the beam over- or underreinfonjed? What is the resisting 
mom(ait of the l^eam? Use a 2500-lb. concr(4(% si ru (dural-grade 
st-(H4, and allowable unit stressc^s as given in the Joint Code. 

The ideal perc^entagc' of stc^el required to give e(]ual strc'iigths 
in tension and compr(%ssi()n, with allowalile unit stn^sses of 18,000 
and 1000, and with n = 12, is given in Tabh^ 6 as 0.0111. The 

2.41 ‘ 

actual value of pin the beam = ^ = 0.0093. The beam 

LA X ^1.0 

is, therefore, undernanforced and its strength is limited by that of 
the steel. 

From Table 7, k = 0.375 and j = 0.875 and the r(\sisting 
moment is 

M - 2.11 X 18,000 X 0.875 X 21.5 = 818,000 in.-lb. 

Note: Table 6 has been us(^d only to determine the relative 
sti'cngths of the steel and the conende in the btaim, and not to 
determine the values of k and j. 

III. The concrete used in constructing the beam shown in Fig. 
13 has an ultimate 28-day strength in compression of 2500 p.s.i., 
and the rcdnforcing bars are of intermediate grades steel. What 
maximum concentrated load P can be placed in the position 
shown without exceeding the bending stn^sses specified in the 
Joint Code? 

" - r2 vks “ 
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From Table 7, k == 0.390, and j = 0.870. Table 6 shows that 
the beam is overreinforced (ideal p = 0.0094), and the strength 
is governed by that of the concrete in compression. 

Mc = H X 1000 X 0.390 X 0.870 X 12 X (19.5)2 = 776,000 

in.-lb. 

Since the principal load is the concentrated load (the only other 
load is the weight of the beam, which is comparatively small) 
and since this load is fairly close to the center of the span, it. is 


P 


12 - 0 "— -> 

U ■20-0" -J 

Eici. 1.3. 

probable that the maximum moment will occur under the load, 
i.e.f at a distance of 8 ft. from the left support. At this section, 
the moment M n due to the weight of the beam (275 lb. per ft.) is 

( 20 275 X 82\ 

275 X y X 8 > 2 “ = 158,400 in.-lb. 

The moment available for the concentrated load is then 776,000 
— 158,400 = 617,000 in, -lb. The moment under the concentrated 
load, caused by this load, is 

X X 8 X 12 = 57.6P in.-lb. 

Ii](iuating this to its maximum allowable numerical value, 

57.0F = 617,600 

from which 

P = 10,700 lb. (maximum) 

With this load on the beam, in addition to the weight of the beam, 
the shear passes through zero under the concentrated load 
(Fg = 10,700 X 1 + 275 X - 275 X 8 - 10,700 = -3730 

lb.), which indicatc^s that the maximum moment occurs at this 
section, as assumed. 

54. Analysis of Rectangular Beams by the Principle of the 
Transformed Section. In a homogeneous beam tlie neutral 
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axis passes through the center of gravity of the cross-section. 
A reinforced concrete beam can be treated as a homogeneous 
beam, if the steel is considered to be replaced by concrete, so 
placed, and of such an amount, as to produce the same effect as 
the steel in resisting the bending moment. The equivalent 
amount of concrete and the required location of this concrete 
are obtained from the following analysis. 

According to the theory of flexure, the unit stress on any fiber 
of a homogeneous beam at a given distance from the neutral 
axis is the same as the unit stress on any other fiber at the same 
distance from the neutral axis. Hence, if the moduli of elasticity 
of the steel and the concrete were equal to each ot her, th(^ stef‘l 
could be replaced by the same area of concrete in th(^ saints iiori- 
zontal plane as the steel. The moduli of ('lasticit y are not eciual, 
however, and in order to resist the same total tensile st-n^ss the 
equivalent area of concrete must be modified accordingly. The 
deformation of the hypothetical equivalent concrete, which 
will b(i assumed in the same horizontal plane as the ste(J, is the 
same as that of the original steel, and, in Fig. 11 the deformation 
of a unit length of beam can be n^presented l)y tlie distance BB' . 
Since E — unit stress divided by unit dc^formation, if the unit 
stress in the equivalent concrete is and the unit stress in the 
steel is/s, the following relations are obtained: 


Hence 


II 

or 

BB' 

II 


or 

BB' 

II 


Er. EJ 


and 


E, 


/. = X fee = nfec 


It is thus seen that tlu; unit stress in the steel is n times the 
unit stress in the eciuivalent concrete, and in order to resist th(i 
same total stress (fiber stress caused by a given bending moment) 
every square inch of steel must be replaced by n square inches of 
concrete all in the same horizontal plane as the steel. The result- 
ing equivalent homogeneous beam will then be as shown in the 
cross-section in Fig. 14, all of the tension being resisted by the 
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nhaded strip of concrete, of area nAay at a distance d below the 
extreme compression fiber, and all of the compression being 
resisted by the shaded concrete area above the neutral axis. The 
unshaded concrete area below the neutral axis is assumed to 


serve only as a means of connecting the effective tension and 
compression areas so as to permit the development of the stresses 
on these areas. The cross-section shown in Fig. 14 is called the 

>1^ transformed section and repre- 

yy/////^ ? Y sents the homogeneous section 

I which would be equivalent, as far 
D Neutral^ ~C ^ as resisting bending stresses is 

i j concerned, to the original compos- 

. I . , , I 

c \ ^ 1 ; lUi steel-and-con Crete beam. 

p- ^ V a 

Siiicc thc ncutral axis of the 
homogeneous beam passes 
through the center of gravity of the cross-section, thc moment/ 
of the area ABCD in the transformed section, Fig. 14, about the 
neutral axis DC must equal the moment of the equivalent area 
EF about DCj or 


X » 

hx X - = nAs X y = riAyd — x) 

This one ecpiation, in conjunction with others which are ol)vioiis 
from the fundaiiKUitiil fh'xure theories and assumptions, is all 
that is n(H*(*ssary to complete the analysis of b(iams with tension 
reinforc(*m(Uit. 

65. Illudrative Problems. I. Solve Problem 1 of Art 51 by 
means of the principle of the transforim'd secrtion. This problem 
involves the determination of the resisting moment of a beam 
whose dimensions and reinforcement are known. The neutral 
axis is located from the equation in the preceding article, as 
follows: 

12x- 

— = 12 X 2.41(21.5 - x) 

6x2 (521.8 - 28.9x 

X = 8.05 in. 
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1 he arm of the resisting couple (see Fig. 15) is equal to 
8.05 

21.5 3 “ 18.82 in. If the full strength of the steel is 

developed, the total tension will be 18,000 X 2.41 = 43,400 lb., 
and the simultaneous total compression will be the same. If the 
maximum allowable extreme compression fiber stress is developed, 
the total compression will be 4^ X 1000 X 8.05 X 12 = 48,300 
lb., and the simultaneous total tension will also be 48,3(X) lb. 
The full strength of the concrete obviously cannot be developed 
without overstressing the steel in tension. The beam is there- 
fore underreinforced, and th(^ resisting moment is equal to the 



total allowable t^ension multiplied by the lev(^r arm of the internal 
stress couple, or 


M = 43,400 X 18.82 = 818,000 in.-lb. 

This agrees with the value obtained in Problem I of Art. 51. 

II. By means of the principle of the transformed section, 
d(\sign the beam which is described in Problem I V of Art . 51. 

Assuming that the weight of the beam is 220 lb. p(^r lin. ft. 
ihi) maximum bending moment is 

M = H X 1220 X 182 X 12 - 593,000 in.-lb. 

In an ideal beam, the steel and the concrete are both stressed to 
the limit. When the beam is fully loaded, the extreme fiber 
stress in compression at the section of maximum moment should 
be 1000 p.s.i. and the simultaneous stress in the equivalent 

18 000 

tension concrete should be — P*^^*^* stress 

diagram is shown in Fig. 16. In order that these stresses may be 
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realized, the following proportion must be true ; 

X 1000 

d ~ 1000 + 1500 

from which 



Fk;. K). 


The lever arm of the stress couple is then d — = 0.867d, and 

the resisting moment of the beam, expressed in terms of the 
strength of the concrete in the compression arc^a, is 

M = X 1000 X 0.4d X 6 X 0.8()7d = mbd'^ 


Sinc(' the resisting moment must be ecpial to the maximum 
bending moment, the following equation can be written: 

593,000 = 1735^2 

from which 


hd'^ = 3420 in.« 


With 5 = 10 in., d = 18.5, or 19 in., and the weight of the beam 
is 220 lb. per ft. as assumed. 

With d = 19 in., the maximum compressive stress in the 
concrete will be slightly less than 1000 p.s.i. and the value 
of X as computed above will no longer be the true value of x. 
The error will not be great, however, unless the discrepancy 
between the true value of d and the actual value is of an appre- 
ciable amount. For design purposes, the neutral axis can be 
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assumed to be in the same position relative to the top of the beam 
as computed above, and the lever arm of the stress couple is 
0.867 X 19 = 16.47 in. The total tension in the steel is then 


593,000 

16.47 


36,000 lb. 


The required steel area is therefore 


36,000 
” 18,000 


2.00 sq. in. 


These results agree with those obtained in Problem IV of Art. 51. 

If a theoretically correct solution were desired for tlu' steel 
area, the true value of for d = 19 in., could be obtained by 
equating the resisting moment with respect to the strength of the 
compression concrete to the maximum bending moment The 
maximum unit compressive stress in the extremes fiber in this 

equation would be 1500 X — - — " instead of 1000 lb. The 

remainder of the solution is similar to that given above. The 
essential computations are as follows: 




- X 1500 X 777 X lOx 
2 19 — a- 


')(■" - 1 ) - 


593,000 in.-lb. 


X = 7.44 in. 
fc = 1500 X 
C = T 


7.44 

T9-_ 7.44 = P 


>2 /'N 965 X 10 X 7.44 = 35,900 lb. 


35,900 




Slabs 

66. Types of Slabs. Slabs may be supported on two sides 
only, or they may rest on beams along all four edges. A slab 
which is supported only on two sides is essentially a rectangular 
beam of comparatively large ratio of width to depth. There 
are, however, certain modifications entering into the design and 
review of such slabs which it was not necessary to consider in 
the solution of rectangular beams. Slabs which are supported 
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on four sides, with reinforcement in two directions, present the 
additional problems of determining the proportion of the total 
load that is transmitted in each direction to the supporting beams, 
and also allocating this proportion of the total load to the various 
strips into which the slab is assumed to be divided. These 
problems are considered in Arts. 61 to 66. 

Floor slabs in buildings are usually designed for a uniform live 
load c()V('ring the entire slab area. The following disc^ussions 



are intended to apply only to the analysis of such uniformly 
loaded slabs. Concentrated loads on concrete slabs are sup- 
ported by a greater width of slab than the mere contact width. 
Methods of computing the probable distribution of concentrat(>d 
loads are explained in Chap. XL Multiples of 34 in. may l)e 
used in selecting the total thickness of slabs. 

67. Slabs Supported on Two Sides Only. The simplest form 
of slab is one of indefinite width, supported by only two beams, 
one at each edge of the slab. If a 12-in. strip of slab were cut out 
at right angles to the supporting beams, such as either of the 
shaded areas in Fig. 17, a rectangular beam 12 in. in width 
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would result, with a depth equal to the thickness of the slab, 
and a length equal to the distance between supports. This strip 
could then be analyzed by the same formulas which were used in 
problems dealing with rectangular beams, the bending moment 
being computed for a width of 1 ft. The load per scpiare foot 
on the slab would then be the load per linear foot on the imaginary 
beam. Since all of the load on the slab must be transmitted to 
the two supporting beams, it follows that all of the reinforcing 
steel should be placed at right angles to these beams, with th(i 
('xception of any bars that may be placed in the other direction 
to take care of shrinkage and temperature stresses. A slab 
whi(;h is supported on two sides only thus consists (in theory) of a 
series of rectangular beams side by side. 

The ratio of steel in a slab may be determined by dividing th(^ 
s(^ctional area of one bar by the area of concrete between two 
suc(^essive bars, the latter area being the product of the depth to 
the center of the bars and the distance between them, center to 
center. Th(^ ratio of stec'l may also Ix^ determined by dividing 
the average area of steel per foot of width by the effective area 
of concrete in a 1-ft. strip. The average are^a of steel per foot of 
width is equal to the an^a of one bar timers the', average number 
of bars in a 1-ft. strip (12 divided by the spacing in inches), 
and the e^fifective area of concrete in a 1-ft, (or 12-in.) strip is 
equal t o 12 times the effective depth d. 

To illustrate the latter method of obtaining the steed ratio p, 
assume*, a 5-in. slab with an effective depth of 4 in., and with 
3<2-in. round bars spaced in., cemter to center. The average 


12 

number of bars in a 12-in. strip of slab is = 2.7 bars, and 


the* average steel are^a in a 12-iii. strip is 2.7 X 0.1963 = 0.53 
0 53 

sei. in. Hence v = = 0.0110. By the other method, 

^ 12 X 4 


V = 


0.1963 


= 0 . 0110 . 


4/^ X 4 

The spacing of bars which is necessary to furnish a given area 
of steel per foot of width is obtained by dividing the number of 
bars required to furnish this area, into 12; For example, to 
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furnish an average area of 0.444 sq. in. per ft., with 3^-in. round 
0.444 

bars, requires ^ foot; the bars must be spaced 

U. IV/uo 

12 

not more than ^ ^ = 5.2 in., center to center. 

2.0 

If the slab is of one span only and if it rests freely on its sup- 
ports, the maximum positive moment ilf, assuming a uniform 
load of w lb. per sq. ft., is M = The span length I is 

taken as the distance center to center of supports, but it need not 
exceed the clear span plus the depth of the slab. If a single-span 
slab is built monolithically with the supporting beams, provision 
must be made for the negative moment which is developed at the 
supports by the condition of restraint there. The maximum 
positive moment would be less than for a corresponding freely 
supported slab. Positive and negative moments of 
be used. 

If the slab is of more than one span, built monolithically with 
the supporting beams or walls, both positive and negative mo- 
ments exist, which should be computed by the principles of con- 
tinuity. The span length I of such slabs may b(^ taken as the 
clear distance betwcHui faces of supports. Consideration should 
be given to the relative lengths of adjoining spans, the compara- 
tive stiff ness(^s of the supports, and the relation between the 
magnitudes of the dead and live loads. The Joint Code 
recommends the following maximum moments and shears where 
the spans are approximately equal (actually, where the longer of 
two adjacent spans does not exceed the shorter by more than 
20 per cent) and where the intensity of the live load does not 
(‘xceed three times the intensity of the dead load: 

Negative moment at face of first interior support: 

For spans greater than 10 ft. 

Two spans, M = j 

More than two spans, M = }iowP 

For spans less than 10 ft. 

Two spans, M = } \owl- 
More than two spans, M = 
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Negative moment at face of other interior supports: 
M = 

Positive moment at center of span: 

End spans, M = 

Interior spans, M = }'i 2 Wp 


Shear in end spans at first interior support : 

wl 

V = 1 . 2 O 2 


Shear at other supports: 



68. Placing the Reinforcement. The insulation at the bottom 
should follow the recommendation of the Joint Code unless con- 
ditions warrant some change (see Art. 49). In the av(Tag(^ 
slab, a depth of 1 in. below the center of the ste(4 may be used. 

The lateral spacing of bars, except those which an^ used only 
to prevent shrinkage and tc^mperaturc cracks, should not exceed 
three times the thickness of the slab; the minimum spacing is given 
in Art. 49. 

69. Temperature Reinforcement. Reinforcement for shrink- 
age and t(imperature stresses normal to the principal reinforce- 
ment shall be provided in slabs where the principal reinforcement 
extends in one direction only. The Joint Code specifics the 
following minimum ratios of i*ein force ment area to effective con- 
crete area, but in no case shall such reinforcement bars hi) placed 
farther apart than five times the slab thickness or more than 
18 in. 


Floor slabs where plain bars are u.sed 0 . 0025 

Floor slabs where deformed bars are used 0.0020 

Floor slabs where wire fabric is u.sed, having welded 
intersections not farther apart in the direction of 

stress than 1 2 in 0.0018 

Roof slabs where plain bars are used 0 . 0030 

Roof slabs where deformed bars are used 0 . 0025 

Roof slabs where wire fabric is used, having welded 
intersections not farther apart in the direction of 
stress than 12 in 0.0022 
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In general, K^in. round bars at 12 in. on centers or %-in. 
round bars at 18 in. on centers will be satisfactory. 

60 . Illustrative Problems, I. Design a fully continuous rein- 
forced concrete slab, supported on two sides only, to sustain a 
live load of 120 lb. per sq. ft. The span of the slab is 11 ft.-O in. 
A 2000-lb. concrete is to b(^ used;/, = 18,000 p.s.i. 

Assuming a 5-in. slab and considering a 12-in. strip at right 
angles to the supporting beams, the maximum external bending 
moment on this strip, which may be considered as a rectangular 
beam 12 in. in width, is 


^ = K 2 X 182 X IV X 12 = 22,000 in.-lb. 


Since M = KlxP, in which iC = 139 (Table 6 ), the required 
effective cross-s(H‘tion of the imaginary beam is 


hd^ 


2^00 

^ 139 


158.0 in.'^ 


Since 5 = 12 in.,d = 3.6 in. Selecting d as a multiple of in., 
the depth to the c(uiter of the steel is made 4 in., and the total 
thickness 5 in. This agrees with the assumed value, and no 
revision is necessary. 

From Table 6 , j = 0.867. The area of steel per foot of slab 
width is obtained from equation (5) as follows; 


22,000 = A, X 18,000 X 0.867 X 4 
A, = 0.353 sq. in. 


Seh'cthig 32*111. round bars, = 1-8 bars are required per 

12 

foot of width. The maximum spacing is then — = 6.7 in. In 

1 .0 

order to simplify the construction, a spacing of 6 )^ in. is used 
throughout th(^ slab. Since this gives a suitable arrangement, 
the round bars are satisfactory. The necessary arrange- 

ment of the steel to provide for the negative moments at the 
supports is explained in a later article. Temperature and 
shrinkage stresses in the direction perpendicular to the main 
reinforcement will be provided for by placing 3 ^ 4 -in. round bars 
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at 12 in. on centers, or round bars at 18 in. on centers, at 

right angles to the main reinforcement. 

The required effective cross-section could have been obtained 
from equations (7), (3), and (4), in the order named, if no tables 
had been available. 

II. Review the slab which was designt^d in Problem I, to 
determine the maximum unit stresses in the steel and in the 
concrete, when the slab is loaded with its full live load of 120 lb. 
per sq. ft-. 

Th(' maximum bending moment on a 12-in. strip of slab, as 
computed in Prol)lem I, is 22,000 in.-lb. The average steel ratio 
is 


7 > 


0.1963 
6.5 X 4 


0.0075 


From Table 7jk = 0.374 and j = 0.875, and substituting in 
(filiation (5a), the unit stress in the steel is obtained as follows: 


22,000 = 0.0075 X /. X 0.875 X 12 X 4- 
/« = 17,500 p.s.i. 

The unit stress in the concrete is obtained fiom equation (la). 


_ 17,500 X 0.374 
“ 15(1 - 0.374) 


697 p.s.i. 


ADDITIONAL PROBLEMS 


1 . Design a fully eontinuoiis slab, .supported on two sides only, to support 
a uniform live load of 200 lb. per .sq. ft. The span of the slab is 10 ft.-O in., 
and a 2500-lb. concrete is to be u.sed, with structural-grade reinforcing .steel, 

2. A .slal} of one span, freely supported on two sides only, has a span of 
11 ft.-O in. and a total thickness of 5 in. and is reinforced with J^-in. round 
bars 7 in. on centcn-s, the centers of the bars being 1 in. above the lower sur- 
face of the slab. If f'r = 2500 p.s.i. and /« = 20,000 p.s.i., what is the safe 
uniform live load, in pounds per square foot, that can be placed upon the slab? 


Slabs Supported on Four Sides 

61. General Considerations. When a slab panel is square, or 
nearly .so, and there are beams at the four edges of the panel, the 
slab should be reinforced in two directions so as to transmit the 
total load to all four beams. The amount of load that is trans- 
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mitted in each direction will depend upon the relative lengths of 
the sides of the panel and the conditions of continuity that exist 
at the four edges. 

If the panel is square and if the construction is such that the 
same degree of restraint exists at each edge, one-half of the total 
load will be transmitted to each pair of beams. If the panel is 
longer in one direction than in the other, more than one-half of 
the load will be transmitted in the shorter direction, and the 
remainder will be transmitted in the longer direction. If, how- 
ever, one side of the panel is very much longer than the other, 
such a large proportion of the total load will be transmitted in 
the shorter direction that reinforcement parallel to the longer 
side would be of little practical value. 

When a slab is reinforced in two directions, the value of d that 
is established for one set of bars definitely fixes the corresponding 
value to be used in the computations of the other set. The two 
sets of bars are placed one above the other, the upper resting 
directly on the lower. In a square slab it is customary to use the 
effective depth for the upper row in all computations and to 
place the same reinforcement, similarly spaced, in the lower row. 
On account of the larger value of d, this provides a slight excess of 
steel in the lower row, but it simplifies the details of construction. 
In rectangular slabs, it will generally be found economical to 
place the shorter bars, which carry th(^ larger part of the load, 
underneath the long(T bars, thus making the d for the short bars 
as great as possible with a given slab thickness. 

62. Distribution of Load Based on Deflections. A theoretical 
analysis of a slab supported on four sides is complic^ated by many 
factors, such as the condition of restraint or continuity at each 
edge of the pand and the effect of the stiffening action of the 
beams on the portions of the slab adjacent to these beams. 

A strip of slab such as strip A, Fig. 18, parallel and adjacent to 
a supporting beam supports practically none of the load in the 
middle portion of the span of the strip (for example, the load on 
area ab); the strip B at right angles to A supports the entire 
load in that region. The load on an area such as ac, near the 
corner of the panel, would be supported more or less equally by 
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the strips A and C. In a square slab, the loading curve on any 
strip actually approximates a parabola with ordinates varying 
from a minimum at the center to w lb. per sq. ft. at the ends, w 
being the total load per square foot on the slab. The center 
minimum depends upon the location of the strip in the slab, 
w 

decreasing from — for a strip at the center of the panel to zero for 

a strip close to one of the supporting beams. 

In a rectangular slab of length I and width T, the amount of 
load carried by each system of rein- 
forcement is found analytically by 
equating the deflections of two strips, 
one parallel to and midway between 
each pair of beams. The deflection 
of each strip is proportional to the 
load per foot multiplied by the fourth 
power of the span. Hence, since the 
deflections of the two strips must be 
eipial at the center, if Wi rejiresents 
that part of the load w wdiich is trans- 
mitted in the short direction and that part whic.h is trans- 
mitted in the long direction, the following equation can be 
written 

WiV^ = uhl^ 

from which “ = 777 

uh I* 

The amount of load per square foot that is carried by each of 
the two sets of bars is thus inversely proportional to the fourth 
power of the span of the strip in which the bars are placed. 
Moment computations based on this theory, which assumes a 
uniform distribution of the load on each strip, are not theo- 
retically correct, since for points near the short edges of the 
panels the proportion of the load carried by the longitudinal 
strips will be greatiu’ than indicated above, and for points near 
the long edges of the panels it will be smaller. The theory does 
not recognize any effect of conditions of continuity on dis- 
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tribution, and another error is thus introduced in practical 
application. 

63. Load Distribution According to Joint Code Specifications 
(1928). The distribution that was recommended in the Joint 
Code (1928) is that the part Wi of the total load w which is trails 
ferred in the short direction is represented by the equation 



in which I = longer dimension of the slab. 

V = short(T dimension of the slab. 

According to this equation, if the ratio l/V is greater than 11^, all 
of the load must be transmitted in the short direction to th(» 
longer beams: the only reinforcement required in the long direc- 
tion is then that nc'cessary to resist shrinkage and temperature 
stresses and to assist in distributing the load to the shorter bars. 

Experimental analyses indicate that a strip of slab which is 
adjacent and parallel to one of the beams is not actually strossi'd 
as much as a strip more remote from the beams. Hence th(' bars 
in t.he outer quarters of the slah could be spaced farther apart 
than those in the middle portion. Tests indicate also that the 


Distribution of Loads on Sdabs Supported on Four Sides 


Proportion of 
load 

carripd in: 

Method of 
distribution 

1.0 

1.1 

llati 

1.2 

o l/V 

1 3 

1 4 

J 5 

Short 

Defl. theory 

0.50 

0.59 

0 67 

0 75 

0 80 

0 83 

diroctioii 

Joint Code 

0.50 

0.00 

0 70 j 

0.80 

0 90 

i 00 

Lon^ 

Defl. theory 

0 50 

0.41 

0 33 

0.25 

0.20 

0 17 

dirpctioM 

Joint Code 

0.50 

0.40 

0 30 

0.20 

0 10 

0 00 


computed moments, assuming an arbitrary continuity coefficient 
of } 12 = ^12 for fully continuous panels or }{q for 

corner panels, are greater than those that actually exist, and as 
a result a spacing equal to twice the minimum computed spacing 
is generally permitted in the outer quarters of the slab. 
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There is a fairly close agreement between the distribution 
indicated in Art, 62 and that recommended above, as is shown in 
the table on page 82. 

The method of load distribution described above is no longer 
considered a generally accepted means of analyzing two-way 
slabs. However, the design is easily made, the resulting details 
are known to be on the safe side, and, if only a small floor area is 
involved, the added cost of the construction is not prohibitive. 
The use of the method may therefore be justifi('d in some cases, 
and the problems in Art. 64 are given to illustrate the funda- 
mental principles involved. A more rational method is suggested 
in Art. 66. 

64 . Illustrative Problems Based on Load Distribution of Art. 63. 
I. A floor panel is to be 9 ft.-O in. by 10 ft.-O in. in plan and 
the slab is to be fully continuous and reinforced in two directions. 
D('sign the slab to carry a uniform live load of 300 lb. per sq. ft. 
Assume/, = 1000, /« = 18,000, and n == 12. 

Let Wx be the part of the total load per sciuare foot that is 
transmitted in the short direction. 

^ {f ~ 0 ^' = ^ 

Assuming the weight of the slal) as 50 lb. per sq. ft. (or a total 
thickness of 4 in.), the total load on the slab is w = 300 + 50 = 
350 lb. per sq. ft. 

Design of Transverse or Short Direction. 

wi = 0.61 X 350 = 215 lb. per sq. ft. 

The actual external bending moment per foot of slab width is 
Mx = >12 X 215 X 92 X 12 = 17,500 in.-lb. 

From Table 6, K = 173 and j = 0.867; hence;, from eejua- 
tion (6), 

17 500 

b(l^ (required) = ~ 


Sinee 6 = 12 in., the required value of d is 2.9 in. A value of 
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d — Z in. will be used ; allowing 1 in. of concrete below the center 
of the bars, the total thickness of the slab is 4 in. as assumed, 
and no revision is necessary. 

From equation (5) 

“ 18,000 x’ 0.867 X 3 ^ 

This is the area required per foot of width; with 3-^-in. round bars 

0.374 

the number of bars required in each 12-in. strip is = 1.9, 

12 

and the required spacing is = 6.3 in. 

Design of Longitudinal or Long Direction, The part of the 
total load w that is transmitted in the long direction is 350 — 
216 = 135 lb. The actual external bending moment M 2 on a 
12-in. strip in this direction is 

M 2 = H 2 X 135 X 102 X 12 = 13,500 in.-Ib. 

bd^ (required) = = 78 in.^ 

Since the long bars are placed directly on top of the transverse 
bars, the actual value of d for the longitudinal bars is equal to 
23 ^ in. Therefore 

5 d 2 (furnished) = 12 X (234)^ = 75 
This is less than that required, and the strength of the concrete 
is not sufficient to carry the load in this direction. Increase the 
thickness of the slab to A}/i in. The additional weight (about 
3 lb. per sq. ft.) can be disregarded without material error. The 
product of ?>d 2 furnished in the long direction is now 12 X (2^4)^ 
= 91, which is ample. 

From equation (5), the area of steel required per foot of width is 

, 13,500 

~ 18,000 X 0.867 X 2.76 " 


The spacing required |pr J^-in. round bars is 


12 

0.314 


7.5 in. 


0.1963 
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The revised spacing of the bars in the short direction (the 

3 25 

effective depth of the bars is now 3K in.) is 6.3 X = 6.8 in. 

The bars will be spaced in. center to center in both direc- 
tions. As stated in Art. 63, a spacing of 2 X 6.8 = 13.6 in. 
could be used for the bars in the outer quarters of the slab, 
but a maximum spacing of three times the slab thickness is nor- 
mally specified. The bars in the outer quarters of the slab 
will be spaced 12 in. on centers. 

II. A typical floor panel, 10 ft.-O in. by 12 ft.-O in., is rein- 
forced in two directions with li-in. square bars 8 in. center to 
center, the center of the lower row of bars being placed 1 in. 
above the lower surface of the slab. The total thickness of the 
slab is 5 in., /a = 20,000 p.s.i.,/, = 800 p.s.i., and n = 15. What 
live load per square foot will the panel sustain? 

Investigation of Short Direction, The bars in the short direc- 
tion are placed beneath the others. Their effective depth, 
therefore, is 4 in. The actual ratio of steel in the short direction 
is 

and from Table 7, fc = 0.380 and j = 0.873. 

For a 12-in. strip parallel to the short sid(is of the slab, the 
r(isisting moment of the concrete is 

M, = y 2 X 800 X 0.380 X 0.873 X 12 X 4^ = 25,500 in.db. 

The resisting moment of the steel is 

Ms = 0.0078 X 20,000 X 0.873 X 12 X 4^ = 26,200 in.-lb. 

The smaller of these two resisting moments must not. be exceeded 
by the actual external bending moment. The values shown 
above indicate that the slab is slightly overreinforced in the 
short direction, z.e., there is more steel than is required to develop 
the full compressive strength of the concrete. This fact could 
have been determined by comparing the actual steel ratio with 
the ideal ratio for the given allowable unit stresses. The ratio 
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furnished, 0.0078, is greater than the ideal, 0.0075, as given in 
Table 6. 

The external bending moment equals its maxi- 

mum allowable value is 25,500 iii.-lb. Therefore, 


25,500 = H 2 XwiX 102 X 12 


from which Wi = 255 lb. per ft. 

This is the total load per linear foot that can safely be carried 


by a 12-in. strip in the short direction. Since this is ^ 


1 _ ] 
2 “ 10 


of the total load w on the slab, the total load that can be pla(*('d 
on the slab before the short bars will reach their allowable stress 
(as governed by the concrete in this case) is 


255 

0.7 


= 364 llj. per sq. ft. 


Investigation of Long Direction. The effective dei)th of tlu^ 
long bars is 3! 2 

P = o / = 0.0089 k = 0.400 j = 0.860 
o X »3 / 2 

For a 12-in. strip of slab parallel to the long sides of the paiu'l, 
Table 6 shows that the slab is overnunforc^ed in this direction and 
the Hisisl ing moment of the 12-in. strip is limited by the^ stn^ngih 
of the concrete*. 


Mr = >2 X 800 X 0,400 X 0.866 X 12 X ( 3 . 5)2 = 20,400 in.-ll). 
The actual beniding momenit, is hence 

20,400 - 3 i2 X u)2 X 122 X 12 


from which 


W 2 =142 lb. per ft. 

This represents Wu) load that can be carried safely in the long 
direction; it is equal to but Ibe total load on the slab. 

Hence, 


142 = 0.3 tc, 


and w = 473 lb. per sq. ft. 
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From the two investigations above, it is seen that a total load 
ot 473 lb. per sq. ft. could be placed on the slab without over- 
stressing it in the long direction. This load, however, would 
considerably overstress the slab in the short direction. The 
maximum total load pei* square foot that can be placed on this 
slab is thus determined by the strength of the transverse direc- 
tion, and equals 364 lb. as computed above. 

The slab itself weighs 62 11). per scp ft.; henci^ the safe live load 
is 364 - 62 = 302 lb. per sq. ft. 

III. A fully continuous floor panel 9 ft.-O in. by 9 ft.-O in. in 
plan is to support a liv(' load of 300 11). per s(|. ft. Determine 
the recjuired thickness of slab and the arrangement of the rein- 
forcement. Assume; maximum allowable unit stresses of 750 
p.s.i. and 16,000 p.s.i. for the concrete and steel, respectively, and 
n = 15. 

Assume t = 41*2 iii*; then the total load per square foot is 
356 lb. Since' the slab is square, one-half of this load will be 
transmitted in each direction. Hi'iice Wi = 178 lb. For a 
12-in. strip of slab in eitheu* direction, 

M = 3.f2 X 178 X 9- X 12 = 14,400 in.-lb. 

Since M = KheP, in which K (Table; 6) is 134, 


h(U == 


I 1,400 
134 


107.3 in.-' 


6=12 in.; therefe)re‘ <] must be at legist 2.98 in. 

In a square slab, since the moments for strips in enther di)‘e*e!- 
tion are ee]ual, the stre'Hgth of the stri]) ))arall(‘l to tlie upper row 
of bars will govern the de'sign. Selene ting an effe'ctive depth of 
3 in. for this row, allowing 1 in. e)f insulatie)n be;le)W the center 
e)f the lower row, and assuming HAn. bars, the total thickness of 
slab reeiuired is 3 + 4- 1, or 4t^ in. as assumed. 

For the upper row, 


14400 

i6,oo(rx 0m2 X 3 


0.348 sq. in. per ft. 


The numh(*r of ;J^^-in. round bars ree|uired pe^r foot e)f width 
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= \r^nn = 1*8, and the maximum spacing of the bars is — = 

U.iybo 1.0 

6.6, or 6)^ in. 

The spacing of bars in the lower row is made the same, for 
uniformity. Since the effective depth for this row is in. 
greater than for the upper row, this arrangement is safe but not 
excessively uneconomical. The bars in the outer quarters of 
the slab may be spaced about 13 in. center to center in accordance 
with the recommendation of Art. 63. 

ADDITIONAL PROBLEMS 

1. A fully continuous floor panel 11 ft.-O in. by 12 ft.-O in. is to support a 
uniform live load of 250 lb. per sq. ft. A 30()0-lb. concrete and intermediate- 
grade reinforcing bars are to V)e used. Design the slab: (a) in accordance 
with the load distribution recommended in Art. (53; (6) in accordance with 
the proposed Joint Committee method described in Art. 66. 

2. A fully continuous floor slab 10 ft.-O in. by 11 ft.-O in. has a total 
thickness of 5 in. and is reinforced with J 2 “in. round bars spaced 7 in. on 
centers in both directions. The centers of the shorter bars are 1 in. above 
the lower surface of the slab, and the longer bars are placed directly on the 
shorter bars. If /'c = 2000 p.s.i. and /'« = 18,(X)0 p.s.i., what safe live 
load, in pounds per square foot, can be placed on the floor, if the load dis- 
tribution in Art. 63 is assumed? 

3. If the longer bars in Problem 2 were spac(*d 8 in. on centers instead 
of 7 in., what safe live load could be placed on the slab? 

4. Design a fully continuous floor slab, 10 ft. scpiare, to support a uniform 
live load of 250 lb. per sq. ft. Assume n = 15, A - 800 p.s.i., and 
/, = 16,000 p.s.i. 

66. Theoretical Distribution of Moments in Two-way Slabs. 

An exact analysis of a concrete slab panel which is supported 
on four sides should take into consideration the conditions of 
continuity along each edge of the paiud, the relative stiffnc^ss 
of the beams as compared with that of the slab, and the relative 
stiffness of each adjoining panel. Some of the conditions of 
continuity are represented in the following types of panels: 
(1) a single panel, (2) the end panel in a single row of panels, 
(3) an intermediate panel in a row, (4) a corner panel, (5) a 
wall panel in a rectangular group of panels, (6) an interior panel 
in a group. 
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Such so-called exact analyses result in moments which are 
very much in excess of those indicated in tests of slabs of the 
same type, and for this reason the moment coefficients obtained 
in the analyses are usually reduced by a definite percentage in 
order to obtain rational design values. The importance of a 
theoretical analysis is not so much, therefore, to determine 
moment coefficients, as it is to obtain information concerning 
the effect of construction details on the distribution of the 



Fig. 19. 


Formulas for the critical moments in square and rectangular 
panels, and in the supporting beams, reduced in accordance with 
(comparisons with test results, have been advanced by H. M. 
Westergaard.^ The coefficients for square panels are shown in 
Fig. 19. These coefficients are those of a constant term TFZ, 
in which W is the total load on one panel and I is the length of 
the square panel. 

In order to make a comparison between the coefficients shown 
in Fig. 19 and those used in the problems of Art. 64, which are 
1 Formulas for the Design of Rectangular Floor Slabs and the Support- 
ing Girders,” Proc., A.C.I., vol. 22, p. 26, 1926. 
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based on the (1928) Joint Code Specifications, the fornner should 
be multiplied by 2. This is bec^ause the Joint Code coefficients 

W 

are those of a constant term — (for square slabs), assuming that 

one-half of the total load on the pancd is transmitted in eacl^ 
direction. The revised positive-moment coefficient as proposed 
by Westergaard for the middle half of an interior panel is then 
2 X 3:^8 == H 4 Ihe revised m^gative-inomc'nt coefficicmt i;> 
2 X == i i s- The coefficient used in Art. 61 for both positive 
and negative moments in an int(‘rior x)anel is 3 { 2 * he (1928) 
Joint Code specification is thus seen to be very conservative, 
particularly in regard to positive moment. For the side strips 
in a similar panel the comparative values of positive moment are 
2 X 372 = 3 ij 6 by Wesl-f^rgaard, and 3ij X 3i2 = 3^4 by the 
Joint Code; the comparative valiK^s of negative moment are 

2 X = 2!^ \ ^ ~ 2 V coefficients govern 

the steel area only; tlu' (1928) Joint Code value is based on the 
fact that the Code permits a spacing of l)ars in the side strips 
equal to twice th(^ spafung comput.ed for the middle strips. The 
comparison indicates that this increased spacing is thoroughly 
justified.. It indi(‘ates also the necc'ssity of making proper pro- 
vision for the negative monuMits at the edg(\s of the slab. 

66. Design of Two-way Slabs According to Joint Committee 
( 1940 ). A reasonably simple method of two-way slab analysis 
has l)een proi^osed in the Joint C^ommittec^ Rej^ort of June, 1940, 
which takes into consideration the effect of discontinuity at one 
or more edges of the panel. In this method, the slab is con- 
sidered to be built moiiolithically with the supporting walls or 
beams, so that a negative moment is developed on all exterior 
edges. 

The panel is divided into middle strips and outer strips as in 
the case of flat-slab floors (see Art. 212). If the panel is nearly 
square, the middle strip has a width of one-half panel, and each 
outer strip has a width of one-quarter panel, as shown in Fig. 20. 
In panels where the ratio of short span Ls to long span Ll is less 
than 0.5, the width of the middk^ strip that extends in the short 
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direction is equal to the difference between the long and short 
spans, the remaining area being di\ddod equally between the two 
outer strips. 

The span lengths are taken as the distance between the centers 
of supports or as the clear span plus twice the slab thickness, 
whichever value is th(^ smaller. The critical sections for bending 
moment are along th(> ccuiter lines of the panel for positive 
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Fiu. 20. 


monu'nl and along the fac(*s of th(‘ sui)portiiig l)eams or walls 
for nega1iv(^ mom(^nt,. 

The bending-moment coefficients shown in Figs. 21 to 23 are 
for a strip of slal) 1 ft. wide and are in teams of wLs^y where w 
is the uniform load per sepiare foot on the panel and is the 
short-span haigth. Moments, wludher for strips in the long or 
short direction, are computed in terms of the short-span length. 

The recommended (*oefficients, as in the cas(‘ of the design 
provisions for flat slabs, are based partly on analysis and partly 
on t(\st data. 

Positive Moments. Positive moments at the middle of the 
short span are given in Pig. 21 for all ratios of short to long span. 
P\)r an interior panel the lower curve is used. For a side panel 
where the slab is discontinuous beyond th(^ ono marginal support 
but continuous beyond the othc*r three? sid(?s of the panel, the 
curve marked Panel with 1 edge discontinuous^’ is used. P"or 
panels having more marginal or discontinuous edges, the appro- 
priate curve is used. Thus, an isolated panel built monolithic- 
ally with the supports would be designed in accordance with the 
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top curve of the figure, since all four edges wouljl be discon- 
tinuous. In using this diagram, it makes no difference whether 
the discontinuous edge is on the short or long side. Also, it is 
immaterial whether a panel with two discontinuous edges is a 
corner panel or whether the discontinuous edges arc opposite 
each other. 

The positive moment at the middle of the middle strip of the 
long span is computed by using the coeffieient for a short span 



Fig. 21. — Positive nioinonts at middle of middle strip, short span. 

with ratio of 1.0. The proper coefrK'ieiit is multiplied by 
in which L« is the short span, as previously defined. 

Negative Moments at Cordinuous Edges. The design for nega- 
tive moment across the panel edges where the slab is continuous 
into adjacent panels follows the same method as that for positive 
moments. The negative moment at such a continuous edge for 
the middle strip of the short span is computed from the coeffi- 
cients shown in Fig. 22. The curves in Fig. 22 apply whether the 
discontinuous edge of the panel is adjacent to or opposite a con- 
tinuous edge, the controlling factor being only the number of 
discontinuous edges in the panel. 
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The negative-moment coefficient at a continuous edge of the 
middle strip of the long span is the same for all span ratios and is 



Ratio short span 4 long span 


Fio. 22. — Negative moments at continuous edges in middle strip, short span. 



taken as that for the short span with ratio of 1.0. TIk^ moment 
is obtained by multiplying the coefficient by wWj in which L, is 
the short span of the panel. 
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Negative Moment at a Discontinuous Edge, The negative- 
moment coefficients at the edge of a panel terminating in and 
built monolithically with a wall or beam are shown in Fig. 23. 
These coefficients are for the negative moment at discontinuous 
edges of the middle strips of the short span. 

If the middle strip under consideration is in the long span, 
the coefficient is selected for a span ratio of 1.0, using the proper 
curve for the given continuity conditions. The moment is 
obtained by multiplying the coefficient by in which L« is the 
short span of the panel. 

Moments in Outer Strips, The moments in outer strips are 
taken as two-thirds of the moments for middle strips of cornv 
sponding span and end conditions. 
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Load Transferred to Supporting Beams. Th(^ loads on tli(‘, 
supporting l)eains for two-way rectangular panels may he assurn(‘d 
to ho. uniformly distributc^d throughout tlu' spans of the beams. 
The amount of load su])port(‘d by each b(‘am is considered to b(^ 
all the load on an area bounded by the inteisection of 45-degree 
lines from the coriK'i’s of the panel with the centc'r line of the 
panel paralk'l to tlu* long side, as shown in Fig. 24. The moments 
and shears in the beams are comput(‘d in the usual way, due con- 
sideration being given to the conditions of restraint at the sup- 
ports of the beams. 

Illustrative Problem. Design the slab in Problem I, Art. 64, 
in accordance with the method outlined above, using allow- 
able unit stresses as given in that problem and assuming that 
the panel is an interior panel of a group. Assuming a 4-in. slab. 
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the total load is 350 lb. per sq. ft. The span ratio is 0.9. Com- 
puted moments for strips 1 ft. wide are as follows: 

Middle strip, short span, positive moment (Fig. 21), 

M = 0.0305 X 350 X 9= X 12 = 10,400 iu.-lb. 

Middle strip, short span, negative moment (Fig. 22), 

M = 0.040 X 350 X !)2 X 12 = 13,000 in.-lb. 

Middle strip, long .span, po.sitive moment (Fig. 21), 

M = 0.025 X 350 X 9- X 12 = 8500 in.-lb. 

Middle strip, long span, negative monu'nt (F'ig. 22), 

M = 0.033 X 350 X 9^ X 12 = 11,200 in.-lb. 


The critical moment to be used in determining the slab thick- 
ness is, therefore, 13, 000 in.-lb. 

In the .she)rt span. 


d = 


4 


13,600 
173 X 12 


2.56 in. 


Tho thinncest slal) that is pormitiod in most, building cod('s is 
4 in., and, wit.h 1 in. of insulation below the eent»)r of the short 
bars (the lower row), the d furnished is 3 in., whieh is adeciuate.^ 
Assuming %-in. bars, t he d furiiish(‘d is 2'’ .s in. 

In the short span, middle strij), at the e('nt(‘r of the span, 




10,400 

18,000 X 0”867 X 3 


0.22 s(i. in. per ft. 


This is furnish(‘d by '^s-ii^- l>ars 6 in. on ecmtiM’s. 
In the short, span, middle strij), at the sujiport. 


A 


s 


13,600 

18,(K)0 X 0.867 X 3 


= 0.29 s(i. in. per ft. 


If every third l)ar (as seleet('d above) eontinu(‘s straight through 
tlie support, and if the other bars ai'c bent up and continued into 

* Computations for the effective depths required in the long span arc 
unneee.ssa.ry in this ease. These values for both positive and negatives 
moments are less than 2.50 in. The furnished values are 2 % in. at the posi- 
tive-moment section and 3 in. at the negative-moment section. 



96 


BEAMS AND SLABS 


the adjacent span to the point of inflection, the area furnished 
at the support (including the bars which are bent from the adja- 
cent span) is X 0.22 = 0.29 sq. in. 

In the short span, outer strip, the required steel area at the 
center is X 0.22 = 0.15 sq. in. per ft., which is furnished by 
%-in. round bars, 9 in. on centers. 

In the short span, outer strip, the required negative steel area 
at the support is % X 0.29 = 0.19 sq. in. per ft. Bending two 
bars in three from each side as proposed above for the middle 
strip, the area furnished is % X 0.15 = 0.20 sq. in. per ft. 

In the long span, middle strip, at the center, 




8500 

18,000 X 0^867 X 2.62 


= 0.21 sq. in. per ft. 


In the long span, middle strip, at the supports (note — these 
bars can be brought to within 1 in. of the top of the slab). 


A. 


n,200 

18,000’ X 0.867 X 3 


0.24 sq. in. per ft. 


The same steel spacings and arrangement are required as in the 
short span. 

In the long span, outer strip, the required steel area at the 
center is % X 0.21 = 0.14 sq. in. per ft., and the area required 
at the supports is % X 0.24 = 0.16 sq. in. per ft. The same 
spacing and arrangement will be used as in the short span, fur- 
nishing 0.15 sq. in. per ft. at the center and x 0.15 = 0.20 
sq. in. at the supports. 

A comparison with the results obtained in Problem I, Art. 64, 
shows a saving of about 30 per cent in steel and 6 per cent in con- 
crete in favor of the Joint Committee method. Additional 
economy in concrete would be obtained where slabs exceed the 4- 
in. minimum thickness. 


Diagonal Tension, Shear, and Bond 

67. Stresses in a Concrete Beam. The preceding articles 
contain an outline of the methods of calculating the maximum 
fiber stresses in the concrete and steel of a reinforced concrete 
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beam, and of so proportioning the amounts of steel and concrete 
that the working strength of any part of the beam in flexure is 
not exceeded. 

There are other internal stresses existing in a concrete beam 
which, if not properly cared for, may in themselves cause failure 
of the beam. These stresses are: (1) shearing stresses, or those 
tending to make one plane of concrete, either vertical or hori- 
zontal, slide along an adjacent plane; (2) diagonal tension stresses, 
or those which cause cracks in the concrete along inclined planes 
near points of maximum shear; and (3) in reinforced beams, 
bond stresses, or those tending to cause the steel to pull away 
from the concrete when under stress and thus destroy the unity 
of the beam. 

68. Shearing Stresses. If a pile of boards is used to support 
a load, the boards being free to 
slip on each other, it is notice- 
able that the ends overlap even 
when the boards are of equal 
length (see Fig. 25). Slipping 
has occurred along the surfaces 
of contact. If, however, they are glued together, piled as before, 
the slipping is prevented, but the tendency to slip still exists and is 
known as the shearing stress in surfaces parallel to the neutral 
axis. These shearing stresses exist in beams of any material 
as long as the two sides of the surface considered form a contin- 
uous substance. 

In addition to the horizontal shearing stresses described above, 
there are vertical stresses of the same nature, f.c., a tendency for 
one side of the beam to slide upward past the other side. These 
two kinds of shearing stresses are of the same intensity per unit of 
area at any point in the beam. 

69. Intensity of Shearing Stress in a Plain Concrete Beam. 

As stated in Art. 44, the value of the unit, shear y in a plain con- 
crete beam (or any homogeneous beam) is represented by the 
equation 



Ficj. 25. 


-91 

~ Ib 


( 9 ) 
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The value of the unit shear as represented by this equation 
becom(>s zero at the top and bottom surfaces of the beam, and a 



maximum at the neutral axis. The 


^ distribution for a rectangular section 
is shown in Fig. 26. The maximum 
stress equals times the average, 



(see Art. 44). 


Between the; 


neutral axis and the extreme surfaces 


the value of the unit shear varies as 


t he ordinates of a parabola. The absolute maximum value of v 
occurs in the section at whicli the total extc^rnal ve^rtical shear is a 


maximum. 

70. Intensity of Shearing Stress in a Reinforced Concrete 
Beam. In a non-honiogen(‘ous beam tlu* unit shearing stresses 
vary in a very diff('r('nt maniK'r from that d(\scril)ed al)ove. 



To derive an equation which express(\s the variation of the unit 
shear at. any section of a nanfoi-ced-concrete beam, consid(‘i' a 
short hmgth of tlu' Ix'am as a freu* body (Fig. 27«). The forces 
acting on this elenu'ut are those of compression C and C', of 
tension 3^ and 7", and of total vertical shear V. Hence in Fig. 
27a, which repr(\sents a huigth so short that no part of the ext(vr- 
nal vertical load mu^d be considiu-ed (t he total vertical shear on 
the left equals that on tlu' right of tlie ('kmuuit), T — T' is equal 
to the total shearing stress, or tendency for the lower portion to 
slide along the upper, on any plane l)et ween the steel and the 
neutral axis, assuming that the concrete will take none of the 
tension. 
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1 his is illustrated in Fig. 27b. If the clement is assumed on the 
left half of the span, and the beam is subj(‘cted to a uniform 
load, the fiber stresses on the right side of the element are greater 
than those on the left. The lower portion tends to slide toward 
the right and the upper portioii toward the left, as shown in 
Fig. 276. The force producing this horizontal sliding is equal 
to the difference in the forces acting on each part of the section, 
i.e.j T — T' for the lower part and C — C' for the upper. C — C' 
must equal T — T', and the shearing strength of any two con- 
secutive horizontal planes between th(' lunitral axis and tht^ 
tension steel must be sufficicnit to transmit the ('ffe(*( of one set 
of these forces to the other, so as to prevent the movement indi- 
cated in Fig. 276. 

The unit horizontal shear on any such plaiH^ as cUvsciibed 
above is 

T - T 

V = j 
hx 


hx being the area of the surface uncU^r consideration. The 
external force's acting on this portion of th(‘ Ix^am must )x‘ in 
equilibrium, hence the summation of (‘iements about tiny point 
such as A on the line of action of the compressive forc.cjs must 
c*qual zero, or 

{T - r)jd = Vx 

Tluaefore 

T-r 

T - r = -7 

Jd 


Substituting this value of T — T' in the al)ov(‘ (‘(piation for v, 


V = 


hjd 


( 10 ) 


This represents the value of the unit horizontal shearing 
stress along any plane bet.we('n the stec'l and thcr neutral axis, 
and, as shown in Fig. 27a, it is also the maximum unit shear in 
the section. The amount of this sh(?ar pc'i* linear irudi of beam 
for the full width 6 is 


V 

Vj = 

Jd 


(11) 
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The value of j for working loads varies between narrow limits, 
and this variation causes but insignificant differences in values of 
V. For this reason it is satisfactory to use the value of j = J'i in 
all computations involving shear and bond. This is an average 
value for beams in ordinary construction. 

Above the neutral axis the shear follows the parabolic law 
as in the plain concrete beam (see Fig. 27a). 

Illustrative Problem. A reinforced concrete beam (Fig. 28) has 
a span of 15 ft.-O in. and supports a concentrated load of 15,000 
IS,000 /b. placed 5 ft.-O in. from the left 

support, in addition to a uniform 
live load of 600 lb. per lin. ft. 
over the whole span. The over- 
all cross-section of the beam is 
12 X 22}^ in., and the reinforce- 
ment consists of four U-in. 
round bars in one row, the center of which is 2}'^ in. above the 
lower surface of the beam. The value of f'c is 2500 p.s.i. Deter- 
mine the maximum unit shearing stress in sections at the left and 
right supports, and in sections just to the left and right of the 
concentrated load. 

The dead weight of the beam is 280 lb. per ft., and the total 
uniform load is 600 + 280 = 880 lb. per ft. At the left support, 

V = % X 15,000 + m X 880 = 16,600 lb. 

16,600 

At the right support, 

V = M X 15,000 + 15^ X 880 = 11,600 lb. 

11,600 . 

" ■ 12 X X M ■ “ 

Just to the left of the concentrated load. 



Fig. 28 . 



V 
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Just to the right of the concentrated load, 

V = 16,600 - 5 X 880 - 15,000 = -2800 lb. 
2800 

" " 12 X % X 20 ~ P 


The practical importance of the above values is indicated in 
Problem I, Art. 76. 

71. Inclined Tension Stresses (Diagonal Tension). Assume 


an infinitely small cube to bo removed from 




Vbx 


a beam at any section along the neutral 
axis. Two pairs of shearing forces, hori- 
zontal and vertical, must be considered. 

These forces form two couples acting as 
shown in Fig. 29. Since the prism has been 
assumed at the neutral axis, the flexural 
stresses of tension and compression are zero. 

Therefore, the shearing stresses vbx develop 
inclined stresses of tension in the direction MiV, an<l compression 

2vbx 



along the line PQ, each equal to 


V2 


Since the length of each 


diagonal of the prism is xVS, the intensity of these inclined 

2vbx 

stresses, z.e., the amount per unit area, equals - divided by 

V2 


bx\/2, or V. It follows that at any point along the neutral plane 
there exist tensile and compressive forces inclined at 45 d(^grees 
with the horizontal, and that the value of these forces per unit of 
area equals the unit shear at that point. 

Since at all points above and below the neutral axis there exist, 
in addition to the horizontal and vertical shearing forces, hori- 
zontal filler stresses of tension and compression, the values of the 
inclined tensile and compressive forces at such points arc found 
by combining the fiber stresses with the shearing stresses. 

Treatises on mechanics prove that the intensity of the inclined 
stress t at any point in a beam is represented by the equation 

I - 5/ ± 


( 12 ) 
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and the direction of this stress by the (H|uation 


. 2v 
tan 2a = -j 


where / = fiber stress per unit of area. 

V = int^ensity of vertical or horizontal shearing stress at 
the point. 

a = angle made V)y the stress t with the horizontal. 

In the equation for the angle of inclination of the inclined 
stress, two values of a, differing by 90 dc^gn^es, will satisfy, 
showing that the maximum compressive stress and the maximum 
t(insile stnjss at any point make an angle of 90 degrees with each 
other. 

On account of th(i comparatively large compressive stnjngth 
of concrete, the inclined compressive stresses as d(‘termiried 
above may b(^ iK^gk^cted; failure, if any, occurs because' of the 
(iracking of the concrete due to tensile stresses in (excess of its 
strength. 

For ordinary beams of homogeneous materials, siuih as bearns 
of steel or timb(^]*, a detc^rmination of the normal, or flc^xural 
stress(is, and the sheaiing stresses described above, gives suffici(*nt 
infoiTiialion for ])urposes of design. In corurn^tc^ beams, both 
plain and reinforc(‘d, t,h(^ inclined stresses of maximum tension 
induced by the sheaiing and Vieriding stresses are often fully as 
important as th(^ maximum filua* stress(%s, and it is ne(a\ssary to 
make some provision for them. This is Ix^cause of tin* very 
low stnaigth of concr(*te in tension. Hence the iuH*-essity for 
the further investigation of such stresses. 

72. Diagonal Tension in Plain Concrete Beams. Examination 
of the above eciuations shows (hat at the ca'iiter of a homogeneous 
beam, where the momc'iit is a maximum, (he direction of thc'. 
lines of maximum temsion is horizontal for the entire depth of 
the beam. As the end of the beam is approached, the shear 
becomes large and the bending monK'iit small (assuming a simply 
supported beam). Here the ('ff('ct of the shear on tlie diagonal 
tension is great, whih' th(* horizontal fib(‘r stress has little weight 
in determining th(^ inclination and amount of the inclined tensile 
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stress near the support. At the end of the beam, where the 
horizontal tension is zero, the diagonal tension stresses are 
inclined at practically 45 degrees throughout the entire depth 
of the beam. 

Figure 30 illustrates the variation in direction of the maximum 
inclined tension stresses in a homogeneous rectangular beam. 
As seen above, the exact direction at any point depends upon the 
relation between shear and bending moment at the point. The 
short wavy lines represent the probable cracks which may form 
with large shearing strc'sses. Lines of maximum compression 
run at right angles to those of maximum tension. 


m 

1 

mum 
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73. Diagonal Tension in Reinforced Concrete Beams. In 

n^inforced beams, owing to the concentration of th(‘ tension 
in the steel, the direction of maximum tension at various depths 
is somewhat different from that in plain or homogeneous beams. 
Larger shearing stresses exist immediately above the st(M'l, and th(‘ 
maximum tensile stresses become considerably inclined at t, hat- 
plane, the (^xact direction depending upon tin? relation Ix^twecui 
the sh(^ar and horizontal fibc^r st-ress. 

Figure 31 represents the general direction of the incliiuHl 
tensile stresses in a uniformly loaded beam, the wavy lin(‘s 
lepresenting the probable planes of rupture. The diagonal 
cracks near the bottom are approximately vertical at the (;ent(M* 
and become more and more inclined as the end of the beam is 
approached. 

In beams with tension rein force mcuit the value of t as expressed 
by equation (12) is indeterminate, since the value of /, the 
horizontal fiber stress in the concrete, is variabh^. This is due 
to the fact that as the loading increases, the concrete cracks 
more and more, and the amount of tensile stress carried by it 
therefore decreases. The excess is picked up by the steel, 
and immediate failure prevented, whereas in a plain beam, 
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increasing the loading after the concrete commences to crack 
results in immediate failure of the beam. Therefore the exact 
amounts of the inclined tension stresses are unknown. It is 
seen, however, from a study of equation (12), that the vertical 
shearing stresses furnish a means of comparing or measuring 
the diagonal tension stresses. It must be remembered that the 
vertical shearing stress is not the numerical equivalent of the diagonal 
tension stress nor is there any definite relation between them. 

By limiting the allowable unit shearing stress to a value which 
has been found by actual tests to be low enough to insure against 
failure by diagonal tension, it may be considered that the danger 
of such failure has been eliminated. This limit of the allowable 
shearing stress is considerably below the safe working stress of 











Fig. 31. 


concrete in direct shear because of the fact that, when the shear- 
in a beam is still low, the diagonal tension may be excessive. 
Failure occurs not by direct shear, but by the cracking of the 
concrete along inclined planes. 

An examination of equation (12) shows that diagonal tension 
at any point varies with both the shear and horizontal tension 
in the concrete. In order to reduce the danger of failure by 
diagonal tension, large shearing stresses should be avoided and 
the horizontal tension in the concrete kept as small as possible. 
This latter may be accomplished by furnishing an excess of 
longitudinal steel at points of heavy shear, thus reducing the 
horizontal deformation and consequently the tension in the 
concrete. 

74. Working Unit Shearing Stresses. When relatively large 
shearing stresses exist (the shear being a measure of the indeter- 
minate diagonal tension) it becomes necessary to provide some 
form of web reinforcement. The Joint Code specifies 0.02/'c as 
the safe limit of shearing stress for beams without web reinforce- 
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ment, and 0.06/'^ for beams in which adequate provisions have 
been made to care for the inclined stresses. If the longitudinal 
bars are adequately anchored by means of hocks at both ends 
or by some other satisfactory method, somewhat higher stresses 
are allowed, f.c., 0.03/% for the concrete when no web reinforce- 
ment is provided and 0.12/% for beams with web reinforcement. 
This latter value is permitted only in certain cases where extreme 
reinforcement is made in the design, where definitely specified 
anchorage is provided, and where careful placing of the reinforce- 
ment is assured. Values much in excess of 0.06/% are normally 
not used in conservative practice. 

76. Types of Web Reinforcement. A study of Figs. 30 and 31 
shows that the most efficient web reinforcement consists of an 
arrangement of steel as shown 
in Fig. 32, the inclined portions 
being either a continxiation of 
the horizontal bars or addition- 
al bars rigidly connected at 
their lower ends to the horizontal bars. Such an arrange- 
ment is, however, not practical. Slight variations between 
the inclination of the reinforcing bars and the lines of maxi- 
mum tension have but little effect on the efficiency of the 
system; hence in practice the most commonly used methods 
of arranging diagonal tension reinforcement are divided into 
three groups: (1) vertical bars or stirrups, attached to or looped 
about horizontal bars ; (2) separate inclined bars or stirrups mak- 
ing an angle of 30 degrees or more with the horizontal, and secured 
to the horizontal bars in such a way as to prevent slipping; (3) 
longitudinal bars bent so that the axis of the inclined portion of 
(?ach bar makes an angle of 15 degrees or more with the axis of 
the longitudinal portion of the bar. All inclined web reinforce- 
ment bars in a given beam are placed at the same angle with the 
horizontal; in the majority of cases a 45-degree angle is used. 
A combination of vertical stirrups and bent bars properly 
arranged gives the most practical and effective protection against 
diagonal tension failure (see Fig. 107). Separate inclined bars 
are seldom used. 
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When separate members, either vertical or inclined, are used 
as diagonal tension reinforcement, care must be taken to see 
that they are properly connected to the longitudinal steel so that 
slipping is prevented. When web reinforcement comes into 
action as the principal tension web resistance, the bond stresses 
between the longitudinal bars and the concrete are not dis- 
tributed so uniformly along the bars as they otherwise would 
be, but tend to be concentrated at and near stirrups, and at 
and lumr the points wh(‘re bars are bent up. When stirrups 
are not rigidly attached to the longitudinal bars, and the pro- 
portioning of bars and stirrups is such that local slip of the bars 
occurs at stirrups, the effectiveness of the stirrups is impaired, 
though their presence still gives an element of resistance to 
diagonal tension failure. It is on the tension side of a beam 
that diagonal tension develops in a critical way, so proper con- 
nection should always ho made between stirrups or other web 
reinforcement and the longitudinal tension reinforcement. 
Where negative moment exists, as is the case near the supports 
in a continuous bc^am, web reinforcement to be effective must 
be looped over, or wrapped aroupd, or be connected with the 
longitudinal tension reinforcing bars at the top of the beam in 
the same way as is necessary at the bottom of the beam at sec- 
tions where the bending moment is positive. Requirements of 
the Joint (^ode with regard to the anchorage of web reinforce- 
ment bars are givcm in Art. 83. In all cases, stirrups should be 
carried as close to the upper and lower surfaces as fife-proofing 
requirements will permit. 

76. Region Where No Web Reinforcement Is Required. As 

mentioned in Art. 74, web reinforcement is not required in 
regions where the unit shear is less than a given percentage of 
the ultimate compressive strength of the concrete; that is to 
say, the concrete is assumed capable of withstanding all of the 
diagonal tension as measured by a unit shear of that amount. 

In a uniformly loaded beam, the distance from the support 
Ix'yond which stirrups arc not required is determined as follows: 
Let Xi = the distance to be found, Vc the unit shear Xi ft. from 
the support, and Vc the total shear at that point. 
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wl 

Kc = y - wxi 


and 


Vc = 


bjd 


By substituting the value of Vr from the former in the latter 
equation, and solving for xi, this becomes 

I Vcbjd 

w 


x. = 2- 


(13) 


For beams with iinsymmetrical or concentrated loads^ the points 
where vv('b reinforcement may be discontinued may be located 
by constructing the shear diagram for t he b(‘am and noting the 
point or points at which the unit’ sheai* is less than the given 
proportion (see Art. 74) of the compressive strength of the 
concrete. 

Illustrative Problems. I. Consider the beam of the problem 
in Art. 70. Since for that beam /'^ = 2500 p.s.i., the allowablf* 
unit shear without w(‘b reinforcement, assuming that the main 
reinfor(^emeni is not anchored at the (Mids, is 0.02 X 2500 = 50 
p.s.i. Determine the regions over which web reinforcement is 
required. 

Sinc(^ the unit shear at any section between the k'ft supi)ort 
and the concentrated load (Fig. 28) is greater than 50 p.s.i., W(‘b 
reinforcement is recphrc'd throughout this distance. The unit 
shear at the right suj)port is 55 p.s.i., and this shear d(‘creas(‘s 
uniformly to 13 p.s.i. at a section just to the right of the (H)n- 
centrated load. Hence web reinforc(*ment is recpiired from tlu^ 
right, support to th(‘ s('ction at which th(' unit shear is (Hjiial to 
50 p.s.i. This section can be locat(*d by a sini})le ]n’oport.ion, as 
follows: Let xi be the required distanc(‘ from the right support.. 
Ttuai 

Xi 55 - 50 
10 55 - 13 

and 

or, = 1.2 ft. 

A more general method of computing Xi is as follows: The 
\init shear v at any section x ft. from the right support is 

V 1 1,600 ~ 880a: 


V — 


bjd 12XHX 20 
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At section Xi the unit shear Ls 50 p.s.i. Hence, 

11,600 - 880x1 
^ 12 X K X 20 

from which = 1.2 ft., as above. Web reinforcement is 
required therefore for a distance of 1.2 ft. from the right support, 
and 5.0 ft. from the left support. 

II. A reinforced concrete beam has a span of 18 ft.-O in. and 
is to sustain a uniform live load of 1000 lb. per lin. ft. The 
reinforcement consists of three round bars placed 18 in. 

below the upper surface and 2yi in. above the lower surface of the 
beam. The width of the beam is 8 in. and a 2500-lb. concrete 
is to be used in the construction. Determine the regions over 
which web reinforcement is required, assuming that the longi- 
tudinal bars are not specially anchored. 

The weight of the beam is 170 lb. per ft., and the total load is 
therefore 1000 + 170 = 1170 lb. per ft. The unit shear at the 
supports, equation (10), is 83 p.s.i.; since this exceeds the allow- 
able value for beams without web reinforcement, such reinforce- 
ment is required at the supports and for a distance X\ ft. from 
the supports. Since the beam supports only a uniform load, 
equation (13) can be used in obtaining the value of Xi. Hence, 


18 50 X 8 X % X 18 ^ 

= ir = 3.6 ft. 


77. Distribution of Diagonal Tension. Tests show that, in 
beams with web reinforcement, both the steel and the concrete 
resist the diagonal tension. The Joint Code specifies that the 
concrete shall be assumc^d to resist a total shear equivalent to a 
unit shear of 0.02/'f p.s.i. for beams in which the longitudinal 
bars are not specially anchored, and 0.03/'c p.s.i. for beams in 
which the longitudinal bars are adequately anchored, and 
that the remainder of the shear shall be resisted by tlie web 
reinforcement. 


78. Spacing and Size of Vertical Stirrups. In Art 70 (equa- 
tion 11) it was shown that the horizontal shear per linear inch of 

V 

beam on any plane below the neutral axis is equal to -g* Hence, 
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for a length of beam s, the amount of horizontal shear may be 

Vs 

represented by the equation in which V is the average total 

vertical shear over the length s (at B in Fig. 33). Since the 
horizontal shear equals the vertical 
shear, it follows that this equation 
also represents the vertical component 
of the diagonal tensile stress in a length 
5 . The horizontal component is resisted 
by the horizontal steel, while the verti- 
cal component is resisted by the con- 
crete and web reinforcement. 

If vertical stirrups of an effective area Av are employed, and 
if the allowable unit stress in the stirrups is /,,, then the safe 
strength of each stirrup is A^fv. The area Av is the toi-al area 
of all of the vertical legs in one stirrup; thus, if a U-shaped stirrup 
is used, Av is equal to two times the area of the bar of which the 
stirrup is formed. 

For the method of distribution as recommended in Art. 77, 
the vertical component of the diagonal tension to be resisted by 




-J 

Fig. 33. 


the stirrups over a distance s is 


{V - Vc)s 

jd ^ 


in which Vc is the 


amount of total shear that is assigned to the concrete as deter- 

Vc 

mined from equation (10), Vc = 


hjd 


Let V - Vc-= V'; then 


Avfv — 


V's 

jd 


and the required spacing of stirrups is 

Avfvjd 


s = 


V' 


(14) 


The Joint Code recommends that the longitudinal spacing 
of vertical stirrups shall not exceed 0.5d, except that in beams 
where the unit shearing stress exceeds 0.06/'c the limit is 0.25d. 
The specification is worded so as to apply to both vertical stirrups 
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and inclined bars; it is given and explained in Art. 79. A spacing 
of less than 4 in. is generally undesirable. Tests indicate that 
the most effective results are obtained when s = }id. It is 
usually satisfactory to select a certain size of stirrup and to 
calculate the spacing at different points along the beam; if the 
computed spacings are unsatisfactory, another size of stirrup 
may be assumed and the corresponding spacings determined. 

Common sizes of stirrup bars are 3^^-, and 3^-in. round. 
The diameter varies with the depth of the beam; 3^^-in. bars 
are generally satisfactory for beams less than 10 in. deep, J^-in. 
bars for beams 36 in. deep, and ^^-in. bars for intermediate 
depths. 

Where web reinforcement is provided by means of vertical 
stirrups and is required over a comparatively short distance;, 
it is good practice; to space the stirrups uniformly over the 
entire distance, the spacing being calculated for the point of 
greatest shear (minimum spacing). If the web reinforcement is 
required over a long distance, if the shear varies materially 
throughout this distance, it is more economical to compute the 
spacings requir(;d at several sections and to place the stirrups 
a(;cordingly, in groups of varying si)acings. 

Illustrative Problem. Consider again the beam which was 
dc;scribed in the problem in Art. 70 and for which the regions 
over which weV) reinforcement is required were determined in 
Problem I, Art. 76. What are the required spacings of }i-h\. 
round vt;rt ical U-stirrups at the left and right supports? Assume 
fr = 18,000 p.s.i. as specified in the .loint Code for .structural- 
grade; st(;el. 

The total shear that can be resisted by the concrete = Fc = 
50 X 12 X Js X 20 = 10,500 lb. At the left support the total 
shear is 16,600 lb., and, from equation (14), 

_ 2 X 0.0491 X 18,000 X % X 2D _ 

^ ~ 16,600 - 10^500 

At the right support the total shear is 11,600 lb., and 

^ 2 X 0.0491 X 18,000 X H X 20 
s _ _ 10,500 " “ 
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According to the Joint Code, the maximum allowable spacing 
is 0.50 X 20 = 10 in. 

In detailing the beam, two stirrups will be placed near the 
right support, one about 5 in. from the edge of the support, and 
another 10 in. from the first stirrup. This carries the web 
reinforcement beyond the section where such reinforcement is 
no longer required (1.2 ft. from the support, as determined in 
Problem I, Art. 74). At the left end, a 5-in. spacing could be 
used between the left support and the conccuitrated load, the 
first stirrup being placed about 2 in. from th(j edge of the sup- 
port ; but a more economical arrangement could be made there 
by computing the reciuired spacing j\ist to the left of the con- 
centrated load and varying the spacing from the left support 
to that point. For (example, just to the left of tlu* conccuitrated 
load the total shear is 12,200 lb. (se(^ problem in Ai t . 70), and 

_ 2 X 0.0491 X 18,000 X K XJO _ , . 

^ " " 12,200 - 10,500 ” 

Since the required spacing vari(>s uniformly from 5.1 in. at the 
left support to 18.2 in. at the concentrated load, the maximum 
allowable spacing being 10 in. in accordance with tlui Codi^ 
recommendation, by simple proportion the following selection 
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of spacings may be made: 2 at 5 in., 3 at 0 in., and 2 at 10 in. 
If a constant spacing of 5 in. had been maintained, 12 stirrups 
would have been requirc^d, instead of 8 as us(id above. The 
placing of the stirrups is shown in Fig. 34. 

79. Spacing of Bent -up Bars or Inclined Stirrups. Wlien v/eb 
reinforcement consists of inclined bars, whether these bars are 
part of the longitudinal steel or are separate inclined stirrups, 
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more of the probable planes of rupture are crossed by a given 
length of bar than is the case when vertical bars are used. 
Inclined steel is, therefore, more effective in resisting diagonal 
tension stresses than vertical steel of the same amount. In 
Fig. 35, the diagonal force DE representing the diagonal tension 
over a distance s is the sum of the components of the horizontal 
force AB and the vertical force BC in the direction of DE. The 
components normal to the direction of DE are compressive forces 
and are absorbed by the concrete. It is assumed that the hori- 
zontal force AB is prevented from caiLsing failure in the concrete 

by the longitudinal steel in the beam. 
The force BC or its component BE 
must bo otherwise provided for. If this 
force is taken care of by vertical stir- 
rups or bars, the amount to be resisted 
is represented l)y BC. When resolved 
into components, BE and CE, the 
amount to be resisted by imdined bars 
or stirrups is BE, which is BC (sin a), 
where ,a is the angle of incjlination of 
the bar. BC repres(‘nts the total ex- 
ternal shear over the distance s, and the amount of stress to b(^ 
resisted by the inclined bars is Vs (sin a). The maximum 
spacing of iricliiK'd bars is calculated in the same manner as for 
vertical stirrups, V' (sin a) being substituted for V' in equation 
(14), giving as a result 



.s 


^vfvjd 
V' sin a 


(15) 


For the special case where a is 45 degrees, this equation may be 
reduced to 


Avfvjd 

^ 0.7F 


(15a) 


The distance s, measur('d in the direction of the axis of the 
beam between two successive inclined stirrups or bent bars, is 
limited by the Joint Code to an arbitrary maximum value which 
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is defined as follows: ^'WTiere web reinforcement is required it 
shall be so spaced that every 45-degree line (representing a 
potential crack) extending from the mid-depth of the beam to 
the longitudinal tension bars shall be crossed by at least one line 
of web reinforcement, except that, if a shearing unit stress in 
excess of O.OG/'o is used, every such line shall be crossed by at 
least two such lines of web reinforcemenl.'' The interpretation 
of this specification, for beams in which v is less than 0.0(1/*'^, is 
illustrated in Fig. 36. When bars are bent up at a 45-degree 



angle, from Fig. 36 it is obvious that the maximum spacing is 
(‘(pial to d when v is less than 0.06/'c, and ^ when v is greater than 
0.06/',. 

While separat e inclined stirrups are more efficient, theoretically 
than vertical stirrups, this advantage is counteracted somewhat 
because of the difficulty in fastening them to the tension steel and 
of assuring their correct position after the concret.e is poured. 
For this reason, separate inclined stirrups arci seldom used. This 
difficulty obviously does not exist, in the case of b(;nt-up longi- 
tudinal bars, since the inclined portion is merely a continuation 
of the horizontal portion of the bar. 

80. Arrangement of Bent-up Bars. The points where hori- 
zontal bars may be bent up are governed by the amount of 
steel required to care for the horizontal fiber stresses caused by 
the bending moment at different sections along the beam. Since, 
in a simple beam, the bending moment decreases toward the 
ends, the total tension in the steel decreases in the same ratio. 
Enough steel must always remain at the bottom to care for the 
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bending stresses and for bond stresses ; the remainder may be bent 
up to aid in resisting the diagonal tension. According to the 
Joint Code, not more than one-half of the steel may be so bent. 
The bars which are not bent shall extend into the support a dis- 
tance of 10 or more bar diameters, or, if this distance is not avail- 
able, the bars should be extended into the support as far as 
possible and terminated in standard hooks. 

In a continuous beam, bending of the bars must be done in 
such a way as to satisfy both positive- and negative-moment 
stress requirements. These are discussed in Art. 104. Accord- 
ing to the Joint Code at least one-(][uarter of the positive-moment 
steel area must extend along the same face of the beam into the 
support a distance of 10 or more bar diameters. At the outer 
ends of freely supported end spans of continuous beams, the 
requirements for simple beams, as given in the preceding para- 
graph, shall apply. 

The location of the points of bending may be determined 
graphically as follows: Plot the bending-moment diagram for 
the given loads. Since the amount of tensile steel required at 
any section of the beam is proportional to the bending moment, 
the maximum ordinate of the bending-moment diagram may 
also be made to represent the total area of steel reinforcement. 
Assuming that all of the reinforcing bars are of the same area 
and will be stressed equally at the point of maximum moment, 
divide the maximum ordinate into the same number of equal 
parts as there are bars crossing the section of maximum moment. 
Draw a horizontal line through each point of division. The 
intersection of any one of these horizontal lines with the bend- 
ing-moment curve locates a point beyond which all of the bars 
in excess of the number represented by the line may be bent up. 
The Code requires that the theoretical points must be exceeded 
by at least 12 bar diameters. The moment diagram for a uni- 
formly loaded beam, when the condition of the supports is such 

v)D 

as to give values of maximum moments (;qual to either or 

o 

wV^ 

— j is shown ir Diagram 1, Appendix D. Percentages of steel are 



WEB REINFORCEMENT 


115 


given in place of numbers, as explained above, so as to take care 
of those cases in which the bars are not all of the same size. 

The bars which are bent should be selected so that the sym- 
metry of the remaining bars about the vertical axis of the cross- 
section is not destroyed. As a rule, at least two bars are bent 
up together from corresponding points on ('ither side of the beam. 
Sometimes, however, it becomes necessary to depart from this 
procedure, as when three bars are to Ix' bent. Then either first 
one is bent, and then two, or all three are bent at the same point. 
In either case the odd bar is bent from the middle of the section 
of the b(iam if possible. 

When the bending is done at two or more' points, the distance 
between the points of blinding, and if possible bet wf‘en th(* point 
of bending of the bar nearest the support and the* cxlge of the 
support, should not exceed the limiting values given in Art. 79. 
The bent bars can them be assumed to take car(' of all of the 
diagonal tension bet.wecm the point at which the first bar is bent 
up and the support, in accordance with the discussion in Art. 79, 
provided that the individual distances between points of b(uiding 
do not exceed that computed from ecpiation (15). If the dis- 
tance from the point at whicdi the bars nearest to the support are 
bent, and the support, exceeds either of tlnvse limitations, vertical 
stirrups will be requind adjacent to the support, to provide* for 
the diagonal tension over the excess distances The spacing of 
these stirrups is computed as explained in Art. 78. 

81. Bond Stresses. Whem steel bars are placed in a beam, 
tliere must be sufficient bond between the steel and the (miicrete 
to prevent the bars from pulling out when stressed. This bond 
stress, or tendency for the steel to slide out. of the concrete, per 
square inch of bar surface, may be determined as follows: 

If, in the short section of beam discussed in Art. 70, momcuits 
about the point A (Fig. 37) are taken, 

{T - r)jd = Vx 


T - r 


X 


V 

jd 


and 
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But T — T represents the force which tends to pull the bars 

T - T 

out of the concrete in a length x. Hence represents this 

V . 

force per unit length of beam. Therefore is the bond stress 

per unit of length between the two materials. If u is the bond 
stress per unit area of exposed steel surface, and So the total 
perimeter of steel, 


V 

Lojd 


(16) 


This equation applies to the steel in tension only. 

In order to prevent the pulling out of the bars when stressed, 
the value of the unit bond stress as computed by equation (16) 
^ ^ * should not exceed a safe working lim- 

it which has been established from a 
study of the result^s of tests on beams 
in which siK^h failure has occurred 
(see Art. 82). Where high bond 
resistance is required, end anchorage, 
consisting of hooks bcnit through an 
angle of 180 degrees, may properly 
be used. It must be remembered, 
however, that adequate bond strength throughout the length of 
the bar is preferable to such anchorage. 

Illustrative Problem. In the beam described in the problem in 
Art. 70, determine the maximum unit bond stress, assuming that 
all of the bars continue in the bottom of the beam for the full 
length of the beam. 

The maximum shear occurs at the left support (16,600 lb.); 
hence the maximum unit bond stress exists at that support. 
From equation (16), 

16,600 

“ ■ X M 



Fig. 37 . 


82. Working Unit Bond Stresses. The Joint Code recom- 
mends that the unit bond stress between concrete and plain 
reinforcing bars in beams and slabs shall not exceed 0.04/'^, and 
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that the bond stress on approved deformed bars shall not exceed 
0.05/' r, unless special anchorage is provided at the ends of the 
bars. 

Where special anchorage is provided, the above values may be 
increased 50 per cent. Special anchorage in simple beams may 
consist of a standard hook at each end of each bar. Special 
anchorage in cantilever beams may consist of a standard hook 
at the free end of each bm\ A standard hook (see Fig. 38) shall 
have a complete semicircular turn with a radius of bend on the 
axis of the bar of not less than three and not more than six bar 
diameters, plus an extension of at least four bar diameters at the 
free end of the bar. Special anchorage in continuous beams maj' 
be secured by bending the bar or bars across the web at an angle 
of not less than 15 degrees with the longitudinal portion of the 
bars and making them continuous with the negative* or positive 
reinforcement. Special anchorage in continuous beams may 
also consist of : a standard hook at the end of the bar or bars in a 
region of compression, wh('re these bars do not comply with the 
preceding reciuirement. Hooks shall not. be permitted in the 
tension ] 3 ortion of a continuous beam, except at the freely sup- 
ported ends. 

The requiremc'iits for footings are discussed in C-hap. VH. 
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83. Anchorage of Web Reinforcement. Vertical U-stirrups, 
or vertical multiple-loop stirrups, are anchored at the loop ends 
by bending around the longitudinal reinforcement, as shown in 
Fig. 38. At the cut ends, anchorage is provided by a standard 
hook as shown in Fig. 38a or by bending the end of the stirrup bar 
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through an angle of at least 90 degrees around a longitudinal 
reinforcing bar not less in diameter than the stirrup bar and pro- 
jecting the stirrup bar at least 12 diameters past the bend, as 
shown in Fig. 386. In case there is sufficient depth in the com- 
pression area of the beam to permit sufficient length of embed- 
ment to develop in bond the full stress in the stirrup bar, at a 
unit bond stress of not exceeding 0.04/'« for plain bars or 0.05/'^ 
for deformed bars, the hooks or bends at the cut ends of the 
stirrup bars may be omitted. The required length of embedment 
is computed from the equation in Art. 43. In computing the 
length available for embedment in the compression area, the 
middle of the effective depth d of the beam may be considered 
to be the dividing line between the tension and compression 
areas. Inclined stirrups are anchored in the same manner as for 
vertical stirrups; but, in addition, they must be welded or other- 
wise rigidly attached to the longitudinal reinforcing bars. 

84. Typical Web Reinforcement Problem. A complete design 
of a reinforced concrete beam includes not only the computation 
of the concrete section and steel area required to resist the bend- 
ing stresses but also the determination of bond and shearing 
stresses and adequate provision for taking care of such stresses. 
The method of providing for diagonal tension in a beam by 
bending up some of the horizontal steel at points of heavy shear 
may best be illustrated by making a complete design of a simply 
supported beam. The connection between the preceding dis- 
cussions and this problem sliould be noted carefully. 

Design a simply supported rectangular reinforced concrete 
b(^am with a span of 16 ft.-O in., to support a uniform live load 
of 500 lb. per lin. ft., and three concentrated loads of 16,000 lb. 
each, placed at the quarter points of the span. A 3000-lb. con- 
crete is assumed. Allowable stresses as specified in the Joint 
Code will be used; intermediate-grade steel will be assumed. 

Design for Bending Stresses. Assume that the beam will weigh 
400 lb. per lin. ft. Then w = 900 lb. per ft. The total moment 
is a maximun at the center line of the span, and this is equal to 
the sum of the uniform-load and concentrated-load moments. 

M (uniform load) = }i X 900 X 16^ X 12 = 345,000 in.-lb. 
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M (concoDi rated load) = (24,000 X 8 — 10,000 X 4)12 = 
1,536,000 in.-lb. 

M (total, maximum) = 1,881,000 in.-lb. 

From Table 6, K = 197 and j = 0.875 


bd'^ = 


1,881,(KK) 

197 


9560 in.® 


Let 5 = 14 in.; then d (required) ■- 20.2 in. Select d = 26* 2 in. 
Assuming that two rows of st(‘el will be lu'CH^ssary, allowing 
2*2 in. insulation below the c<'nter of the lower row, and 2 in. 
center to center of rows, the total height of beam is 30 in., and 
t he weight per footr 440 lb. 

Revised M (uniform load) = •'‘^“doo X 345,000 = 300,000 
in.-lb. 

Revised M (total, maximum) = 1 ,890,000 in.-lb. 

Revised IhP (required) = 9030 in.'* 

Select 6 = 14 in. and d = 20 ) 2 hn, as before. 


1,890,000 

20,000 X 0.875X: "26.5 “ 

Four %-m. round l)ar.s and four Jn-in. round bars will be used; 
Hu* four lar{ 2 ;(U* i)ars will lx* pla(H*d in the* low(‘r row, and tlie four 
smaller bars in the uppc'i* row, as shown in Fig. 39. 

Design for Diagonal Tension Stresses, ''Phe bars v/hieh can lx* 
b(*nt up and used to provide for the* diagonal t.ensiun st.ress(\s are 
those which are not n(H*ded to furnish sufficient surface for the 
developmtmt of the bond st-r(LSses at the support. 

"Phe maximum end shear = 24,000 + (8 X 940) = 31,500 lb. 
Sima* the allowable maximum unit bond stress for defoi’nuid 
bars without special anchoi*age, a(*coj*ding to the re(jommenda- 
tions in Art. 82, is 0.05 X 3000, or 150 p.s.i., the total perimeter 
of bars required at the support, from equation (16), is, 


2)0 


31,500 

150 X Js X 20.5 


9.07 in. 


The four %dn. bars are r(*quired, thus leaving the four ^^-in. 
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bars to be bent up to reinforce the beam against diagonal tension. 

* . 31,660 

At the support, t; = 14 x % x 26.5 = 

At the left of the first concentrated load, V ~ 31,560 — 
(4 X 940) = 27,800 lb., and 


27,800 

" 14 X H X 26.5 


86 p.s.i. 


At the right of the first concentrated load the unit shear is less 
than the allowable value of 60 p.s.i. and no web reinforcement is 
required beyond the load. 


= 60 X 14 X K X 26.5 = 19,500 lb. 


The shaded portions of the shear diagram, Fig. 39, represent 
the amount of shear at any section that must be resisted by the 
web reinforcement. 

In order to preserve the symmetry of the reinforcement at all 
points, the ^4-in. bars will be bent up in pairs and at 45 degrees 
with the horizontal. The maximum distance, measured from 
the point of bending, over which each pair of bars can provide 
for diagonal tension without overstressing the bars, is, from 
equation (15a), 

2 X 0.4418 X 20,000 X K X 26.5 __ . 

® “ 0.7(31,560 - 19,500)" ~ 


Since this is compuU^d for the point of maximum shear and since 
it is greater than the arbitraiy maximum permitted by the 
specification as given in Art. 79, z.e., s (maximum) = d = 26.5 
in., the latter value will govern the final selection of the points of 
bending and no further investigation of the diagonal tension 
stresses in the bars will be necessary. 

Investigation must now be made to determine whether these 
bars may be bent up at the proper points to care for all of the 
diagonal tension, and still leave enough steel at the bottom at all 
sections to care for the flexual stresses. Part (c) of Fig. 39 
shows the bending-moment diagram plotted to scale. This is 
constructed by plotting the bending-moment curves for uniform 
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load and for the concentrated loads on the same coordinate 
axis and then adding the two graphically. 



In determining the points at which the bars may be bent up 
and still leave sufficient tensile resistance at the bottom of the 
beam, the difference in sizes of the bars must be considered. 
One pair of %-in. bars is equivalent to 0.21 of the steel. When 
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the first pair is bent, there is left 0.79 of the total steel. When 
the second pair is bent, 0.58 of the total remains at the bottom 
of the beam. 

Point A, vertically above the point of intersection of a hori- 
zontal line through the 0.79 ordinate of the moment diagram 
and the total-bending-moment curve, represents a point to the 
left of which two ^4-in. bars may be bent up. The remaining 
six bars are sufficient properly to provide for the tensile stress 
due to bending at any sc^c^t.ion between point A and the support. 
Similarly, at point B a total of 0.42 of the steel, or four %-in. bars, 
may be bent. 

The first pair of bars will be bent at the (concentrated load, and 
the next pair 22 in. to the left of this point. The remaining 
distance to the edge of the 12-in. support is 20 in. Sincec the 
amount of shear to be resisted by the w(4) reinforcement is 
practically constant throughout the entire distance, being onl}' 
slightly gneater as the support is approa(*hed, the above arrange- 
ment assures practically ecpial stresses in each pair of bent bars; 
the slightly smaller distance (20 in.) from the point of bending 
of bars b-h to the edge of the jjupport, as companed with the 
distance (22 in.) between the points of bcniding of bars a-a and 
6-6, tends t.o equalize the total amount of diagonal tension, as 
measured by the shear, that is to be resisted by each pair of bars. 

The b(cnt bars must have a length above the middle of tluc 

depth of the beam equal to X ^ == 25 in. (see Art. 43). 

Since this length cannot be furnished in the case of bars 6-6, 
the deficiency must be offset by hooking these bars, as shown in 
Fig. 39. As an additional safeguard, bars a-a will be continued 
to the end of the beam, and hook(^d. The straight bars should be 
continued into the support a distance of 10 X = 9 in., which 
can be done if the support is 12 in. wide, as assumed, so that no 
hooks are required at the ends of these bars. 

ADDITIONAL PROBLEMS 

1. A simply supported rectangular beam, with a span of 16 ft.-O in., has 
an overall cross-section of 12 X 25 in. and is reinforced with two and 

two Js-in. round bars in one row, the center of which is 2}'2 in. above the 
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lower surface of the beam. The beam supports a concentrated load of 16,000 
lb. at a point 4 ft.-O in. from the left support and a uniform live load of 6901b. 
per ft. over the entire span. The bars are not anchored at the ends, and 
all four bars continue near the bottom of the beam for the full span. A 
2000-lb. concrete is to be used in the beam, with reinforcement of inter- 
mediate-grade steel. Compute the unit shear at the left and right supports 
and at sections on either side of the concentrated load. 

2. For the beam of Problem 1, compute tlie maximum unit bond stress 
and compare with the allowal>le bond stress. 

3. For the beam of Problem 1, determine the regions over which web 
reinforcement is reqiiired. 

4. For th(^ beam of J^roblem 1, compute the required spacing of V^-in. 
round U-stirrups at the left support, at a section 3 ft. from the left support, 
and at the right support. 

5. A simply supported rectangular beam 10 in. wide has a span of 8 ft.-O 
in. and supports a uniform live load of 6000 lb. per lin. ft. If/'^ =: 30(H) p.s.i. 
and /s = 20,000 p.s.i., determine: (a) the depth requinul to provide ade- 
quately for moment and shear; {h) the number of 1-in. round bars to provide 
for moment and bond, assuming that the bars are all straight- and without 
hooks. 

6. For the beam of Problem 5, determine: (a) the distaiice from (‘ach 
support over which web reinforcement is nHpiired; (6) th(‘ requirt^d size and 
spacing of vertical U-stirrups at the support. 

7. For the l)e.am of Problem 4, page 6.5, det(‘rmine the regions over which 
web reinforcenuuit is required and the spacing of .^.j-in. round U-stirrups 
at the right support. Is this spacing satisfactory, or should thc‘ siz(^ of tlie 
stirrups be changed? If any change is nec^essary, what siz<‘ and sjaKung 
should be used? Assume that all bars are straight for the full length of 
the beain and that there are no hooks on the (uuls of these bars. 

T-Bkams 

86. Types of T-beams. When a reinforctHl concndii floor 
slab is c‘oiistruc-U‘d as a inonolith with tlu^ supporting Ixuiiii, 

3 


Fkj. 40. 

and the slab and th«‘ beam are thoroughly tnid together by means 
of stirrups and bcmt-up bars, part of the slab may b(! assumed to 
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assist the upper part of the beam in resisting compressive stresses. 
These two acting together constitute what is known as a T-beam 
(Fig. 40). The slab is called the flange, and the portion of the 
beam beneath the slab is called the web or stem. 

The exact width of slab that can be assumed as resisting the 
compressive forces is a variable. Tests have shown that it is 
dependent principally upon the relative thickness of the slab and 
upon the span of the beam. The Joint Code recommends that 
the effective width^ of slab shall be determined as follows: 

(a) It shall not exceed one-fourth of the span length of the 
beam. 

(b) Its overhanging width on either side of the web shall not 
exceed eight times the thickness of the slab. 

(c) In any case the flange width must not be greater than the 
distance center to center of adjacent beams. 

Another form of T-beam, which is of infrequent occurrence, 
is one which does not form a part of a floor system, the flange 
being provided merely to furnish sufficient area in compression. 
Since the concn'le in the lower part of the beam is assumed as 
taking no tension, its only purpose is to bind the tensile steel and 
the compressive concixite together. This involves mainly shear- 
ing stresses; all of the rectangular section is not required in large 
beams, and so a saving in concrete results when the T-form is 
used. It is, however, usually more satisfactory to use a rec- 
tangular beam with compressive reinforcement to care for cases 
requiring an excessive amount of (concrete rather than to resort 
to the T-section. A saving in cost of forms, and certain evident 
structural advantages of the rectangular beam will, in general, 
counteract th(^ saving in concrete in the T-beam. 

The neutral axis of a T-beam may lie either in the flange or in 
the web, depending upon the relation between the thickness of 
the flange, the depth of the beam, and the amount of steel. 
When the neutral axis is in the flange, i.e., when kd is less than t 

^ For beams having a flange on one side only, the effective overhanging 
width shall not exceed one-twelfth of the span length of the beam, nor six 
times the thickness of the slab, nor one-half the clear distance to the next 
beam. 
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the equations derived in Art. 47 for rectangular beams must be 
used, the width of the beam being equal to the effective width 
h of the flange. The reason for this is shown with the aid of 
Fig. 41a, which represents a beam, T-shaped in cross-section. 
The neutral axis is assumed above the bottom of the flange. 
The compressive area is represented by the shaded portion of the 
figure. If the additional concrete, indicated by the areas (1) 
and (2), had been added when the beam was poured, the physical 
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cross-section would bo rectangular in shape, with a width equal 
to No bending st-nuigth would be added by the addition of 
this ext^ra concrete, because the areas (1 ) and (2) are in the tension 
portion of the cross-section, and, as stated before, the tensile 
strength of the concrete is disregardc'd in all flexure' formulas. 
The original T-shape^d beam and the revised rectangular-shaped 
beam are equal in flexural strength, and the rectangular beam 
equations for flexure apply. 

When the neutral axis is in the web, i.e., when kd is greater than 
t, the rectangular beam equations no longer apply. For, in Fig. 
416, if the extra concrete represented by the areas (1) and (2) 
were added to the original T-shaped beam, the resulting rec- 
tangular-shaped beam would actually be stronger in flexure than 
the original beam, because some of the added concrete [those 
portions of areas (1) and (2) which are above the neutral axis] 
would be in compression. The application of the rectangular 
beam eciuations to this condition would therefore be incorrect in 
theory. The proper equations for use in this case are derived in 
the following article in a manner similar to that used in the 
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derivation of the rectangular beam equations, the difference in 
compression areas being taken into consideration. 

When the neutral axis is at the bottom of the flange, i.e,, 
when kd = then by comparison of Figs. 41a and 41b it is obvious 
that both t he rect angular beam equations and the ''F-beam equa- 
tions will give the same results; t.c., the values of fc, j, Mr, 
etc., obtained by the one set of equations, will be the same as the 
corresponding values obtained by the other set of equations. 

86. Flexure Formulas (Neutral Axis in the Web). Figure 42 
represents an element of a T-beam. The amount of compression 
in the web, represented by the area qrst in the (;ross-SGction, is 
usually small in comparison with that in the flange, and hence it is 
neglected in the derivation of equations for ordinary design. 

From the assumption that deformations vary as the distance 
from the neutral axis, 

/1 .4' kd _ k 

BE' " d - kd ^ 1 - k 

unit stress . , ^ ^ , 

hince E = . r , tv , assuming that A A and BB 

unit detormation , 

represent the deformations of a unit huigth of th(^ bc^am at the, 
extreme compr(\ssion surface and the jilarui of t lie reinforcement , 
respectively, 

and BB' = 

Honce, 

BB' /. r 
l^ipiating (a) and (b) and solving for k, 


k = ^ 

n -j- r 


(17) 


This giv€is an expression for the value of k when n and r are 
known. This equation can be used only in t he design of an iso- 
lated T-beam, i.e., one not a part of a floor system, since in such a 
problem just enough flange width will be provided to bring the 
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unit stress in the concrete to its maximum allowable value simul- 
taneously with that in the steel — the ratio r is known. In a 
T-beam which is part of a floor system alrea<iy designed, the 
compressive area is so large (6 is taken as one-fourth the span or 
!()/ + y) that when is a maximum, J, is only a relatively small 
\'alue -the ratio r is not known. 



The total tension = AJ^. 

The total comprc'ssion is represent(‘d by a ti’aiH^zoid wIh)S(' 

kd — t 

})arallel sides are/, and/- X amount of (‘()iu|U‘(‘ssion 

])eing, therefore, 

^ ^ kd — t 

+/. X - - . 2kd- 1 

2 - - X , X k . X - X W 

For ('quilibrium, the total tension must, (-(jual tin; total compres- 
sion; hence, 

2k(l - t 


AJd = pfxifk = /. X 


2kd 


X bt 


{<■) 


As in the derivation of reelanunlar beam (-(luations, the rela- 
tion between the unit stresses in st<‘el and concrete is piven by 
the ecpiation 


/. = 


»/.(! — k) 


( 18 ) 


Substituting from equation (18) in (c) to (iliminate unit stresses, 



np -b j 


( 39 ) 
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The distance of the center of compression (center of gravity 
of the trapezoid) from the upper face of the beam is 


3kd - 2 t I 
2kd - t ' 3 


( 20 ) 


and the lever arm of the couple formed by the tensile and com- 
pressive forces is 

jd — d — z (21) 

From equations (19), (20), and (21), 



The resisting moments of the steel arid concrete are equal to 
the product of the l(^v('r arm jd of the internal stress couple and 
the total tension and compression, respectively; hence. 


Ms = Asfjd (23) 

and 

Approximate equations for resisting moments can be developed 
as follows: Since the center of gravity of the compression stress 
trapezoid is always above the middle of the slab, the lever arm jd 
of the resisting couple is never less than d — The average 
unit compressive stress 




kd — t 

'~kd~ 


2 



is never so small as except when the neutral axis is at the 
bottom of the slab, in which case rectangular beam equations 
apply. Equations (23) and (24) may then be approximated by 


substituting these limiting values for jd and 
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respectively. Then 

Ms = Asfs{d — (approximate) (25) 

and 

Mr = yyMid — }4i) (approximate) (26) 

In the design of a continuous T-bcam at the support, a slightly 
larger amount of steel will be required there than at the center. 
This is due to the fact that the value of j at, the support will in all 
cases be less than at the center. Since th(' tension steel at th(^ 
support of such beams is usually provided by bending up from 
each side one-half of the steel furnished at the center, a sliglit 
excess at this latter point is often of advantage. The use of 
equations (25) and (26) in design is therefore justified f(*r all 
practical purposes. They must not be used in review problems. 

87. Shearing Strength of T-beams. Owing to the relatively 
large width of flange, it is safe to say that the compressive strength 
of the beam will seldom govern l,he design. Since ihe only si ress 
that will be imposed upon the concrete below liic neutial axis 
is that of shear (the concrete is assumed incapable of resisting 
tensile stress(^s), it follow^s that the effective cross-section of th(‘ 
stem of the beam, l/d, need merely be large enough to keep the 
horizontal shear below its allowable value. 

Since 

F 

h'jd 

the amount of web area r(Hiuin*d ecpials 

I/d = - . (27) 

vj 

Am previouHly stalpd, a value of j = may be used in equation 
(27). Figure 276 explain-s the; u.se of 6' instead of 6 in equation 
(27). 

In closely spaced long beams with light loads, it is possible 
that the cornpre.ssive strength of the beam may govern. In 
such cases equation (26) may be used to get an approximate value 
of d; the review of the assumed section will then determine if any 
revision is necessarv. 



130 


BEAMS AND SLABS 


88. Ratio of Depth of Beam to Breadth of Stem. Numerous 
formulas have been devised to determine the economical depth 
of a T-beam, but very often the available head room is limited 
and the results of these formulas would exceed the limitation. 
The use of economical depth formulas for shallow beams such as 
are encountered in ordinary building construction involves, for 
this reason, an unnecessary computation, practical considerations 
in most cases governing the design. 

A study of numerous successful designs shows that for ordinary 
beams a ratio between b' and d of one-half to one-third gives 
satisfactory results. For very large and deep beams a ratio 
of one-fourth is permissible. In modern building construction, 
the shallower and wider beam is to be preferred in order to obtain 
the maximum h(5ad room and minimum light obstruction. 

The Joint Code recommends that beams in which the T-form 
is used only for the purpose of providing additional compressive 
area of concrete shall have a flange thickness not less than one- 
half the width of web and a total flange width not more than foui* 
times the W(^b thickness. This applies only to isolated T-beams. 

89. Diagrams for Review of T-beams. Since values of k and j, 
as expressed in equations (19) and (22), are depend(mt only upon 

; t 

the ratio - and the product pn, both of which would be known in 

revic'wing a T-beam, values of k and j may b(» taken from Dia- 
gram 2, Appendix Z>, t he curves of which ar(^ bascnl on thc^se c‘qua- 
tions and drawn with t/d and pn as variables. lh)ints which fall 
below the broken inclined line terminating the curves indicate' that 
t he neutral axis is in the flange {kd is less than i) and tlui formulas 
for rectangular beams (or Table 7, Appendix D) must be used. 
Since the value of p is required in order to entcu- Diagram 2, this 
diagram cannot be used in design. 

90. Types of T-beam Problems. Thei c' are three main typ(\s 
of problems that may be eiu^ountered in practice. 

1. To find the moment of resistance or fiber stress('s. 

The valu(is of k and j may be obtaiiu^d from eciuations (19) 
and (22) or from Diagram 2, the values of the fiber stresses from 
o(|uations (23) and (18), or the resisting moments from ecpiations 
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(23) and (24), the smaller of the latter being the resisting moment, 
of the beam. Since the resisting moment of the steel will usually 
govern in T-beams whose flange is a part of a floor system, it is 
generally quicker to compute the value of il/. from equation (23), 
and then substitute the limiting value of in equation (18) to 
determine the simultaneous value of Jr. If this is less than th<^ 
allowable, the assumption that the steel governs is correct for 
the case in question. If it is greater than the allowable, deter- 
mine from equation (18) t he value of /« that corresponds to the 
maximum permissible value of and use this value of /, in 
equation (23). The result will be the moment in the steel when 
the concrete is stressed just to its limit, and hence it is tlie true 
resisting moment of the beam. (If kd is less than the neutral 
axis is in the flange; formulas for rectangular beams should then 
be used, the width being equal to the flange width b of the 
T-beam.) 

2. To design a T-beam in which the flange is a portion of a 
floor slab already designed. 

Compute, from equation (27) of Art. 87, the cross-section 
r(*qiiired, and select tlie width of stem and depth of beam with 
n^fercuice to the most satisfac tory shape of Ix^ain, spacing of bars, 
etc. Usually d should be taken as from t wo t.o thnie times 
The amount of steel may then be determined from equation 
(25). 

In order to compute the steel area more accurately, determine 
the value of j from equation (22) or from Diagram 2, using for p 
the value corr(\sponding to the approximates steel area. Equa- 
tion (23) will then give the true steel area that is required. A 
slight variation between the values of p as determined by the 
approximate method and the true method will cause only a slight 
difference in equation (22), so further sul)stitut ing is unnecessary. 
The value of k should be computed from liquation (19) or taken 
from Diagram 2 to ascertain whether the neutral axis is in the 
stern or flange. Equation (2) for rectangular beams would give 
the same information. 

3. To design a T-beam whose flange is not a part of a floor 
system. 
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In designing a beam of this type, determine from equation 
(27) of Art. 87 the shearing area required and select the values of 
fc' and d. From equations (17), (20), and (21), the values of 
k and j may be determined. Equations (23) and (24) will then 
give the area of steel and breadth of flange required. 

In all work on T-beams where flexural stresses are concerned, 
that is, in the determination of k, j, fiber stresses, resisting 
moments, and area of steel, the value of b is the width of flange. 
In the determination of the shearing area required, the value of 
fc' is the width of stem. The reasons for each should be obvious 
from a study of the foregoing articles. 

91. Illustrative Problems. I. A floor slab 4 in. thick is sup- 
ported by reinforced concrete beams 9 ft.-O in. center to center 


A 

! A 

t. 

A 

J 

1 

1 

— 1 



t< b-57" 

I ? 1 




toad per foo^ 
on beam 




d\20!i 


Uh^fOA 
Section A-A 


Fi(i. 43. 


(Fig. 43) which together with the slab act as T-beams. The 
beams are continuous and their span is 19 ft.-O in. The slab 
supports a live load of 175 lb. per sq. ft. The cross-section of 
each beam below the slab is 10 X 20 in.; the reinforcement con- 
sists of six %-in. round bars in two rows, 2 in. center to center 
vertically, the center of the lower row being 2\'2 above the 
lower surface of the beam. Assume n = 15. Determine /« 
and Jv at the center of the span. 

Weight of slab = ^12 X 150 = 50 lb. per sq. ft. 

Total load on slab = 225 lb. per sq. ft. 

Load from slab on each beam = 9 X 225 = 2025 lb. per ft. 

10 X 20 

Weight of beam below slab = — — X 150 = 208 lb. per ft. 

Total load on beam = 2233 lb. per ft. 
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M = H 2 X 2233 X 19® X 12 = 805,000 in.-lb. 

The breadth of flange cannot exceed }4 X 19 X 12 = 57 in., 
or (16 X 4) + 10 = 74 in. Hence, 5 = 57 in. 

r - stIioI - ““22 f" - S - 2b“5 - 0 

From Diagram 2, fc = 0.233 and j — 0.926. Hence, 

, 805,000 

~ 2.65 X 6.926 X 2075 “ 

IMOO^X 0.233 _ . 

‘ (1 - 6.233) X 15 

II. Determine the positive resisting moment of the beam whose 
dimensions and reinforcement are given in the pi eceding example, 
assuming a 2()()0-lb. concrete and an allowable steel stress of 
18,000 p.s.i. 

If the strength of the beam were governed by that of the steel, 
the resisting moment would be as follows: 

M, = 2.05 X 18,000 X 0.920 X 20.5 = 908,000 in.-lb. 

The corresponding str(*ss in t he concrete is 


_ 18,000 X 0.233 
" 15(1- 0.233) 


305 p.s.i. 


The steel, therefore, governs as assumed, since, when it is 
stressed to its limit, 18,000 p.s.i., the concrc'te unit stress is much 
less than the allowable stress of 0.40 X 2000 = 800 p.s.i. 

III. Using the specifications of the .Joint Code for a 2500-lb. 
concrete and assuming intiu mediate-grade rdiiforcfunent witli an 
allowable unit stress of 20,000 p.s.i., detcnmine iha cross-section 
of the web below the slab and the sectional an^a of steel re(|uired 
for a continuous T-beam supporting a 5-in. floor slab which 
sustains a live load of 125 lb. per sq. ft. Distance center to 
center of adjacent beams, 11 ft.-O in. Span of beams, 23 ft.-O in. 
(Fig. 44). 

Weight of slab = ^{2 X 150 = 62 lb. per sq. ft. 

Total load on slab = 187 lb. per sq. ft. 
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Load on beam from slab = 11 X 187 = 2060 lb. per ft. 
Assume weight of stem = 200 lb. per ft. 

Total load on beam = 2260 lb. per ft. 

Maximum shear, V = 2260 X = 26,000 lb. 

Assuming that web reinforcement is to be provided, the allow- 
able unit shearing stress is 0.06 X 2500 = 150 p.s.i. 


Vd 


26,000 
% X 150 


198 sq. in. 



Select = 10 in. and d = 20 in. 

Since two rows of bars will undoubtedly be n('(;essary, the t.otal 
height of beam must l)e 20 + 3*2 = 23*/^ in., and the cross- 
section bellow the slab is 10 X 18^ in. 

Weight of stem = X 150 = 192 lb. per ft., approxi- 

mately as assumed. 

== K 2 X 2260 X 232 X 12 = 1,200,000 in.-lb. 

1,200,000 ,0, • 

- 20,000(20 - 2.5) “ 

This is furnished by six round bars, the area of which 

is 3.61 sq. in. 

For all practical purposes of design this approximate area of 
steel would be satisfactory. If the true area were to be deter- 
mined, the procedure would be as follows: 
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The flange width h is limited in this ease to span or 1/4(23 
X 12) == 69 in. Assuming that the true area of steel will be 
equal to the approximate value just found and that the six 
J^'-in. bars will be used, 

3.61 

V = 69 X 20 "" ^ ® 

Diagram 2 shows that the iu‘utral axis is in the flange, and so 
the value of j = 0.927 is taken from Table 7. The revised 
required steel area is then 

1,200,000 

“ 20,00(y X 0.927“ X 20 ~ 

Tlie assumed bars are satisfactory. 

Table 7 gives k = 0.219. Therefore, kd = 4.38 in. which 
checks the assimu'd location of the neutral axis relative to the 
flange. The maximum unit concn^te st r(\ss is, by ecpiation (24), 
well below the allowable* valium of 1000 p.s.i. 

IV. Design a simply support-e^d, isolated T-b(*am with a st)an 
of 30 ft.-O in. which must support a live^ load of 3000 lb. pen* 
lin. ft. Use working stres.ses as follows: f, = 650 p.s.i., /« = 
1(),000 p.s.i., V = 120 p.s.i., n = 15. 

Assume the weight of b(*am = 950 lb. pen* lin. ft. 

Total load to be carrie'd = 3950 lb. per lin. ft. 

M: = >s X 3950 X 302 x 12 = 5,330,000 in.-lb. 

V = 3950 X *^9 2 = 59,300 lb. 

59,300 . 

b'd (required) = ^ 7” = 565 sq. in. 

Since b' should preferably be fre>m I2 te> * 3 d, the values 
selected will be 1/ = 16 in. and d = 36 in. These are selected in 
preference to any other possible combinat ion that falls within the 
limits stated above, in order to keiq) 1/ in (ivini inches and to 
secure as wide a beam as povssible to allow lor convenient placing 
of the reinforcement. 

The thickness of the flange is usually made yi d. Hence, t 
will be taken as 12 in. 
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Therefore, the neutral axis is in the stem and the T-beam for- 
mulas apply. 

From equations (20) and (21), z = 4.42 in. and j = 0.877. 

5,330,000 

- 16,000 X 0.87f X 36 “ 

The width of flange is determined from equation (24), all other 
quantities of which are known; the required width is 38.6 in. A 
width of 40 in. will be used. 

Seven square bars will be selected and placed in two 

rows. The total height of beam is 39)4 i the weight per 
foot 960 lb. The error in the assumed weight is only yi of 1 por 
cent of the total load, and the design is, therefore, satisfactory. 


ADDITIONAL PROBLEMS 

1. If the beams of Problem 1, page 132 (see also Fig. 43) each support a 
concentrated load of 5000 lb. at the mid-span in addition to the load from 
the slab as specified in that problem, determine the revistni cross-section 
required and the area of steel that is necessary to provide for the positive 
bending moment. Assume J'c = 2000 p.s.i. and /« = 18,000 p.s.i. 

2. For the T-beam shown in Fig. 40, assume 6 = 48 in., 6' = 10 in., 
/ = 4 in., the depth below the flange 18 in., and the reinforcement four 
J^'-in. round bars in one row, the center of which is 2^ 2 in. above the bottom 
of the beam. Determine the resisting moment of the beam, with allowable 
unit stresses of 650 p.s.i. and 16,000 p.s.i. for the concrete and steel, respec- 
tively, and with n = 1 5. 

3. If the span of the beams in Problem 2 is 16 ft.-O in., the spacing of 
beams 7 ft.-O in., if they are of one span only, and if they rest freely on 
brick walls at the ends, what uniform live load may be placed on the slab 
without overstressing the beam in bending? 

4. If the allowable unit shearing stress for the beam of Problem 3 is 
120 p.s.i. (assuming that adequate web reinforcement will be used), what 
uniform live load may be placed on the slab without overstressing the beam 
in shear? 
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5. If the thickness of the flange of the beam in Problem 2 were increased 
to 5 in., the overall height of the beam remaining the same, what would be 
the resisting moment of the beam? 

92. Analysis of T-beams by the Principle of the Transformed 
Section. The determination of the required concrete section 
of a T-beam which forms a part of a floor system is based upon the 
shearing requirements, as previously explained. After the 
concrete dimensions have been thus established, the approximate 
required steel area can be computed from equation (25) so readily 
that a more complicated analysis is unwarranted. After the 
approximate steel area is obtained, the beam can be reviewed to 
determine the maximum unit stress in the steel; if this is much 
less than the allowable, a reduced steel area can be assumed and 
t he investigation repeated. The use of the transformed section in 
the analysis of T-bearns is, therefore, restricted preferably to 
review problems, involving the determination of the maximum 
unit stresses for a given load, or the determination of r(\sisting 
moments. 

If the neutral axis is located in the flange, the method of 
procedure as outlined in Art. 54 for rectangular beams can be 
followed, using for b the effective: width of the flange. The 
following analysis applies to the analysis of T-beams in which the 
neutral axis is in the stem, the condition that makes the beam a 
T-beam in theory as well as in physical form. By comparing the 
slab thickness with the total depth of the beam, an experienced 
designer can, in most cases, predict which of the two conditions is 
apt to exist, but if this prediction cannot be made, the rectangular 
beam analysis can be carried out and discarded if the resulting 
value of X is greater than the slab thickness. 

The transformed section of a previously designed T-beam, 
in which the neutral axis is below the flange, is shown in Fig. 45. 
The distance x from the top of the beam to the neutral axis can 
be obtained by taking moments of the shaded areas in* Fig. 45a 
about the neutral axis, breaking up the compression area into 
the parts (1), (2), and (3) for convenience. The total compres- 
sion C can then be computed in terms of the extreme fiber stress 
fc by first considering the compression area to consist of the 
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rectangles (1), (2), (3), (4), and (5), and later deducting the stress 
on the imaginary areas (4) and (5). The location of the resultant 
force C can be computed by taking moments of the stresses on 
the areas (1), (2) and (3) about the top of the beam, using the 
same expt^dient as al)()ve to allow for the small part of area (2) 
which is below the flange. The lever arm of the internal stress 
couple, i.e., the distance between forces T and C, Fig. 456, can 
then be obtained by sul)tracting the distance 2 , between C and 
the top of the beam, from the effective depth d. The actual value 
of the total compression C, which is also equal to the total tension 
T, can be computed by equating the moment of the internal 
stress couple and the external bending moment. The unit stress 



(0) Cb) 

Fio, 45. 

in the tension steel can be determined by dividing the total 
tension by the steel area. The unit stress in the extreme com- 
pression fiber can be computed by dividing the total compression 
by the coefficient of C, previously determined. Resisting 
moments can be computed with certain obvious modifications to 
the above proc(;sses. The following examples will serve to illus- 
trate the application of the principles to specific problems. 

93 . Illustrative Problerm. I. Determine the values of /« and /,. 
at the center of the beam described in Problem I of Art. 91, 
using the principles of the transformed section. 

The maximum moment in each beam, as computed in Art. 91, 
is 805,000 in.-lb. The effective flange width is 57 in., and riAs 
= 15 X '2.65 = 39.75 sq. in. The transformed section, assuming 
the neutral axis to be below the bottom of the. flange, and con- 
sidering that the equivalent area of concrete, nA., is concentrated 
at the center of gravity of the two rows of bars, is shown in 
FiR. 46a. The neutral axis is located by equating the momcmt 
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of the shaded compression area about the neutral axis to that 
of the shaded effective tension area, as follows; 

lOx X I + (57 - 10) X 4 X -f) = 39.75(20.5 - x) 

X = 4.74 in. 


The total compression C, in terms of the extn'ine fiber stress/,, 
is obtained as outlined in Art. 90, as follows: 


C = %Sr X 57 X 4.74 - li X OMfr X 47 X 0.74 

- 135.1/ - 2.8/ = 132.3/ 


The center of gravity of the coinpr(‘ssiv(' stress is obt aim'd l)y 
taking moments about the extnmie compression fiber, as (‘xplained 



(a) 


Fio. 40. 


(b> 


in Art. 92; the result ing equation from which the distance z from 
the t op of tlu^ beam to the center of compression can be computed, 
is as follows: 


135.1/ X 


4.74 

3 



132.3/ X 2 


I'he lever arm of the internal st ress couple is, therefore, 20.5 — 
1.52 = 18.98 in., and 


C = T 


805,000 

18.98 


42,400 lb. 


The maximum unit stresses are, therefore, 

^ 42,400 

“ 132.3 “ 

42,400 

/. = 2 .^- = 10,000 p.s.i. 



140 


BEAMS AND SLABS 


These stresses agree very closely with those obtained in 
Problem 1 of Art. 91. The very slight difference is due to the 
fact that, in Art. 91, the small amount of compression in the stem 
below the slab was neglected, whereas in the above solution, this 
compression was included in the computations. If the compres- 
sion in the stem had been neglected in the above solution, the 
two results would theoretically be the same. The fact that the 
two results are so nearly alike can be taken as a demonstration 
of the statement made in Art. 86, to the effect that the compres- 
sion in the stem below the slab can be disregarded without mate- 
rial error. When the transformed section is used in the solution 
it is just as easy to include the compression in the stem as it is to 
neglect it, whereas the derivations of the equations in Art. 86 
would be complicated unduly if the stem compression were not 
neglected. 

II. If the allowable unit stresses in the beam in Problem I were 
18,000 and 800 p.s.i. for the tension in the steel and the compres- 
sion in the concrete, respectively, what would be the maximum 
moment that could safely be resisted by the beam? 

The location of the neutral axis was determined in Problem 
I, where x = 4.74 in. Thci lever arm of the stress couple was 
also computed in Problem 1, the value being 18.98 in. The 
maximum tension that can be resisted by the steel is 18,000 X 
2.66 = 47,700 lb., and the maximum compression that can be 
resisted by the concrete (sec Problem 1) is 132.3/, or 800 X 132.3 
= 105,800 lb. The strength of the beam is therefore governed 
by the strength of the steel (as was to be expected in view of 
earlier discussions), and the resisting moment is 

M = 47,700 X 18.98 = 907,000 in.-lb. 

This agrees closely with the corresponding value in Problem II 
of Art. 91. The slight difference is again accounted for by the 
fact that, in the above solution, the compression in the stem 
below the slab was not neglected, as was the case in Art. 91. This 
extra compression causes a slight decrease in the lever arm of the 
stress couple, and therefore a corresponding decrease in the effec- 
tiveness of the steel. 
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Rectangular Beams Reinforced for Compression 

94. Use of Beams Reinforced for Compression. A beam is 
reinforced for compression when its size is limited by structural 
conditions or architectural limitations. The moment in excess 
of the carrying capacity of the concrete is provided for by placing 
steel in the compressive portion of the beam. While the effec- 
tiveness of steel in compression has been questioned, numerous 
tests indicate that the steel assumes its proportion of the stress. 
In order to furnish adequate lateral supi)ort for the compression 
steel, ties similar to those used in columns (see Art. Ill) should 
be placed in all douVjly reinforced beams. These ties s('r\e to 
prevent buckling of the compression steel, and also to resist 
diagonal tension stresses. 

A common example of a rectangular beam reinforced for 
compn^ssion occurs at the supports of a continuous T-beain, t.c., 
a floor beam or gird(n* in monolithic beam-and-girder-floor con- 
struction. On account of its iuiportance, tnis is considered 
s(^parately in Art. 102. 

96. Formulas for Design. The notation used in the following 
derivations is as follows: 

Ml = moment that can be developed by the limited cross- 
section of concrete without compr(\ssion nMuforci'ment. 

M 2 == momcmt in excess of the c,om])ressive strength of the 
concrete and which must be dcjveloped by compression 
reinforcement. 

M = total mom(‘nt to be developed by the beam = Mi + M 2 . 
= area of tensile st,(M‘l re(piired t-o develop the momeait Mi, 

A,, = area of additional t(msil(‘ steel nec(;ssary to develop the 
moment M 2 . 

Ag = total tensile steel area = 

A'a = total area of compressive steel. 

= unit stress in tensile steel. 

f'^ = unit stress in compressive steel. 

Assuming that a rectangular beam, which will be called upon 
to resist a bending moment M, is limit(»d in size to an effective 
cross-section the resisting moment Mi of the concrete being 
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less than the moment compressive steel of an amount A\ 
will be required in order to keep the unit stress in the concrete 
within the allowable limit. 

The moment Mi depends upon the concrete and equals (see 
Fig. 47 and Art. 47) 



Since the rc^sisting moment of the tensile ste(‘l = Agjgjdy the 
area of ste(4 n^quired to provide suffici(‘nt. tensile resistance fully 
to develop the strength of the concrete is 


A 


Ml 

.fjd 


(29) 


The values of fc, j, and K are computed from the same equa- 
tions as for rectangular beams with only tensile reinforcement 
(Art. 47). 




Fia. 48. 


A moment of an amount = M^ = M — Mi still remains to be 
provided for by the necessary amount of compressive steel and 
additional tensile steel A^^. The stressc^s in these two quantities 
of steel form a couple, the lever arm of which is d — d' (Fig. 48). 
The resisting moment of the couple is, therefore, AgJ^id — d'), 
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and this must be sufficient to develop the moment M 2 ; hence 


M 2 = - d') 

from which 

f.{d - d') 

The total tensile steel then ecpials 

Ah = + . 4 *^ 

Since the beam must be in (Hiuilibrium 

A'sf'n = AJ. 


t30) 

(31) 


('0 


From the assumption that unit str(\ss(‘s vary as th(‘ distance 
from the neutral axis 


from which 


4 __ d - kd 
f\ " kd - d' 



(^>) 


Substituting in equation (a) t he value of f \ from equation (6), 
in order to eliminate* the uiyt stresses, 


- K 


from which 


A'.f, j = -1.,/. 

1 - k 


A'. = /I. 


k - 


(32) 


The position of the neutral axis has not been changed by the 
addition of the compressive steel, since just enough tensile steel 
was added to counterl)alance it. Therefore, the value of k 
remains constant throughout the design. On account of the 
commercial sizes of reinforcing bars, as soon as the bars are 
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selected there will, in all probability, be a slight difference in both 
tensile steel and compressive steel from the theoretical. Hence 
the balance in stresses indicated above no longer exists, and in 
reviewing the beam, the values of k and j must be obtained 
from equations other than the above. Such equations are 
derived in the following article. 

The preceding derivation and that in the following article 
ignore the fact that some of the concrete in the compression area 
is replaced by the compression steel. The resulting theoretical 
compression resistance is therefore greater than that which 
actually exists. To consider the area of the replaced concrete 
in the derivations would complicate the derivations materially, 
and since the relative error is small, the formulas as given are 
generally accepted. 

In order to develop fully the resistance of the compression steel, 
these bars must be supported laterally by stirrups or ties in 
much the same way that the longitudinal reinforcing bars in a 
column are supported. The Joint Code requires that compres- 
sion steel be held by means of ties or stirrups not less than 34 in- 
in diameter which shall be spaced not farther apart than 16 bar 
diameters or 48 tie diameters over the distance where the com- 
pression steel is required. 

96. Formulas for Review. The equations (for fc, j, and the 
resisting moment.) to be used in reviewing a rectangular beam 
with compressive reinforcement are derived in a manner similar to 
that used in deriving the corresponding equations for rectangular 
beams with tensile reinforcement only. 

The total tension in the steel = T = Agfa = phdfg. 

The total compression in steel and concrete = C' + C; the 
former (see Fig. 49) is equal to A'Jaj and the latter is equal to 

Hfckbd. 

Hence, 

C' -b C = AV'. + Hfckbd = p'bdfs + HfMd 

= + pr.) 

in which p is the ratio of tensile steel and p' the ratio of compres- 
sive steel in terms of the effective cross-section 
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For equilibrium, the total tension roust equal the total com- 
pression; hence, 


or 


VfM = bd(}4fck + vT.) 
P/- - y2fck + pT. 


(c) 


From Fig. 49 it is seen that, since deformations vary as the 
distance from the neutral axis, if ^4 A' represents the deformation 



of the extreme com{)r(?ssion fiber and BB' the elongation of the 
tension steel, 

AA' M 

BB' - d - kd 


id) 


If A A' and BB' are further assumed to be the deformations for a 
unit length of beam, 


AA' = 


Hence, 




AA' _ nfc 

W' ~ f. 


(e) 


Equating (d) and (e) and Bolving for fc, 

fjc 




n(l — k) 


( 33 ) 
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From equation (6) of Art. 95 


4 - 3 ) . 

^ ‘ 1 - k 


( 34 ) 


Substituting in equation (c) the value of /, from equation (33) 
and that of from equation (34), 


2n(l - fc) 


\ - k 


from which 


k = + n^(p + p'Y - n(p + v') (35) 

By taking the summation of moments of the compressive force's 
about the top of the beam, the position of the center of gravity of 
these forces may be determined. The resulting equation is 


^kdC + d'C |fcd + d'^ 


z = 


+ C' 


c 

l+C 


(/) 


Since C', the total compressive stress in the steel = p'baj 

1 XV 1 1 • • , hdftk 

and C, the total compressive stn^ss in the concrete = ^ ’ 

r 2v'r. 

C ~frk 

Substituting from equations (33) and (34) the values of f, and 
C ~ I) 2p'n(fc - 


(1 -fc) 


fjc^ 


fc* 


n(l — fc) 
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C 

Substituting this value of in equation (/) 


z 


4- 2p'tul'(k. - 

+ 2p'n^fc — 


From Fig. 49, jd = d — z, or j =} — and therefore 

j - f)(‘ - d 

+ 2p'n(^ ~ 


(36) 


The resisting moment of the tension steel is found by taking 
moments about the center of gravity of the compressive forces, 
from which 


M, = A4,jd 


(37) 


The resisting moment of the compression forces could be 
found by taking moments about the center of the tensile steel, 
but the resulting ecjuation would be extremely cumbersome. 
It is simpler to use equation (37) in conjunction with equation 
(33) as explained in Art. 90, JVoblem I, and in the third paragraph 
of Art. 98, to determine the relative strength of the compression 
forces, as compared with the tension forces, from which relation 
the true resisting moment of the beam can be computed. 

97. Diagrams for Review of Beams Reinforced for Compres- 
sion. In order to simplify the computations for the review of 
beams of this type, Diagrams 3 to 6 (Appendix D) have been 
constructed from which the values of k and j as represented by 
equations (35) and (36) may readily be found. Since these two 

d' 

cjuantities depend upon the relation between pn, p n, and the 
curves have been drawn with these quantities as variables. For 
int(‘rmediat.e values of ~y interpolation is necessary to find the 
tnu^ values of k and j. 
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98. Types of Problems. In designing a beam of limited 
cross-section which is called upon to support a greater load 
than the compressive strength of the concrete permits, the 
rational process is to solve equations (28) to (32) in order. 
The amounts of tensile and compressive steel are then known, so 
that proper selection of bars can be made. 

In reviewing a beam with compressive reinforcement to deter- 
mine the existing unit stresses under a given load, the values of 
k and j may be obtained from equations (35) and (36) or from 
Diagrams 3 to 6, the value of /, from equation (37), fc from equa- 
tion (33), and/', from equation (34). 

If the safe resisting moment is required, the maximum allow- 
able values of /, and/c having been given, values of k and j should 
first be obtained from equations (35) and (36) or from Diagrams 
3 to 6. Then to determine whether t he str ength of the concrete 
or that of the tensile ste(4 governs, the value of /« corresponding 
to the maximum allowable value of /,. should be obtained from 
equation (33). If this is greater than the allowable, the safe 
working limit of the strength of the steel will ho exceeded, pro- 
vided the full strength of the concrete is developed, i.e., the 
steel governs the strength of the beam. Hence the true resisting 
moment of the beam will be found from equation (37), /, being 
taken as the specified lirriit. If /, determined as above is less 
than the allowable, the full strength of the steel cannot be devel- 
oped without overstressing the concrete. Hence the concrete 
governs and the safe resisting moment of the bc'am may be com- 
puted from equation (37), the value of/, being that just computed 
from equation (33) — the value that results when the concrete is 
stressed to its maximum. 

99. Illustrative Problems, I. A simply supported, reinforced 
concrete beam having a span of 20 ft.-O in. is limited in cross- 
section to 8 X 18 in. The beam sustains a live load of 580 lb. 
per lin. ft. /, = 18,000, /< = 1000, and 7i = 12. Using 2)^ in. 
of insulation measured from the center of the bars, determine the 
area of steel required for tension (A,) and for compression (A',). 

8 X 18 

Weight of beam = - — X 150 = 150 lb. per lin. ft. 
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Total load carried by beam = 730 lb. per lin. ft. 


M = HX 730 X 20^ X 12 = 438,000 in.-lb. 


From Table 6, K = 173, k = 0.400, j = 0.867. 

Assuming that only one row of tensile steel will be required, 


Ml = 173 X 8 X (15.5)* = 333,000 in.-lb. 
Ms = 438,000 - 333,000 = 105,000 in.-lb. 
333,000 

“ 18,000 X 0.867 X 15.5 ~ 

, 105,000 

" I8wr5,5^ - “I- “■ 

A, = 1.38 + 0.45 = 1.83 sq. in. 


I' = 


0.45 X 


1 - 0.400 


0.400 


^.5 

15.5 


1.13 sq. in. 


Three Js-in. round bars in tension and two %-in. round bars in 
compression are selected, each set placed in one row as assumed. 

II. A simply supported concrete beam whose span is 21 ft.-O in. 
has a cross-section of 8X19 in. and is reinforced as follows; for 
tension, four %An, round bars, and for compression, four %-in. 
lound bars, each set in two rows, the center of the row nearest 
the surface being 2 in. from the surface, and the vertical distance 
center to center of rows being 2 in.; n = 15. Determine the 
values of the unit stresses in tht) tensile steel, compressive steel, 
and concrete, if the beam sustains a live load of 600 lb. per lin. ft. 

8 X 19 

Weight of beam = — :r:~r - X 150 = 160 lb. per lin. ft. 

144 

Total load carried by beam = 760 lb. per lin. ft. 

M = 1- si X 760 X 21* X 12 = 505,000 in.-lb. 

2 41 d' 3 

pn = p'n = X 15 = 0.282 and “ Jg ~ 

From Diagrams 5 and 6, interpolating for ^ = 0.19, k — 0.432, 
and j = 0.840, 
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/. = 

fr- 


505,000 


2.41 X 0.840 X 16 
15,500 X 0.432 


= 15,500 p.s.i. 


15(1 - 0.432) 
15,500(0.432 - He) 
1 - 0l32 


= 790 p.s.i. 

= 6670 p.s.i. 


III. A reinforced concrete beam has a cross-section of 12 X 30 
in. and is reinforced as follows: for tension, eight J'^-in. round 
bars in two rows, 2 in. center to cenka*, the center of the lower 
row being 2J^ in. above the lower surface of th(^ beam, and for 
compression, four %-\n. round bars in one row, th(i center of 
which is 2}/2 in. beilow the upper surface of tlu^ beam ;/« = 18,000, 
Jr = 800, and n = 15. What is the safe resisting moment of the 
beam? 


^ - 
d ~ 

pn = 


= 0.09 


2.5 
21^5 
8 X 0.6013 
12 X 26.5 


X 15 = 0.2265 


p'n = j^ 2 pn = 0.1 b33 


From Diagrams 3 and 4, j = 0.872 and k — 0.429. 

When fr is a maximum, the corresponding value of is, from 
equation (33), 


800 X 15(1 - 0.429) 
0.429 


16,000 p.s.i. 


Tlu^refore, the strength of the beam depends upon the concrete; 
the safe maximum resisting moiru^nt occurs when the tension 
steel is stressed to 16,000 p.s.i. and equals: 

Af = 8 X 0.6013 X 16,000 X 0.872 X 26.5 = 1,780,000 in.-lb. 

ADDITIONAL PROBLEMS 

1. Assume that the simply supported beam in Fig. 28 is limited in size 
to an overall cross-section of 10 X 21 in. What reinforcement must be 
used, if/, = 18,000 p.s.i., fr — 1000 p.s.i., and n ~ 12? Assume that the 
tension steel will be placed in one row, the compression steel will be placed 
in one row, and the distance from the center of each row to the nearest 
surface of the beam is 2}4 in. 
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2. A simply supported rectangular beam with a span of 20 ft.-O in. has 
an overall cross-section of 8 X 23 in. It is reinforced for compression with 
two !^^“in. round bars, in one row, the center of which is 2M in. from the 
upper surface of the beam, and for tension with four J s-in. round bars in two 
rows, 2 in. center to center, the center of the lower row being 2}'2 in. above 
the lower surface of the beam. What is the resisting moment of the beam, 
if fc — 1000 p.s.i., /« * 20,000 p.s.i., and n — 12? 

3. If the beam in Problem 2 supports a single concentrated load at the 
mid-span, what is the maximum safe value of this load? 

4. A simply supported beam 10 X 22^2 in. in cross-section has a span of 
19 ft.-O in. and is reinforced for tension with six ? 4 -in. round bars in two 
rows 2 in. center to center, the center of the lower row l)eing 2^2 in. above 
the low(w surface of the beam. The beam also has compression reiiiforc(j- 
ment consisting of three J4-in. round bars with their centers 2 in. from the 
upper surface of the beam. If/« = 18,000 p.s.i.,/. = 800 p.s.i., and /< - 15, 
what uniform live load per foot can the beam sustain? 

100. Analysis of Beams Reinforced for Compression, by the 
Principle of the Transformed Section. The cross-section of a 
b('am reinforced for compression can be transformed into a homo- 
geneous section by assuming that the compression steel and the 
tension steel are replaced by narrow strips of concrete, the areas 
of which are obtained as explained in Art. 54. Thus, if As is the 
area of the tension steel, it is assumed to be n^placed by an area 
of concrete equal to in t he same horizontal plane as the steel. 
Similarly, the compression steel area A\ is assumed to be n^pdaced 
by an area of concndi? equal to nA \ in the same horizontal plaruj 
as the steel. Since the hole that is left by the nunoval of the 
compression steel is assumed t o be filled with concrete, t.he actual 
area of the projecting wings which replac.e the compression steel 
in the transform(^d section is (n — 1)A'«. The us(» of (n — 1) in 
place of n as a factor of A\ does not complicate the subsequent 
analysis in any way. The resulting transformed section, or 
equivalent homogeneous section, of the beam reinforced for com- 
pression shown in Fig. 50a is represented, therefore, by the shaded 
areas in Fig. 505. 

If the problem is one of review, all of the dimensions of the 
transformed section are known. The distance x from the neutral 
axis to the extreme compression fiber can be obtained by equating 
the moments of the areas above and below the axis, about the 
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axis, as follows: 

}4bx^ + (n — l)i4/,(x — d') = nA,{d — x) 


When the known values of 6, AsA\y n, d, and d' are substituted in 
this equation, the unknown value of x can be computed. The 
total compression Ci in the rectangular portion of the transformed 
section (Fig. 40c) is equal to }4fcbx. The total compression C 2 in 


the projecting wings is (n — 1) A', X and since — is equal to 

n n 




the value of C 2 is equal to (n 




The total compression C is equal to Ci + C 2 , and the lever arm of 



(p) (b) (c) 

Fiij. 50. 


the internal stn^ss couple can be obtained by equating the sum 
of the moments of Ci and C 2 about the plane of the tension steel 
to the amount of C about the same plaii(\ Resisting moments 
or unit stresses (;an then be computed in the manner explained in 
Arts. 54 and 92. 

If the problem is one of design, the dimensions of the cross- 
section of the beam and the location of the steel are known. 
Considering the beam before the compression steel is added, the 
location of the neutral axis can be determined from the following 
assumptions: (1) that unit stresses vary directly as the distance 
from the neutral axis, (2) that the extreme fiber stress in compres- 
sion is /c, and (3) that the fiber stress on the equivalent concrete 

in the plane of the tension steel is -• The resisting moment 
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Ml of the beam before the compression steel is added can then be 
computed, and the area of tension steel A required to resist this 
same moment can be determined as in Art. 54. The remainder 
of the moment M 2 = M — Mi must be resisted by the equivalent 
concrete in the projections above the neutral axis and by addi- 
tional equivalent concrete in the plane of the tension steel. The 
lever arm of the couple formed by the stresses in these areas is 
equal to d — d'. The required areas can be computed readily 
from the previously explained principles (see Arts. 54, 55, 92, and 
93). 

Illustrative Problem. Solve Problem II of Art. 99, by means of 
the principles of the transformed section. This problem is oiuj 
of review, in which maximum unit stresses are required. The 
ratio n = 15. 



The cross-section of the given beam is shown in Fig. 51a, 
and the equivalent homogeneous beam section, i.e.j the trans- 
formed section, is represented by the shaded areas in Fig. 516. 
In the latter, the equivalent concrete is placed in the plane of the 
center of gravity of the two rows of bars in each group, which is 
in accordance with previous assumptions. The distance x from 
the compression surface to the neutral axis is obtained from the 
equation 

X 8x2 + ss.74{x - 3) = 36.15(16 - x) 

X — 6.95 in. 

The total compression C 2 in the projecting wings (see Fig. 51c) 

F /Q 95 3\ 

is equal to 33.74 X and since = fi' ^ — j = 0.57/r, 
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C 2 = 19.23/r. The total compression Cy in the rectangular 
portion of the transformed section is }ifr X 8 X 6.95 = 27.80/,. 
The total compression C is equal to 19.23/r + 27.80/, = 47.03/,. 

The sum of the moments of Ci and C 2 about the plane of the 
tension steel is 

19.23/, X 13 + 27.80/,(l6 - = 630.3/„ 

The lever arm of tlu^ stress couple is then^fore equal to 


630.3/r 

47"oyr 


= 13.4 in. 


The maximum moment in the beam is 505,000 in. -lb. so that 
the maximum total tension T and the maximum total compres- 

505 000 

sion C are each equal to - = 37,700 lb. The maximum 

unit stress(?s are, tluTC'fon', 


, 37,700 

= 47.03 = P 

/', = 15 X 0.57 X 800 = 0840 p.s.i. 
, 37,700 . 

/. = 2 41 ' "" }).s.i. 


These stress(\s arc* all slightly greater than those obtained in 
Problem II, Art,. 99. This is accounted for by the fact that, 
in the transformed-section theory, allowance has becui made for 
the area of comuetc' occuipied by th(i compression bars, wh(*reas 
in the regular formulas no such allowance has been made. The 
('ffective compr('ssiv(' resisting area in the transformed theory is 
therefore l(\ss than that assumed in the analysis by formulas, 
and the compr(\ssion unit stresses are consequently larger. 

101. Analysis Proposed in Standard Building Code (1940). Tests have 
shown that under load tlie compressive steel is much more highly stressed 
than is indicated by equation (34). Accordingly, the Standard Building 
(\)do Committee of the American Concrete Institute is proposing (1940) 
the following: 

“(a) (^impression steel in beams, girders, or slabs shall be anchored by 
ties or stirrups not less than }-4 inch in diameter spaced not farther apart 
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than 16 bar diameters or 48 tie diameters. Such stirrups or ties shall be 
used throughout the distance where the compressive steel is required. 

“(6) The effectiveness of compressive reinforcement in resisting bending 
may be taken at twice the value indicated from the calculations assuming 
a straight-line relation between stress and strain and the modular ratio . . . , 
but in no case shall the unit stress in compression be taken greater than the 
allowable unit stress in tension.^* 

Plxcept for very shallow members with considerable concrete protection 
for the compressive steel, the last phrase of (h) will usually govern. 

For design purposes therefore A,(= -h is determined as in Art. 
95, but since the stress in the compressive steel may be taken as equal to 
that in the tensile steel, 

For review purposc^s, assuming = /«, 

k = -s/iriip — p') Hh n^ip — p')^ — n{p — p') (a) 

and 

k / d\ 

k^ ~ 3 -k){^l - 

^ + 2p'n(] - k) ' 

Equation {a) is similar to equation (2) page 56. Therefore k may be 
obtained from Table 7, using p — p' for p. 

Values of j may be obtained from Diagram 21, plotted from equation (5). 
Illustralive Prohlerna. 1 . A rcanforced concrete b(*am is limited in (;ross-sec- 
tion to 10 X 20 in. and withstands a bending moment of 750,000 in.-lb. 
The beam is to be constructed of 2500-11). concrete and = 18,000 p.s.i. 

The reinforcement is to be protected b}" 2 in. of coiuTete measured from 
the center of the bars. Determine the required steel areas. 

From Table 6, K = 173 and 


M\ - 173 X 10 X 182 = 560,500 in.-lb. 
Ma = 189,500 in.-lb. 

500,500 


18, 000 X 0.867 'x 18 
A., = A', = 


• 2.00 sq. in. 


189,500 

18,000(18 - 2) “ 


For tension, three 1-in. square bars are selecUal (A« = 3.00 sq. in.) For 
compression, two ;*i-in. round bars are select(‘d (A'« = 0.88 sq. in.). 

II. As an illustration of the application of this method, the beam as 
designed in Problem I is nwiewed as follows: 


P 


p - p' 


^ g = 0.0167 j 0.0049 

0.0118 k = 0.410 (Table 7) 

d' 

pn = 0.200 p'n = 0.059 — * 0.11 

a 
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From Diagram 21, 7 « 0.878 


/. 




750,000 

3.00' X 0^878 X 18 
15,800 X 0.410 
12(1”- 0.410) 


= 15,800 p.s.i. 
920 p.s.i. 


The resisting moment d(;veloped by the concrete is 


, . . , 920 X 0.410 X 0.878 X 10 X 18* 

hfckjbd^ - ^ 


536,000 in. -lb. 


The compression steel must therefore develop 214,000 in.-lb. and the unit 
, 214,000 

stress m that steel is ~ 15,400 p.s.i. 

lo X U.0/0 


Design of Continuous T-beams 

102. Investigation at the Support. The required cross-section 
of a continuous T-beam, and the requin^d steel area at the center 
of the beam are determined as explained in Art. 90, Problem II, 
At the supports, t he bending moment is negative so that the upper 
surface becomes the tensile surface, while the lower portion of the 
section of the beam is in compression. Since in reinforced con- 
crete design the steel is assumed to resist all of the tensile forctes, 
sufficient steel must be placed near the upper surface of the beam 
over the support to develop the negative moment at that point. 
Where the moment at the support is assumed numerically equal 
to the moment at mid-span, the tensile steel required near the 
upper surface over the support is approximately equal to that 
required in the lower section of the beam at the center of tlui span 
to develop the positive bending moment. The length of iho 
lever arm of the resisting couple jd is usually somewhat smaller 
at the support than at mid-span, in which case the amount of 
tensile steel required over the support is slightly greater than that 
required at the mid-span. 

The usual method of furnishing the required tension steel at 
the support is to bend up about one-half of the bars from each 
adjacent span and to extend them far enough across the support 
to insure proper development of the negative moment. Such 
bars are usually continued slightly (about 12 bar diameters) 
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beyond the assumed location of the point of inflection. In a 
uniformly loaded beam, this point is generally considered to be at 
distances from the support varying from one-flfth to one-third 
of the span, depending upon the condition of continuity and 
loading. More bars must be bent up or additional bars must be 
placed in the upper portion over the support if the allowable 
unit stresses are exceeded. 

Since the tension side is uppermost, the flange of the T-beam 
can no longer be considered effective in resisting stress. Hence, 
the form of beam becomes rectangular at the support, the width 
being equal to the width of the stem. On account of the small 
compressive area of concrete (now below the neutral axis) a 
failure by compression would probably occur if steel were not 
added in the compressive area to assist the concrete. Since not 
all of the horizontal bars are bent up over the support, the remain- 
ing bars may be brought straight through and extended far 
(‘iiough into the adjac(*nt paiud to develop their full strength in 
bond, and thus furnish the added compressiv(> resistance required. 
The Joint Code rcHpiires that at least one-fourth of the positivc'- 
mornent steel shall extend along the same face of the beam into 
the supi:)ort a distance of 10 or more bar diameters. 

In determining the length necessary to develop adequate bond 
strength of the straight bars, it will be sufficient to consider only 
the maximum stress in the bars and to furnish a lengt.h from th(^ 
(•enter of the support to the end of the bar properly to transmit 
this stress to the concrete. 

Where one-half of the longitudinal reinforcement which is 
furnished at the center of the span is bent up from each of two 
adjacent beams, and the remainder of the reinforcement is 
continued straight through the support far enough to develop 
its compressive strength in bond, the amounts of tensile and com- 
pressive reinforcement are equal. If less compressive reinforce- 
ment is required, the bars from the adjacent beams need be 
carried beyond the support only far enough to develop a lap 
splice. With such an arrangement the compressive reinforce- 
ment is equal in amount to one-half of the tensile reinforcement. 
Other arrangements can be made to suit any individual case. 
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For example, if there are seven bars at the center, four bars can be 
bent up and continued over the support, leaving three from each 
side at the bottom of the section; the tension steel at the support 
would then consist of eight bars, and the compression steel six 
bars. In any case, the effective section of the beam at the sup- 
port is an inverted rectangular beam reinforced for compression, 
and it may be analyzed according to the principles of Art. 96. 

Since the negative moment decreases very rapidly and only a 
short section is under maximum stress, a higher compressive 
stress is allowed in the concrete at the support than at mid-span. 
The Joint Code specifies an allowable unit compression stress of 
0.45/'f at the supports of continuous beams, as compared with 
().40/'r at the center of the span of such beams.* 

Illustrative. Problem. The cross-section of a fully continuous 
T-beam below the 4-in. slab which forms the flange of the beam 
is 8 X 19 in. The span is 20 ft.-O in., and the distance between 
adjacent beams is 10 ft.-O in. At the support the reinforcement 
near the top of the beam consists of four %-in. round bars in 
two rows, 2 in. center to center, the center of the upper row being 
2 in. from the top surface of the shJ^, and the reinforcement near 
the bottom of the beam consists of two %-in. round bars with 
their centers 2 in. from the lower surface. If the slab supports 
a uniform live load of 150 lb. per sq. ft., what are the values of 
fc and /, at the support of the beam? Assume u = 15. 

The weight of the slab is 50 lb. per sq. ft., and the weight of 
the stem of the beam is 160 lb. per ft. The total load on the 
beam is (150 + 50)10 + 160 = 2160 lb. per lin. ft., and the 
maximum bending moment is 3 12 X 2160 X 20^ X 12 = 864,000 
in. -lb. 


np' - 15 X - 0.1127 


d 



From Diagram 4. fc = 0.430 and j = 0.870. 

• SiHi footnote, pg. 61 . 



CONTINUOl^'i r-BKAMS 


159 


864,000 = (4 X 0.6013) X /. X 0.870 X 20 
f, = 20,600 p..s.i. 

20,600 X 0.430 


f = ’ 

15(1 


0.4.30) 


= 1030 p.s.i. 


ADDITIONAL PROBLEM 

If the allowable unit stresses at the support of the beam in the preceding 
problem were /« — 20,000 p.s.i. and /<• = 900 p.s.i., what safe uniform live 
load could be placed on the slab without overstressing the beam at the 
support? Assume n — 15. 

103. Bond Stresses. The bond stress on the tension bars 
at the support may be computed in the same manner as for the 
tension bars at the end of a simply supported beam. A slight 
excess of the computed stress over the allowable is of no conse- 
quence, since the actual stress is undoubtedly less than the 
theoretical, due to the stiffening action of the beni.-up portion 
of the bars, and the effective anchorage which is provided by the 
continuity of tbe bars. 

104. Points at Which Bars May Be Bent Up. The points at 
which the horizontal bars may be Ixnit up will depend upon the 
variation in positive bending moment along the beam. The 
location of these points may be determined as in Art. 80. It is 
als(j necessary to determine the points at^ which the upper bars 
may be bent down, f.e., the points at which the inclined bars 
must intersect the uppermost portion of the l)eam in order to 
furnish sufficient reinforcement for the negative moment existing 
at those sections. It is safe to assume the curve of negative 
moment as a straiglit line from the support to the point of zero 
moment, and to determine the location of the bending points 
accordingly. 

If the two sets of values, one for positive and one for negative 
moment, are such that tlie bending of the bars cannot be accom- 
plished without exceeding Ihe limitations imposed, a greater 
number of bars must be used at the center of the span, or addi- 
tional bars placed over the support, and the design governed 
accordingly. 

106. Diagonal Tension. It is usually desiral)le to provide 
for as much of the diagonal tension as possible with bent-up bars, 
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but on account of the restrictions placed upon the bending of the 
bars, it is necessary in most cases to add stirrups or some other 
form of web reinforcement fully to provide for the inclined 
stresses. The analysis is similar to that for simply supported 
beams, the spacing of the stirrups being computed for the regions 
over which they are required. In all computations relating to 
diagonal tension, shear, and bond, the average value of j = % 
may be used. 

106. Design of a Tjrpical Continuous Floor Beam. In order 
to illustrate the application of the principles outlined in Arts. 102 
to 105, a typical continuous T-beam, which is a part of a rein- 
forced concrete floor system of the beam-and-girder type, is 
designed in Art. 197. This problem should be studied at this 
time, so as to coordinate the various steps which are essential 
to the complete analysis of a beam of this typo. 

107. Beams of One Span with Ends Restrained. It is some- 
times necessary that beams framing into columns or girders 
should be calculated as simple beams where a moment coefficient 
of wl^ is used. Some negative moment will actually exist at 
the supports due to the monolitlpc nature of the construction. 
It is good practice to provide a small amount of steel at the top 
over the. supports to prevent the formation of cracks, the amount 
of steel being left to the judgment of the designer. Ordinarily, 
about one-half of the positive-moment bars are bent up near the 
support, to provide for probable negative-moment stresses. 
The bent bars should preferably be hooked into the support for 
additional bond resistance. 



CHAPTER IV 

COLUMNS 

108. T 3 rpes of Columns. Concrete compression members 
whose unsupported length is more than four times the least 
dimension of the cross-section are classified as columns. Such 
members should not be built without reinforcement of some 
type. In modern construction four types of reinforced concrete 
columns are used, namely, 

1. Columns reinforced with longitudinal steel and closely 
spaced spirals. 

2. Columns reinforced with longitudinal steel and lateral ties. 

3. Composite columns: in which a structural-steel or cast-iron 
column is thoroughly encased in a concrete core of type 2. 

4. Combination columns: in which a structural-steel column 
is wrapped with wire and (nicased in at least 2^2 in. of concrete 
over all metal except rivet heads. 

Types 1 and 2 are more geiK^rally used, typ(5S 3 and 4 being 
economical with heavy construction loads or extremely heavy 
permanent loads. 

Pipe columns, in which a steel pipe is filled with concrete are 
sometimes used, 

109. Unsupported Length and Limiting Dimensions. Th(^ 
reinforced concrete column, as it is commonly used in ordinary 
construction, may l)e classified as a shorlr column. In specifica- 
tions it is usual to establish a ratio of length to diameter, or of 
length to least radius of gyration, abov^e which the column can 
no longer be considered as a short column. Tests have shown 
that as long as the ratio of length to diameter is less than 20 or 
the ratio of length to least radius of gyration is less than 60, there 
is little variation in the actual strength of columns of the same 
cross-section for variations in length. In practice it is customary 
to specify a somewhat smaller ratio. The Joint Code limits a 
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nhort column to one whose unsupported length is not greater 
than 10 times the least lateral dimension.^ This same code 
limits the minimum diameter to 12 in. for principal members or, 
in the case of rectangular columns, a minimum thickness of 10 
in. and a minimum gross area of 120 sq. in. The difficulty 
of making uniform deposition of the concrete in a form of smaller 
dimensions is obvious, especially with several longitudinal bars 
with their spirals or ties in the form. In addition, a smaller 
column has very little reserve strength to withstand possible 
shocks not allowed for in the design, and if at any time damaged 
by fire, the loss in eff(^ctive section is relatively large. 

The unsupported length h of a column is the distance between 
those points at either end where lateral support is present in at 
least two directions, making an angle of 90 degrees or nearly 
90 degrees with one another. Therefore, it follows that the 
unsupported length is: 

1. In flat-slaV) construction, the clear distance between the 
floor and the undersides of the capital. 

2. In b(sam-and-slab construction, the clear distance betwesen 
the floor and the underside of tin;, shallowest beam framing into 
tins column, 

3. In floor construction with besams in one direction only, 
th(s clear distanci*. bestween floor slabs' 

4. In cases wlusre the columns are s\ipported between floors l)y 
struts or btsams, the unsupported length may be considesred 
decreased, provided th(ss(s struts or Ixsams iiKsist tin* column at 
approximatfsly tins sames elevation and make horizontal angles of 
approximattfly 90 dc^gn^es wit h oiu^ anothca’. 

5. When haunches are us(‘d on beams or struts, the unsup- 
ported length may hv, considercid to be reduced by the d( 5 [)th of 

‘ For long columns, the Joint Code gives the working load on columns 
whose length is greater than 10 times the least dimension as 

- 0.03 ^ 

in which P is the total safe load on a column of the same seirtion where the 
h/a (or d) ratio is less tlian 10, where a or d is the least dimension of the 
column and h the unsupported length of the column. 
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the haunch, provided the haunch is as wide as the beam and at 
least half the width of the column. 

110. Columns with Spiral and Longitudinal Reinforcement. 

Whenever a material is subjected to compression in one direc- 
tion, there will be an expansion in the direction perpendicular to 
the compression axis. Where this expansion is resisted, lateral 
compressive stress(is are developed, which tend to neutral- 
ize the effect of the longitudinal compressive stress, and thus 
increase resistance against failure. This is the principle involv(^d 
in the use of spiral or hooped reinforcement (see Fig. 52). Within 
the limit of cilasticit}'^ the hooped reinforcement is much less 
(‘ffective than longitudinal reinforcement. Such reinforcement, 
however, raises the ultimate strength of the column, because the 
hooping delays ultimate failure of the concrete. The concrete 
continues to compress and to expand laterally, thus increasing 
the tension in the bands, while final failure occurs upon the exces- 
sive stretching or breaking of the hooping. Thus a sonu'what 
higher working stress may be employed on the concrete con- 
tained within such hooping than on a concrete not so confine^d. 
Tests show that about 1 per cent of closely spaced spiral 
liooping increases the resistance to ultimate failure sufficiently 
to allow a reasonabk^ incn^ase in the working stress in tlu^ 
concrete. 

As long as the bond betweeif the steel and the concrete is 
effective, the two materials will deform equally, and the intensities 
of the stresses will be proportional to their moduli of elasticity. 
That is, since the deformation K of the concrete must be equal 
fo the deformation of the steel 

Therefore 

fit ^ 'fi'fr. 

Let 

A,. = net area of concrete in this section. 

An = area of longitudinal steel in this section. 

Ay = overall or gross area of concrete section = .4, + 
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4( = + nA, = Ag {n — 

, . A, 

Pg = steel ratio 

fa = unit compressive stress in steel. 

fc = unit compressive stress in concrete. 

P == total strength of reinforced column. 

Then 

P ~ fc^c faAa — frfA.g Vu^f) 

= fcA gl\ + (n - l)Pg] 

= fc[Ag + {n - ])/!.] 

In the above analysis the stress in the steel does not exceed nfc 
Tests conducted by the American Concrete Institute at Lehigh 
University and at the University of Illinois showed that the 
steel reinforcement actually was capable of withstanding much 
higher stresses without the bond between steel and concrete 
being destroyc^d. In general these tests showed that the strength 
of a reinforc(^d concrete column is actually the sum of the strengths 
of the concrete and the longitudinal reinforcement, regardless of 
the ratio of the moduli of elasticity. 

For this typo of column, the Joint Code (1940) specifies for 
the safe axial load 


P = 0.2257'.A, +/.A, (38) 

where /'« is the ultimate strength of the concrete in pounds per 
square inch and/, the working stress in the longitudinal reinforce- 
ment (16,000 p.s.i. for intermediate grade and 20,000 p.s.i. for 
hard grade). 

The longitudinal reinforcement should consist of at least six 
bars of a minimum diameter of in., and its effective cross- 
sectional area should be not less than 1 per cent or more than 
8 per cent of tlie gross area of the column section. The ratio of 
spiral reinforcement p' must be not less than 


p' = 0 . 45(72 - 1 )^ 

f *• 
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where p* = ratio of volume of spiral reinforcement to the 
volume of spiral core (out to out of spirals). 

R = ratio of gross area of column to core area. 

— useful limit stress of spiral reinforcement, 40,000 p.s.i. 
for hot rolled bars of intermediate grade, 50,000 
p.s.i. for hard grade, and 60,000 p.s.i. for cold drawn 
wire. 

The center-to center spacing of spirals shall not exceed one-sixth 
the core diameter, and the clear spacing between spirals shall not 
exceed 3 in. or be less than 1^^ in. The spirals should be 
continuous and held firmly in place and true to line by at least 
three vertical spacer bars. The spiral bars or wire shall not be 
less than in. in diameter for columns up to 18 in. in diameter 
or less than above 18 in. The thickness of concrete out- 

side the spiral reinforcement shall be not less than 1}^ in. 

AVhere the reinforcing bars are spliced by lapping, the length 
of the lap should be 24 bar diameters for intermediate grad(‘ steel 
and 30 bar diameters for rail steel ])rovided that the concrete has 
a strength of 3000 p.s.i. or more. With concret es of lesser st rength 
the lengths given above should be increased one-third. The 
above values are for deformed bars; lap lengths of plain bars 
should be increased by 25 per cent. Where changes in the cross- 
section of a column occur, the offset of th(» bars should be made 
where there is lateral support, such as a column capital, floor slab, 
or metal ties or spirals. The slope of th(^ inclined portion of the 
bars should not exceed 1 in 6, and th(‘ bars above and below 
should be parallel with the axis of the column. 

111. Columns with Longitudinal Reinforcement and Lateral 
Ties. Tests show that columns without spirals develop lower 
stresses in both the concrete and the steel, and the Joint Code 
(1940) specifies the safe axial load for this type of column as 0.8 of 
that for a spirally reinforced column, or 

p = O.lSfeA, + O.SAJs (39) 

The longitudinal reinforcement should consist of at least four 
bars of a minimum diameter of % in., and its effective cross- 
sectional area should be not less than 1 per cent or more than 
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4 per cent of the gross area of the column section. There should 
be a clear distance between the longitudinal bars and the face of 
the column of 134 diameter of the tie. 




Longitudinal Rods 
and Lateral Ties 



The longitudinal )>ars are held in alignment during const, ruc- 
tion by lateral ti(^s as illustrated in Figs. 52 and 58. Tluise ties 
should be made of wire at least '4 in. in diameter,’ and the verti- 



(‘al distance betw(HUi tic^s or sets of tic^s should not exceed 16 bar 
diameters, 48 tie diamc'tcTs, or the k^ast diiiKUision of the column. 
When the number of bars in a column exccieds four, the t ies should 
be so detailed as to prevent, t he outward bending of every bar at 

‘ 'rherc is no mtioual method of determininR the size of wire that should 
be used for a lateral tie. A safe rule to follow is to use wire of such diameter 
that the area of its section is not less than 2 per cent of the section of the 
longitudinal reinforcement held in place by the tie. 
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each tie interval. The methods of accomplishing this are illus- 
trated in Fig. 53. 

112. Compositei Combination, and Pipe Columns. Though 
columns of these types are not strictly reinforced concrete 
columns, the addition of concrete does, under certain conditions, 
add to the strength of the column. 

^4 composite column, consisting of a struct ural-steel or cast-iron 
column, whose cross-sectional area does not f^xcec^d 20 jx'r cent of 
the gross area of the column, thoroughly encased in concrete, 
reinforced with both longitudinal and spiral reinforcement, may 
sustain a load 

P = 0.225 ^1/.. + ^,/,+/.^, 

where Ar = not area of concrete section = — As — Ar. 

As = cross-sectional area of longitudinal l)arrf4nf()rcement. 
Ar = cross-sectional area of steel or cast-iron (rore. 
fr = permissible unit stress in metal core: 16,000 p.s.i. 
for a st('.(4 core; 10,000 p.s.i. for a (‘ast-iron (H)re. 

A combination column consisting of a structural-st(M4 column 
encased in concrete at least 212 i^'* i^^ thickness ov(vr all metal 
(exce|)t rivet heads) and reinforced by welded wirc^ nn^sh wrapped 
completely around the steel column may sustain a load 

'' - + J a;) 

where /'r = permissible unit stress for an unencasi^d steel column 
and the remaining not ation is the same as for a (;omposit(^ column. 

A steel pipe filled with concrete, may sustain a load 

P = 0,225 f'rAr +f'rAr 
where f'r = average unit st n^ss in metal core 
= ^18,000 - 

h — unsupported length of (joluinn. 

K = least radius of gyration of metal-con* section. 

yield point of pipe 
^ "" 45,000 
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113. Flexural Stresses in Columns. The previous articles 
have dealt with columns subject to direct axial load only. While 
there are many cases where this is the only type of load sustained 
by the column, there are many more cases where the maximum 
stress developed in the column is a combination of axial stress 
and bending.^ 

Bending moments are produced in columns (a) by reactions 
from eccentrically placed beams; {b) by the loads on brackets or 
cantilevers; (c) by the eccentricity of the columns themselves, a 
condition which often occurs in the wall columns of a building 
where the sections of the columns are changed at some floor levels 
while the exterior faces of the columns arc kept in line throughout 
the height of the structure; (d) by the application of a direct 
horizontal force or of a force having a horizontal compoiuint; or 
(e) by the transfer from slabs or girders built monolithic with the 
columns of unbalanced moments due to the loads on the slabs or 
girders. 

With conditions such as are described in (o), (?>), and (c), the 
amount of moment produced in the column is easily determined, 
for the amount of load and the eccentricity of its centc'.r of appli- 
cation are known. A condition such as described in (d) is caused 
by the vvind pressure on the walls of a building, but, on account 
of the massiveiKiss and rigidity of the structure, it is not usual 
to calculate the wind stresses in the frame of any but high and 
narrow buildings of reinforced concrete. A moment caused by 
the direct application of any other type of horizontal force is not 
common, but in such cases the moment is usually directly 
determinate. With conditions such as descril)ed in (e), the 
column is a component part of a rigid frame made up of columns 
and slal)s or columns and girders. The distribution of moments 
in rigid frames will be considered in Chap. \T. 

114. Eccentric Loads on Columns. An eccentric load applied 
to a column at any point will produce a maximum moment at the 
point of application. The distribution of the moment to the 
column depends upon the height at which the load is applied, and 
the end conditions of the column. When the load is applied at 

^ See Chap. V. 
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the top or bottom of the column, the bending moment has its 
maximum possible value, and is equal to Px (Fig. 54). For other 
positions of the load the moment is less, the minimum moment 
Px 

being — • The coefficient of Px for different end conditions and 

different positions of the load may be obtained from Fig. 54. 
The values of the extreme fiber stresses on either side of the 
column are obtained by the general method for combined bending 
and axial stress explained in Chap. V. The value of e is obtained 


Values of ® 



by dividing the moment M by the total load (not necessarily 
P alone) supported by the column at the point where the eccen- 
tric load is applied. 

116. Working-unit Stresses in Columns Subject to Bending. 

The maximum permissible stress in the concrete may be increased 
when the combined effect of bending and axial stress is con- 
sidered.^ The maximum stress occurs only on one side of the 
column and rapidly decreases toward the axis of the column. 
Tests have shown that a much higher unit stress can be developed 
on the critical extreme fiber than when the stress .is uniformly 
distributed over the cross-section. 

^ The unincreased unit stress must, of course, not be exceeded when the 
maximum axial load is sustained or when the total load is considered as an 
axial load. 
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The Joint Code (1940) allows a stress on the compressive side 
of the column of^ 


1 + 


/c=/J 


ec 




(40) 


for spiral columns. 


for tied columns. 


where /« = average permissible stress on an equivalent axially 
loaded concretci column. 

^ 0.225/, + /p. 

1 + {n - \)p„ ' 

^ 0.18/, + 0.8/p, 

i + (n - l)p, 

C = ratio of / to the permissible fiber stress for members 
in flexure (/ 0.45/,). 

c = distance from the gravity axis to the extreme fiber in 
compression. 

e = eccenf.ricity of the resultant load on the column, 
measured from the gravity axis. 

R — least radius of gyration of the column section. 

As tlie principal variable in the above equation is the eccen- 
tricity e, it. involv(^s l)ut a slight error if tlie transformed steel area 
is ii(^gl(*cted. Diagrams 7 to 12 arc plotb^d on this basis, for ti(Kl 

columns with and p,as arguments, and for spiral columns with - 


and j)„ as arguments, respectively. 

116. Column Tables. Tables 8 and 9 give the safe concentric 
loads'^ on the concrete and the longitudinal bars of reinforced 
concrett' columns. Values are given for the minimum amount of 
longitudinal steel. Loads for greater percentages of steel arc 
proportional. 


' If /> = 2 ^ 2 , where t = the side or diameter of the column, this equation 
may be written fr “ I'^quating this to equation (41), in 

which Ne — M and / = AJU, P — V^l + ^ indicating that a 

column subject to flexural stresses may be designed for an equivalent load 
Py as given in the last equatioii. 

* llased on the Joint C^ode (1940). 
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Table 10 gives the area of section, weight per foot, and moment 
of inertia of circular and octagonal vsections. It also gives these 
same functions for rectangular sections 1 in. in width. 

Table 11 gives the moment of inertia of the longitudinal rein- 
forcement where the bars composing it are arranged in the form 
of a circle. The circle is assumed to be 5 in. less in diameter than 
the diameter of the column. With l-in. bars, ? 2 “hi. spirals, and 
1 } 2 concrete outside the spirals, this is exactly true. The 

possible variation (as long as the minimum 1^ 2 in. is used) either 
way is negligible. The values arc given for a steel ratio pp of 
1 per cent. Other values are proportional. 

Table 12 gives the moment of inertia of single bars about an 
axis at varying distances from the center of the bars. The values 
obtained from this table, multiplied by the number of bars and 
n — 1, may be used in conjunction with Table 10 in obtaining 
th(^ moment, of inertia of rectangular columns. 

Table 13 gives the size and pit.ch of spirals for various column 
diameters which satisfy the provisions of the Joint Code given 
in Art. 110. These values are based on a thickness of con- 
crete outside the spirals of 132 hi. A grcnitcu* thickness of con- 
end.e requires slightly more sjiiral reinforcement. 

117. Illustrative Problems. 1. A circular column reinforced 
with longitudinal st.(H‘l and spiral hooping has an unsupported 
length of 14 ft.-O in. and sustains a direct axial load of 250,000 lb. 
The ultimate strength of the concrete is 3000 p.s.i. and hard 
grade steel reinforcement is to be used. Design the column. 

From Table 8 the following selections are made: 


Diam . 
of col. 

! 

1 Load 
carri(?d 

*'y 

concrete 

Load 

hy 

steel 

Weight 
of c;ol. 
(Tal)lc 
10) 

Net 

load, 

kips 

Vg 

A.. 

sq. in. 

Bars 

selecte<i 

20 

212 

63 

5 

270 

0.010 

3.14 


19 

191 

63 

4 

250 

0.011 

3.12 

8-^0 

18 

172 

82 

4 

250 

0.016 

4 . 08 

i 

17 

153 

100 

3 

250 

0.022 

4.99 


16 

136 

117 

3 

250 

0.029 

5.83 


15 

119 

134 

3 

1 250 

0.038 

6.72 

I 9-10 

14 

104 

148 

2 

250 

0.048 

7 . 39 

i 

10-10 
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All these selections satisfy the specifications of the Joint 
Code. The 20-in. column has the minimum amount of reinforce- 
ment allowed by the specifications; but since it requires no more 
steel in obtainable sizes than the 19-in. column, the latter is 
theoretically more economical. However, metal column forms 
are usually available only in diameters of even integral inches, 
so that the 20-in. column would usually be chosen. 

If it were desirable to have the column as small as possible the 
1 4-in. column could be selected. ^ Care must be taken when large 
percentages of steel are used that sufficient space is left between 
the bars. Usually about 2 per cent of longitudinal steel fur- 
nishes the most desirable column. For the 20-in. column, %-in. 
spiral with a pitch of 2 in. (hot rolled) or 2% in. (cold drawn) is 
selected. 

II. Select a column reinforced with longitudinal steel and 
lateral ties with an unsupported length of 14 ft.-O in. to carry an 
axial load of 240,000 lb. The concrete strength is 3000 p.s.i., 
and intermediate grade steel is to be used. Furthermore, the 
column is to be as small as possible, and its least dimension cannot 
exceed 14 in. 

h 

This column is a long column since - = 12 and its safe load is 

(1.3 — 0.03 X 12) = 0.94 times that of a short column. From 
Table 9 it appears that a 14 X 18 in. column will be required, 
which weighs (Table 10) 18.8 X 14 X 14 = 2700 lb., or approxi- 
mately 3 kips. The total load to be carri(id is 243 kips, and a 
short column must be selected which is capable of sustaining 
243 -r- 0.94 = 259 ki]^s. From Table 9, the concrete can sustain 
136 kips, leaving 123 kips for the st(H*l, which requires a per- 
(‘(mtage of 123 32 = 3.8. This is sliglitly under the maximum 

of 4 per cent and requires an A, of 0.038 X 14 X 18 = 9.58 sq. 

' Such a column would, how'cver, be a long column, since ^ = 12, and 

the safe load would be (1.3 -- 0.03 X 12) = 0.94 of that for a short column. 
252 0.94 = 2()8. This leaves 164 kips to be carried l)y the reinforcing 

bars, requiring 164 ~ 31 * 5.3 per cent, or an A, of 0.053 X 154 = 8.16 sq. 
in. This requires aiiditional steel, or eleven 1-in. round bars. 
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in. This is furnished by ten 1-in. square bars. The bars must be 
held in place by ties. The arrangement in Fig. 55 shows three 
sets of ties. Applying the rule given in the footnote on page 
166. each tie should have a sectional area of 0.02 X 4.000 = 0.08 
sq. in. Wire diameter furnishes approximately this 
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cross-section and is sc^lected. Tws are placed 14 in. C(Miter to 
c(?nter according to the specaficalions given on page 166. 

ADDITIONAL PROBLEMS 

1. Design the column of Problem II as a rtquan^ column using the minimum 
amount of roinforcemcmt. 

2. Design a column with an unsupported length of 20 ft.-O in. to sustain 
a direct axial load of 300,000 lb. f'c — 2500; = 10,000. 

(a) As a spirally rcinforcred column with py = 0.02. 

(h) As a tied column with = 0.02. 

3. What safe load can be sustained by a spiral column 22 in. in diarnetf^r 
reinforced with twelve Js-in. round bars? 

(a) If fc = 3750, /, = 10,000, and h ^ lb ft. 

(b) If/'c = 2000,/, = 20,000, and h - 20 ft. 

4. What safe load can be supported by a tied column 12 X 16 in. rein- 
forced with four 1-in. round bars? 

(а) If/'« = 2500,/, = 10,000, and h = 10 ft. 

(б) If/', 3000,/, = 20,000, and - 10 ft. 


CHAPTER V 


BENDING AND AXIAL STRESS 

118. General Theory. In the two preceding chapters, mem- 
bers in iKniding and members sustaining direct axial stress have 
been treated separately. In some structural members both types 
of stresses occur simultaneously and the combined stress due to 
bending and direct axial load becomes the critical working stress. 
The more usual cases are 

1. A l)eam subject to inclined forces, or a beam acting as a 
strut between its supports. 

2. A column sustaining in addition to its axial load a 
bending moment caused by one of the conditions mentioned in 
Art. 113, 

3. An arch rib, where the arch thrust acts other than parallel 
to, and along tlu^ arch axis. 

In all of these cas(*s, the resultant stress is a combination of 
that jn-oduced by bending and that produced by the direct load 
acting along tin* axis of the member. 

Ijct I"ig. 5() r(‘])r(*sent a plain concrete section BC, The result- 
ant of all the forces R is applied at distance e from the gravity 
axis of the nuanlxu*. If the resultant R werc^ applied at the point 
(>, tlu* intensity of stress over the whole section BC, whose area 

N 

is A, would be uniform and equal to Since, howevc^r, the 

resultant R is not applied at the center of the section O, it pro- 
duces a moment M about the point 0 equal to Ne\ that is, 
th(‘ force' N api)lied at a distance e from the axis may be replaced 
by an ('qual force N applied at O and a couple whose moment is 
Ne. The intensity of the stress at the extreme fibers of the 

a 

section produced by this moment is M X 2 which I is 
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the moment of inertia of the section about an axis 0 perpendicular 
to the plane of the paper. The total intensity of the compression 


at the edge B is then 
and at the edge C, 


/ ,Ma 
21 

^ _ N Ma 
A 27' 


If the stress fc is a negative quantity, it shows that the stress 
produced by the flexure is greater than that produced by the 
direct action of N, and the result- 
ant stress at the edge C is tension. 

In a reinforced concrete mem- 
ber it is presupposed that the 
bond betweem the steel and the 
concrete remains intact under 
stn^ss. Therefore, the steel in 
th(' compression side of a member 
subject to combined bending 
and axial stress can withstand a 
stress only sufficient to make it 
deform equally with the concrete, 
or n times the stress in the con- 
crete. This steel might then be replaced by n times the amount 
of concrete at the same distance from the axis of the section. 
Such a sc'ction is known as the transformed section.* 

The following additional notation will be used. The face of tin* 
member most highly stressed will be called the ^^compressivt*, 
surface, and the opposite face, the ‘‘tension surface.^' 

R = resultant of all forces on the section. 

N = resultant of all forces acting normal to the section, i.e. 
the normal component of 7^. 
e = eccentric distance of N. 

M = bending moment = Ne. 

As = area of steel near tension surface. 

A\ = area of steel near compressive surface. 



Fk;. 5G. 


p = 


4 ? 

ba’ 



■A., + A', 


* See Art. 54. 
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u = distance from compressive surface to gravity axis of 
transformed section. 

At = area of transformed section. 

Ic = moment of inertia of concrete about gravity axis. 

I, = moment of inertia of steel about gravity axis. 



Fig. 57 . 

By referring to Fig. 57 it may Ix' seen that 

At = ba + {n - 1)(^. + 

7 = 7e + (n - l)h 

“ + p(n — l)d + p'in - l)d' 

^ ^ 1 + pin — 1) + p'in - 1) 

Ic = lb[u’ + {a - uy] 

Neglecting 7* about the gravity axis of the bars, 
h = Asid - uy + A\iu - d'y 
If the reinforcement is symmetrical, then u = ~ and 

iU 

Ic = Ic = - d'^ 

t 

£ 

If the eccentricity - is within certain limits, then compression 

exists over the whole section. For greater eccentricities there 
will be tension over a part of the section. If it be assumed that 
the concrete takes no tension, the analyses for thes(' two cases are 

quite different. The value of ~ which results in zero stress on 

a 
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the tension surface is dependent upon the relative amounts of 
steel and concrete, and the ratio of the moduli of elasticity of the 
two materials. 

119. Case I. Rectangular Sections. Compression over the 
Whole Section, Fig. 58. Only symmetrical reinforcement mil 
be considered hereafter, ami the total steel area will he referred to as 


4 



Ag. The maximum unit stress in the (‘oner(‘te may he computed 
as though the member were homogeneous, and is 


fc = 



(41) 


where c = distances from the gravity axis to the extreme fib(^r in 
compression. 

l^his (^quation may be written 




N Me 

l)-4, I — 


(42) 


ba + (n — 1).4, ' + (n — 1)/, 

On the compressive^ side^ of the membe^r the unit flexural stress 

M(c — d') 

in the plane of the reinforcement is — j y and on the oth(;r 
M{d — c) 

side j The maximum unit stress in the steel is then 

-d') 


(N\nM{c-d’ 

= — I 


which is less than nfc and is therefore always within the limits of a 
reasonable value for provided fc has a safe value. Since 



nM{d — c) 


it will always be less than 
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For cases where compression exists over the whole section, 
equation (41) furnishes an exact solution. For an approximate 
solution, equation (42) may be written 


N Ma_ 

"" ha + nA] 2(7e"+ n/.) 


(43) 


The error involved in the above equation is not large, and 
from this equation diagrams may be prepared that use the same 
arguments as diagrams for the solution of cases where tension 
c^xists over a portion of the section and where the tensile stress in 
the concrete is neglected. 

Equation (43) may be written 





ba\ 


ea 


1 

+ Vu'^ 


__ 3 

( a J 

j2 + ~ ^ 


For given values of “ the above ecpiation may be simplifi(?d 
further to 


ba[ 1 + p„n a 1 + j)„n Z 

whoro Z = 3^1 - y • 

By allowing the expn^ssion within the brackets in equation (44) 
to be known as K the lower port ions of Diagrams 1 6 to 20 have been 

. d' 

plotted from equation (44) for different values oi — By entering 

a 

e 

these diagrams with pt,n and - as arguments, the value of K may be 
obtained for use in the equation 

NK 
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120. Case H. Rectangular Sections. Tension over Part of 
the Section, Fig. 59. When the second term of equation (41) 
is greater than the first, it indicates tension over part of the sec- 
tion. Unless this tension is so small that the concrete can take its 
proportionate part, the analysis of Case I is not applicable. 
With any appreciable tension on the* tension surface of the mem- 



l)er, it is usual to neglect t he tension taken by the coru^rete and 
assume the full str(?ss to be taken by the steel. 

By reference to Fig. 59, 

/'• - '4 - S) 

and 

Since the total resultant stress = iV, 

^fchka + y '/'. - y/. = ^ 


Suh.stitutiiig tlu! valuois of/', and/, from equations (46) and (47), 


or 


^ “ 2 ^ “ fc 


npa 


(48) 




N[ ^ 

6o| 2npiik — np„ 


( 49 ) 
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This equation is similar in form to equation (44), but the position 
of the neutral axis must be determined before it can be used. 
Since the moment of the stresses about the gravity axis = M, 



+ 


-«')+-#•(■' - 1 ) 


= M 


and by eliminating /'« and as before, 


M 

ha^f. 


np(,{a — 2d') 2 


+ l|(3 - 2i) 


(50) 


Since M = Ne, equation (48) may be multiplied by c and this 
value substituted for M in equation (50). Th(^ following (‘qua- 
tion results: 




+ 6npu~k = ^np„ 


e (a - 2rfT' 
a 2a“’ 


(51) 


In equation (49) the expression within the brc.ckcts is desig- 
nated as K, resulting in an equation exactly like equation (45). 
d' 

For constant values of — , values of k and npf, may be substituted 

CL * 

in equation (51) and values of - obtained. Substituting these 

same valuers of k and in equation (49) the corresponding 
values of K are obtained. The upper portions of Diagrams 16 to 
20 have been plotted from such computations. 

121. Circular Sections. Compression over the Whole Sec- 
tion. The reinforcement in a circular section is practically 
always symmetrical and, although it is in the form of bars, it 
may be considered to be in the form of a hollow cylinder whose 
average diameter is equal to the diameter of the circle on which 
the bars are i)laced, the cross-sectional area of the wall being equal 
to the area of the bars (see Fig. 60). 

Following the same procedure as for rectangular sections, with 
r equal to r 




N 


+ 


Mr 


(52) 


A -h (n - l)A, ' L + (n - 1)1, 

Considering the longitudinal bars replaced by a cylinder of 
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sectional area 



where R is the radius of 


gyration of the equivalent cylinder, whose average diameter 
s is the diameter of the circle on which the bars are placed. Then 
the above equation becomes 


N 


7rr^ + (n — 1)A, xr** 


Mr 


+ {n 




(53) 


These equations give an exact solution where there is no tension 
on the section. Equation (52) can be used in conjunction with 



Fui. (K). 


the values given in Tables 10 and 11, or equation (53) can be 
used by making the proper numerical substitutions. 

122. Circular Sections. Tension over Part of the Section. A 
direcrt solution by (Hjiiations similar to those used for rectangular 
sections cannot be made for tension over part, of a circular section. 
The expnjssion of nlations becomes very complicaited. How- 
(^ver, by carrying tbe derivation partially to completion, values 
of some of the variables may be assum(‘d, and from these other 
values determiiK^d. In such a manner Diagrams 13 to 15 hav(' 
been plotted. In the lower i)ortion of these diagrams where 
there is no tension on the section, equation (53) has been modified 


to 


/ =-l 


TV' 


0.25 + 0.57>nl ^ 


in the same manner as equation (44) in order to complete the 
diagrams. When the diagrams are entered with values of ^ 
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and p(,n as arguments, values of K are obtained for use in the 
equation 



(54) 


Since a solution by equation (52) is not lab()rious, the use of the 
diagrams where there is no tension on the section is not recom- 
mended. 


123 . Illustrative Problems. 1. A column reinforced with 
longitudinal steel and lateral ties is to support- a direct axial 
load of 200,000 lb., and in addition an eccentric load of 25,000 lb. 
on a bracket whose cent/or is 10 ft.-O in. above the base of the 
column. The center of bearing of the 25,000-lb. load is 8 in. 
from the outside face of the column. The unsupported height 
of the column is 17 ft.-O in. The ultimate strength of the con- 
cTete is specified as 2500 lb. p.s.i., and intermediate grade sterol 
is to be used. Design the column. 

Solution a. From Table 9 a column 18 X 20 in. is selected 
for trial. This column with 2 per cent of steel will sustain 
162 + 2 X 46 = 258 kips as a direct axial load as a short 
column. From Table 10, its weught is 20 X 18.8 = 378 lb. per 
ft., and the total load on the column is 200 + 25 + 17 X 0.378 = 


231 kips. 


_ 1 A . 17 X 12 

Ihe value oi is — 7,- — 
a 18 


11.3 so that as a long 


column it can sustain 1.3 — 0.03 X 11.3 = 0.96 of the safe load 
of a short column. 258 X 0.96 = 248 kips, showing that the 
(column is saft; for direct load. 

Assuming that the bracket is on the 18-in. face of the column, if 
the eccentric load were applied at either the top or the bottom of 
the column the moment would be 25,000 (10 8) = 450,000 

in.-lb. Since, however, the load is applied 10 ft.-O in. from the 
base of the column, from Fig. 54 (considering both ends fixed) 
the actual moment at the point of application is 0.54 X 450,000 
= 243,000 in.-lb. Eight 1-in. square bars are selected for rein- 
forcement. From Tables 10 and 12, the moment of inertia of 
the column section is 18 X 667 + 11X6X 56 = 15,700 in.^ 
and from equation (41). 
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7 X 376 + 225,000 243,000 X 10 

~ afin -I- if y s 15,700 “ 


360 + 11 X 8 
M 


= 663 p.8.i. 


N 


= 1.07 


227,600 a 

Py = 8.00 360 == 0.0222 


and - = 1.07 -5- 20 = 0.054 


From Diagram 11, the allowaVde unit stress is 665 p.s.i., and 
the column as selected is satisfactory. 

Solution b {Approximate). The column size and the amount of 
reinforcement arc assumed as in solution a. Considering that the 
('ight bars are replaced by four bars of equal area symmetrit*ally 
placed and whose moment of inertia al)oiit the short axis of tlic 

4.4 

column is equal to that of the eight bars, 6 X -g- X (73-'^)^ = 


a 

2 X 2A X = 42.19, and s = 6.50 in. where s — — d' and 

A = the area of each of the four replacing l)ars. Th(‘refore, 
rf' e 

d' = 3.5 in. and — = 0.175, npg = 0.27 and - = 0.054 as before. 
From Diagrams 18 and 19, K == 1.05 and /c = — — X 1.05 = 


(>62. 

II. The column of Fig. 61, which is the same as the column 


designed in Problem I, supports 
a total load of 125,000 lb. This 
load is an eccentric load and 
produces a moment at the top 
of the column of 750,000 in.-lb. 
Compute the maximum value 
of/. 

By comparison with Problem 
I, it is seen t hat the first term of 
equation (41) is decreased, while 
tlie second term is greatly in- 
creased, so that the latter 
becomes greater than the former, 
of the section. 



indicating tension over a part 
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M 750,000 


e = TT = 


N 125,000 


e 6.0 ^ „„ 

- = — = 0.30 
a 20 

d' 

- = 0.175 
a 


npg = 0.27 


6.0 in. 


From Diagram 18, K = 2.18, and from Diagram 19, K = 2.35. 

For - = 0.175, K = 2.27 and 
a 


Sc^ 


125,000 

360 


X 2.27 = 788 p.s.i. 


From Diagram 11, the allowable stress is 845 p.s.i. 

Note: Where diagrams are used for the solution of problems 
similar to I and II, it should be noted that the value of K changes 
rapidly with tension over part of the section for changes in the 

value of ~ Therefore, in such cases interpolation beiween 
a 

diagrams is necessary if a solution without appreciable error is 
desired. 

III. A circular column reinforced with longitudinal steel of 
hard grade and spiral hoo[nng sustains a t otal load of 265,000 lb. 
The load is so ap|)li(Hl as to produ(^(^ a bending moment of 500,000 
in.-lb. at the top of the column. The ultimate strength of the 
concrete is 3000 p.s.i. Design the column. 

Solufion a. Assuming about 2 per cent, of longitudinal steel, 
it appears from Table 8 that a column 18 in. in diameter will be 
required. The actual steel percentage required is (265 — 172) 

51 = 1.82, and .4^ = 0.0182 X 255 = 4.65 sq. in. Eight J^s-in. 
round bars furnish 4.81, an actual of 0.0189, and are selected 
for trial. From Tables 10 and 11, the moment of inertia of the 
column section is 5153 + 1.89 X 485 = 6070 in.^, and from 
equation (41) or equation (52) 




265,000 500,000^ 9 

255 + 9 X 4.81 6070 ' 


= 890 + 740 = 1630 p.s.i. 
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A glance at Diagram 8 shows that this stress is far greater than the 
allowable. 

Assuming a 22-in. column and ten %-in. round bars, pc - 
0.0158, A = 380 + 9 X 6.01 = 434, I = 11,499 + 1.58 X 1236 
= 13,450, and 


265,000 500,000 X 11 

434 13,450 ■ 


= 609 -t- 409 = 1018 p.s.i. 


e 500,000 

With ^ = 265 000 X 22 ~ Diagram 8, the allowable 

unit stress is 1020 p.s.i. 

Solution b. Assuming the 22-in. column with hai V^-m. round 
bars and a spiral of % in. at 2 in. (Table 13), 


s = 22 - 2(1H + H) - y» = 17% in., ^ = 0.79, 
np„ = 10 X 0.0158 = 0.16 
From Diagram 13, if = 1 .45 and 


fc 


265,000 X 1A5 
ttXII- 


= 1011 p.s.i. 


IV. If the bending moment in Problem III were 1,500,000 
in.-lb., it is evident that tlau'c wf)uld l)e tension in l.he section. A 
solution entirely by diagrams is in order. Increasing the column 
to 26 in. and using twelve l-in. s(juare bars with a %-in. spiral 
at 3 in. (Table 13), 


6 = 26-2(1M + H)-1=21, 2 

= 0.0226, np„ = 0.23, 


0.81, = 12.00 - 5 - 531 

c 1,500,000 

_ = .1 ! _ o oo 

d 265,000 X 26 


From Diagram 13, K = 2.28 and 




265,000 X 2.28 
"531 


1138 p.s.i. 


From Diagram 8, the allowable unit stress /c = 1 160 p.s.i. 
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ADDITIONAL PROBLEMS 

1. In a unit section of an arch rib, the bending moment is 60, (XX) ft.-ll). 
and the thrust 75,000 lb. The depth of the section is 22 in. and the rein- 
forcement is H-in. round bars in. center to center, placed 2 in. from each 
surface. If n = 12, what is the maximum unit stress in the concrete? 

2. A square column reinforced wdth longitudinal steel and lateral ties sup- 
ports a load on a bracket of 100,0001b., the center of bearing of the load b(*ing 
4 in. from the face of the column and the top of the bracket being 8 ft. 
above the base of the column whose unsupported length is 14 ft.-O in. In 
addition, it supports a direct axial load of 75,000 lb. Design the column 
for/', « 3000 and /« = 16,000. 

3. A circular column with spirals sustains a bending moment at its base 
of 50,000 ft.-lb. In addition, at the top of the column, whose unsupported 
length is 15 ft.-O in., then? is a direct axial load of 250,000 lb. Design the 
column for/', = 2500 and /« = 20,000. 

4. A circular column with spirals has a diamet(‘r of 20 in. and is reinforced 
with ten 1-in. round bars. It sustains a direc^t load of 400,000 lb. /'c = 
3750; /« =: 16,000, What bending moment can it sustain at the top, its 
unsupported length being 12 ft.-O in.? 
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STRESSES IN CONTINUOUS BEAMS AND BUILDING 

FRAMES 

124. Introductory, ''rhe d(‘sigii of a roinforcod concrete st-ruc- 
tun* involves an analysis of stress distribution sonn^what different 
from that required for a structure of steel or timber. In the last, 
two types various elementary members are fabric.at(»d or cut 
separately and joined together in the structure by rivets, bolt.s, 
welds, or nails. Such joints do not establish complete continuity 
of a beam over a support (excc'pt where welded joints are used), 
and the junction of beams and columns is not nect^^ssarily of 
sufficient rigidity to transfer bending moments from the beams 
to the columns. In a reinforced concrete strucluro consisting 
of slabs, beams, and (columns, as much of the concrete as is 
practical is poured in one continuous o[)eration, and the whole 
structures is more or less of a monolith. The slabs and beams ares, 
thesrefore, continuous from span to span and rigidly je>ined to the 
columns which support them. Even when these are ce)nserva-- 
tively de^signed as simple be^ams, ne^gative^ moment oceairs over the 
supports and must be providexl for. It is, then, desirable te) 
recognize' the continuity erf the slabs and beams in tlieir de»sign 
anel in se)me easels to analyze the columns for the bending stresse^s 
l ransfea*red to them. 

126. Moments in Continuous Beams. The e*,alculatie)n erf 
moments, shears, and redactions for continuous beams is based 
on the theorem of threat momemts, Ge)nsidea’ing all supperrts e)n 
the same level, the two fundamental equations are (see Fig. 62); 
For uniform loads, 

MiL + 2M2{Ii + h) + Mzh = (55) 

For concentrated loads, 

A/rfi + 2M2(L + U) + MzU = - ki^) - 

XP2l2^(2k2 - 3*2^ + ki^) (56) 
187 
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By using the equation applicable to the particular case, the 
bending moments at all of the supports may be determined, the 
reactions computed, and finally, the bending moment at any 
section of the beam may be obtained. From equation (56). 
influence lines may be plotted for the moment at any section 
of the beam, and the loading determined which will produce the 



maximum moment in that section. In the case of uniform load 
and equal spans, the exact coefficients of wl^ for the theoretical 
maximum moments are tabulated below. 



Intermediate spans and supports 

End spans and second support 

Number of 

At Center Positive 

At Support Nega- 

At Center Positive 

At Support Nega< 

spans 

Moment 

tive Moment 

Moment 

tive Moment 


Dead 

Live 

Dead 

Live 

Dead 

Tdve 

Dead 

Live 


loud 

loud 

loud 

load 

loud 

loud 

load 

load 

Two 





.070 

.09.') 

.125 

.125 

Three 

.()2r) 

.07.') 



.080 

. 100 

.100 

.117 

Four 

.03r» 

.081 

.071 

.107 

.071 

.098 

.107 

.120 

Five 

.040 

.080 

.079 

.111 

.072 

.099 

.105 

.120 

Six 

.043 

.084 

.080 

.110 

.072 

.099 

.100 

.120 

Seven j 

.044 

.084 

.085 

.114 

.072 

.099 

.106 

.120 


These coefficients are for freely supported beams. In a rein- 
forced concrete structure the more or less fixed condition of the 
‘supports and their width tend to make the actual maximum 
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moments considerably less than those tabulated. Disregard- 
ing the case of the two-span beam, the maximum coefficients 
are: 


For intermediate spans 

At the center -[-0.086 

At the support —0.116 

For end spans 

At the center -fO.lOO 

At the support — 0. 120 

These coefficients are all for live load, while those for dead 
load are much smaller. Therefore, it is recommended that beams 
and slabs of approximately equal spans, ^ built to act integrally 
with columns, walls, or other restraining supports and assumed 
to carry uniformly distributed loads be designed for the following 
moments at critical sections: 

Interior Spanti: 

Negative moment at interior supports except the first, 

wP 

^ = T2 

Positive moment near centers of interior spans, 

wl^ 


End spans of continous beams or slahsj and- beams or slabs of 
one span: 

Where v is less than twice the sum of the values of t for the 
I h 

exterior columns above and below which are built into the beams: 

Positive moment near center of span and negative moment at 

first interior support, 



^ It does not require a great variation in length of spans to make the 
arbitrary adoption of these recommendations dangerous. For instance with 
three freely supported equally loaded spans of length nZ, and Z, where n is 
less than 0.84, no positive moment occurs in the span nZ. 
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Negative moment at exterior supports, 


Where - is equal to or greater than twice the sum of the values 

of 7 for the exterior column above and bellow which arc built 
h 

into the beams: 

Positive moment near center of span and negative moment at 
first interior support, 

wU 


Negative moment at exterior siip])ort. 


"-Te 


In the above, I represents the moment of inertia of the section 
(see Art. 13()) and I and A, the effective span length of the beam, 
and the unsupported length of the column (see Art. 109), 
respectively. 

In the case of a single concentrated load or syminetricral con- 
centrated loads, such as often occur in beam-and-girder floor 
construction, it is usually satisfactory to compute' the' moment 
as for a simple beam and make a reduction of one-half, one-third, 
or oiKvfifth (whierhever is applicable), due l-o the continuity of 
the construction. 

For beams and slabs of two spans only, a coeffie'ient of * « is 
recomnu'nded for center su])ports, and Ifo the^ (*ent('r of tlu' 
span. 

Beams and slabs of unequal spans or those sustaining unsym- 
metrical heavy concentrated loads should be analyzed more 
exactly, consideration being given to the actual conditions of 
restraint. 

In many reinforced concrete structures, a considerable economy 
may be effected by making an exact analysis of the moments in 
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the beams and girders. The principal justification for using the 
more or less arbitrary coefficients given above is the uncertainty 
of the live load. The simultaneous application of full live load 
to all portions of the struc^ture is rarely realized. Even the live 
load on one panel may vary from a maximum to zero. If all 
such possible (and in many instances probable) variations of the 
live load are considered, the maximum moment is seldom found 
to be much less than that determined by the use of the arbitrary 
coefficients. 

126. Bending Moments in Columns. When the slabs or the 
beams and slabs of a floor system of reinforced concrete are built 
monolithic with the columns which support them and the floors 
above, a certain portion of the bending stresses in the floor is 
distributed to the columns. When a column is symmetrically 
loaded in all dirc'ctions, the bending moments from the adjaccMil 
beams and slabs act equally and opposite to one another, so no 
bending results in the column. With unsymmctrical loading, 
liowever, a bending inonumt is produced in the column, and siiua? 
th(' whole structure acts as one rigid frame, this moment produces 
proportional moments in other members of the frame. In 
numibers widely separated, the effect may be so small as to be 
n(‘gligible. Where the unsymmctrical load is a small part of the 
total load, the increase in the stress is slight. For example, 
ill th(' upp('r floors of a building the bending stresses produced 
in the (exterior columns are relatively large, whikj in the lower 
floors the bending stresses in the interior columns arc* (com- 
paratively small. Tests show^ that reiiiforccccd concrete* build- 
ings act as rigid frames and that bending strcisses in the columns 
are dc^veloped in sufficient magnitude to warrant tlnnr considerar 
tion in design. 

The amount of moment transferred to the columns from the 
floor depends upon the relative stiffnesses of the members of the 
frame. The stiffness of a inemlxir dc'pmids upon its length and 
cross-section and is defined as the moment of inertia of the cross- 
section divided by the length. The analysis of rigid frames is 

^ Bulls. 64, 84, and 107, Engineering Experiment Station, University 
of Illinois. 
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developed in the following articles. This analysis is based on 
the principles of moment area and slope deflection.^ 

127. The Principles of the Moment Area Method. The line 
AB oi Fig. 63a represents a portion of the elastic curve of a 
member in flexure. An elementary length ds of the member is 



Fig. 63. 


shown in Fig. 636. The angle between the radii at the ends of 
da is denoted by dQ, The linear deformation of a fiber at a 
distance c from the neutral surface is cdB^ and the unit deforma- 

C’dO 

tion of the same fiber is — The unit stress in the fiber is 

ds 

^ See “Analysis of Statically Indeterminate Structures by the Slope 
Deflection Method,” by W. M. Wilson, F. E. Richart, and Camillo Weiss, 
Bull. 108, Engineering Experiment Station, University of Illinois. 
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Me . 1 . 1 . 

/ = ~y , in which M is the resisting moment and I the moment of 
inertia of the section. 

Since the modulus of elasticity is the ratio of unit stress to 
unit deformation, 


from which 


E = 


Me edd 

T ^ Js 


do = -pTrds 

El 


In a well-designed beam the curvature and slope are small, so 
that dx may be substituted for ds without appreciable error. 
Then, 


dd — ji^fdx 

lij 


In Fig. 63c an ordinate measured between the curve -4" 
and the straight line A'B' at any point between A' and /i' 
represents, to some S(;ale, the moment in the member AB at 

M 

tliat point, divided by El, or A'^B'^B'A^ is the diagram for 

LI 

the member AB, The area of the diagram for the h^ngth dx 

M M 

is yr^dx, and the area of the diagram A'^B"B'A' is I -^dx, 
LI Ja LI 

But dd = ^^dx, and the angle between the tang(*nts to 
LI 


iH^e : 


r^M 

elastic curve at A and B is 6 = I dd ==^ I vvr^.r. H( 

Ja Ja lJ 

The change in the slope of the elastic curve between any two points 
M 

is equal to the area of the ^ diagram for the portion of the member 

LI 


between those two points. 

In Fig. 63a the tangents at the extremities of the eleiiK^nt.ary 
length ds are extended until they intersect the vertical line 
through A. Since the angles are small, the intercept between 
these tangents is practically equal to xdd. The total vertical 
distance y is the algebraic sum of all the intercepts between the 
tangents to the curve between A and B. That is. 
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C* 

!/ = j xd6 


Substituting for dd, its vahu* as j)r<‘viously detorminod, 


= V-xdx 


M 


El 

M 


In the — diagrain of Fig. G3c, -mds is the art‘a of the diagram 

hii tjl 

M 

for th(* lengtli dx, and -^dx times x is tlu' moment of this arc^a 

jcjI 

M 

at)out the point A. The moment of the entirt^ area of th(‘ — 

tiJ 

diagram betw(‘(‘n tiie ])()iMts A and B may be expressed as 


X 


whi(di is (Kpial to th(‘ exj)r(^ssion developed above for /y. Henee: 

The distance of any point on the elastic curve from, a tangent to 
the curve at any other point measured in a direction normal to the 
initial position of the member is eqUal to the moment of the area of 
M . . 

the diagram j included between the two points^ about the first point. 

128. Slope Deflection. In computing moments and shears on 
isolated lanuns, t he (aids suv usually considered as freckly supportc^d 
or as fixed. Hovv(‘ver, there is, even in isolated beams, often an 
inUTmediate condition. In frames in which thci joints are rigid 
siK^h an intermc'diate condition is commonly encountered. No 
matter what, tlie degri'e of restraint, once tlu^ end moments ar(* 
known the beam is fully det-ermiiu'd. These end moments will 
depend upon (1) the loads on the beam (if any), (2) the rotatioi: 
of the end tangents to the elastic curve from their original posi- 
tions, and (3) the relative displacement of their supports. Condi- 
tion (2) indicates a possible change in slope of the end tangents, 
while condition (3) indicates a deflection of one or more supports. 
Hence the term slope deflection has been applied to this 
mi'thod of analysis. 
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129. The Fundamental Slope-deflection Equations. The 

beam in Fig. 64 is a portion of a frame of which the joints 1 and 
2 are rigid joints; i.c., the joint may rotate, but the angles 
between the tangents to the members making the joint remain 
constant. In {h) the left support, 1, of the beam has been 
rotated by the action of forces outside of the span 1--2. This 
rotation causes bending in the beam and produces compression 
in the upper fiber at 1. In (c) the right support, 2, has also been 
rotated in the samc^ direction hy the action of forces outside the 
beam. This produces tension in the upper fiber at 2, and the 
rotation is small enoiigh so that the uppc'r fiber at 1 remains in 
compression. Since the stresses in the upper fiber at 1 and 2 are 
of opposite sign, there is evidently a point of inflection in tlie beam 
and the moment diagram for the beam will l>e similar to that 
shown in (d). 

Since the angles of rotation are small, the distance at 2 from a 
tangc^nt to th(^ axis of tlu' beam at 1 is lai, where I is the span 1-2. 
"I'ln^n by the principle of momcmt arenas, lay is equal to the 
M 

moment of th(^ ^ diagram Ix^tween 1 and 2 about 2. Thiis 
Jil 

moment is ('vidently (H[ual to the algebraic sum of the moments of 
th(^ shaded areas about 2, f.c., 


la] 


J_^/M]l ^ _ MJ l\ 

ET\2^‘3 2 ^3/ 


or ai = - M 2 ) 


Similarly, 


«2 


I 

QEI 


(2M2 - M] 


) 


In (e) the joint 2 has been moved downward a vertical distance 
d from its original position, tlui horizontal distance between joints 
1 and 2 remaining constant. This has increased the angles 
between the tangents to the member 1-2 at 1 and 2 and th(i 

horizontal by an amount = 7^. If then By ^ ai + K and 

“h R'j 
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and 


from which 


and 


-M,)+R 

opi 

= -j {26, + 02 - 3/2) (57) 

2EI 

M 2 = ^ {262 + 01 - 3/2) (58) 


Equations (57) and (58) are the fundamental slope-deflection 
(squations for the moments at the ends of a member sustaining no 
intermediate loads, in terms of the relative change in slope and 
displacement of its ends. 

If a load is applied vertically downward, on the b(^am 1--2, it 
will tend to rotate the joint 1 in a clockwise direction and joint 2 
in a counter-clockwise direction. However, to resist these rota- 
tions, moments are developed in the joints that tend to rotate the 
joints in the opposite directions. Since the determination of the 
total resisting moment developed in a member forming part of a 
rigid joint is the ultimate aim, the resisting rnmmnt developed by 
loads on the member must be addend algebraically to the moments 
induced int.o llie member by external forces. The rotation 
caused by this resisting moment at joint 1 is opposite to those 
hitherto considered, while at joint 2 it is in the same direction. 
From another point of view, the vertical load on the member 1-2 
causes tension in the upper fibers at both 1 and 2. This is the 
reverse of the stress caused by the original rotation of joint 1 
and the same as the original rotation of joint 2. Therefore, it is 
seen that the addit ional term of the equation for M , caused by a 
vertical load acting downward on the member 1-2 will be of 
opposite sign to those terms developed for forces outside of the 
member, while for M 2 the additional term will have the same 
sign. Another conception of the relative signs is as follows. If 
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before the application of the intermediate load the beam 1-2 is 
cut, the joint 1 will rotate in a clockwise direction. If after the 
intermediate load is applied the beam is cut to the left of the 
load, the joint 1 will tend to rotate in a counter-clockwise direc- 



tion owing to the resisting moment developed at 1 by the 
application of the intermediate load. 

The moment diagram for a single vertical load is shown in (/). 
Considering the distance at the center of gravity of its area F 
from support 2 as x, and again applying the principle of moment 


areas, 
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and 

“■ - 

from which 

oTpj *2h’ 

Mx= I (201 + 02 - 370 - -^( 3 | - 1) ( 59 ) 

and 

oipT 2F 

M 2 = J (202 + 01 - 3/e) + -y^(2l - 31) (60) 

Equations (59) and (60) arc identical with Eqs. (57) and (58), 
except that each (contains an additional term due to the effect of 
intermediate loads. This term is independent of the slopes and 
deflections of tlie member; and if 0i, 02 , and H are all zero, which is 
true of a SxckI l)eam with stationary supports, this last term, 
which depends solely on the intermediate loads, is ecpial to the 
‘‘fixed end moment” of such a beam. 

Substituting K for -- and C for the last terms, Eqs. (59) and 

(60) are usually writ ten as 

Ml = 2EK{2e^ + 02 - im) ~ C^ (61) 

M 2 = 2EK{2e2 + 0, - + C 2 (62) 

In the foregoing derivation the following sign convention has 
been used : 

(a) When the angular movement of the end tangents is clock- 
wise, the angles measuring this movcnnent- artr positive* angles. 

(b) The deflection of one end with respect- t-o the other is 
measured normal to the original position of the member and is 
positive when measured in the same direction as positive angles. 

(c) External end moments are positive wlu'n they tend to 
rotate the joint on which they act in a clockwise direction. 

(d) If the load in a member, independent of the member, tends 
to rotate around the joint under consideration in a clockwise 
direction, the sign of the fixed end moment term is negative, 
since the resisting moment must act opposite to the loads. 
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Conversely, if the load tends to rotate counter-clockwise, the 
sign of the fixed end moment term is positive. 

As an illustration of the sign convention, let AC in Fig. 65a, 
represent a beam fixed at the left end A and resting on a support 
at over which it continues, to be fixed again at C, The load 
P tends to rotate the support or joint A in a clockwise direction. 
Therefore the moment in the beam at A is negative. Conversely, 
the load tends to rotate the joint B in a counter-clockwise direc- 
tion; hence, the moment at B in AB is positive. 



In Fig. 656 the right-liand portion of (a) is shown as a frcM^ 
body. The positive moment from the beam AB tends to rotat(^ 
tlie joint jB in a clockwise direction. This is resisted by an oppo- 
site moment in the beam BC which is therefore negative. If a 
downward vcvrtical load were added on BC, 1 hc^ resisting moment 
at B would be iiK'.reased, sin(‘e such a load w^ould tend to rotates 
the joint B in a (clockwise direction and the additional moment 
[the C term of equation (61)] would be negative. 

In the aljove it has been assumed that DB and EB are incap- 
able of resisting the rotation of the joint B. If they were of 
sufficient stiffness, they would, in proportion to their stiffness, 
develop counter-clockwise or negative resisting moments in th(; 
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same manner as BC, while the resisting moment developed in 
the latter would be reduced accordingly. 

130. Conditions of Restraint. The degree of restraint at one 
end of a member is frequently quite different from that at the 
other end. For example, a beam may be rigidly fixed at one 
end and hinged at the other, or it may be partially fixed at one 
end and rigidly fixed at the other. It is seen from equation (57) 





I k;, bo. 


that i,he value of M \ dt'pc'iids not only upon the condition of that 
(*nd {26i) but also upon the condition at the other end (^ 2 ). 

The four usual variations in end restraint are shown in Fig. 66. 
In a, with the right (Mid hing(Ml, M-z = 0, and assuming for this 
and the following (Mis(^s that K equals zero, equations (61) and 
(62) (?an be combined to eliminate* ^ 2 , and 

Ml = SEKOi (63) 

‘ Comliiiiing equation ? (01 ) and (62), with the right end considered hinged, 
2.Ui - M 2 - 2EK(Sei - SR) - 2Ci ~ C 2 
and since Ms *= 0, 

Ml = 3EK(ei -R) - (Ci + ^*) (61a) 

Similarly with the left end hinged, 

M, - 3EK(e, -R) + (c, + ^■) (62a) 



Table A . — Moments for Different Conditions of Restraint 
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Table B. — Values of ('i, C*, Ci -f tt? Various Types of Loading 
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Pkia-k) Pkia~k) fPkiii-k) fPkia-k) 




RIGHT END HINGED LEFT END HINGED 
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Comparing equation (63) with equation (61) it is seen that for 
this condition 62 = 

In (6), with restraint equal at both ends, B2 = —^ 1 , and 

Ml = 2EKe, (64) 

In (c), with the right end completely restrained, 62 = 0, and 
Ml = ^EKBi (65) 

In (d), with restraint of such character that a point of inflection 
occurs at the midpoint of the member B2 = B\ and 

Ml = ^EKB^ (66) 

The values of M 2 may be derived in terms of either Bi or B2 
as desired, for conditions (b) and (d), and in terms of Bi for 
condition (c). A summary of the various equations is given in 
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Table A. Tluise equations apply ^ to mennbers with level sup- 
ports only. If the supports are not on the same level, owing to 
the displacement of one or both of them, equation (61), (62), 
(61a), or (62a) must be employed. 

The more common conditions of loading are given in Table 


Bj together with the corresponding values of Ci, 


C2, Cl + 


Cj 

2' 


and C 2 + 


2’ 


For other loadings similar values may be obtained 


by detc^rmining the area of the simple-beam moment diagram 
due to such loads, and the distance of its centroid from the end 
of the member under consideration. Making the proper sub- 
stitutions in the last terms of equations (59) and (60), the desired 
values of Ci and C2 are determined. It should be noted that for 


symmetrical loads the last term of these equations reduces to 


131. Application of the Slope-deflection Methods to Simple 
Cases, (a) Applying the equations of the preceding article to a 



SLOPE-DEFLECTION METHOD OF ANALYSIS 


205 


beam of two spans h and hj respectively, resting freely upon its 
supports and sustaining a uniform load w over the span h (see 
Fig. 67) : 

From equation (62a), 

Wih^ 


Mba — SEKiBb “t“ 


8 


and 


Mbc — ^EK^Bb 

Since there is equilibrium at the joint 

Mba + Mbc = 0 
or 


7 2 

{3EK\ + ^EK^Bb -h ~ g ~ ~ 


and 


1 


W\li 


~ SEKt + SEKi 8 


Substituting the valium of Bb in equation (62a), 

K2 


Mbc = — Mba — — 




K, + K, 


If the load covers the span h instead of the span h, a similar 
analysis gives 

Mha Mbc g j 

For both spans sust aining loads wi and Wi, respectively, 

+ Kl{W2l2^)l 

Mbc Mba - - ^ - 8(X, + K 2 ) ~ J 


which for equal loads, equal spans, and equal moments of inertia 
becomes — the negative moment over the center support 

of a beam of two equal spans resting freely on its supports. 

(b) In Fig. 68, a beam of two spans fixed at both ends rests 
freely on the intermediate support. 
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From Tables A and B, 


AI HC ” AEK26B 


and 


Mha = 4FA',0« + 1V{1 - k)l 
K- 


r 

'k- 


> 

V 


4 < h >1 


■ii ^ 

Fi(i. 68. 


from whicli 


and 




M,c = 


132. Building Frames. Rcnnforced eoncjrele building frames 
are composed of columns and slabs or of columns, beams, girders, 
and slabs. In the latter case the girders and columns or the 
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beams and the columns may be considered to form a more or 
less rigid frame. The columns may be of the same size through- 
out the structure or their cross-sections may vary with the load 
that they must sustain. Similarly, uniformity or variation may 
be found in the beams and girders of a structure. 

Consider Fig. 69 to illustrate a portion of a building frame. 
The point A is the junction of the members shown. The degretj 
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of rigidity of A depends upon the relative stiffnesses of the mem- 
bers intersecting in the joint and upon the degree of restraint 
imposed upon the farther ends of the several members. Also 
the moment in AB at A and the moment in members 1, 2, and 3 
caused by the load on A B depend upon these same considerations. 
If any or all of the members 1 to 3 are infinitely rigid, the point 
A is fixed, while if none of the members are at all rigid, the point 
A may be considered hinged. In the latter case, the moment 




in AB at A is /jv.ro and no moment, is transferred to the other 
inemlx^rs. In a building frame of reiiifonred concrete, ea(;h 
member of the frame is r(?strain(*d to some extent at each end, 
due to the rigid connection existing between it and the other 
members of the frame. This restraint causes negative moments 
in the ends of the beams, tending to produce rotation at these 
points, and results in flexural stresses in the intersecting members. 

Figure 70a shows one span of a building frame sustaining uni- 
form load. The deformations caused in the various members 
of the frame by this loading are indicated by the broken lines. 
The deformations in the members immediately adjacent to C 
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and D are much greater than^^hose in members farther removed 
from these points. If loads were added on BC and DE, there 
would be practically no deformations in the columns at C and 
D, and CD would be practically fixed. On the other hand, if 
loads were placed on A B and EF, the deformations of the columns 
at C and D would be increased. Still greater deformations of 
the columns at C and D could be obtained by the loading shown 
in Fig. 70b. 

Another loading producing large stresses in the columns is that 
shown in Fig. 70c. This type of loading develops a point of 
contraflexure in the center of the columns between C'2>' and CD. 
A still further increase in stress occurs with the type of loading 
shown in Fig. 70d. 

133. Moments in Beam and Girder Building Frames. In Fig. 
71, which is a portion of the frame of Fig. 70, it is possible, by 

assuming various conditions of 
restraint at the terminals By 
C/y D'y Ey D", and C", to approxi- 
mate any condition of loading. 
It yrill be assumc^d that the three 
girders have eciual cross-sections 
and lengths, tliat the upper col- 
umns C'C and DD' are equal in 
stiffness, and that the lower col- 
umns CC" and DD" are also 
equal in this respect. The stiffness of the girder is Kiy that of the 
column above C is iv 2 , and that below C is K^. 

(a) All Terminals Hinged. From Table A 

Mcd = 2EE\6c — CcD 
Mcb = SEK\dc 
Mcc' = 3EK2OC 
Mcc'* = SEK^dc 

For equilibrium, the sum of all the moments about the joint 
C must be zero, i.e.y 

Nf CD "f" Mcb “h M CC' “h M CC" “ 0 


c' * 


K 2 


Kz 

3 C 

'////////A 

D £ 

K, 

K, 

K, 



Kj 




Fkj. 71 . 
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Substituting the values for the several moments 


< 1 

\5Ki + M 


E \3Ki “1“ 3 K 2 “f" 3Kz/ 

Substituting the value of dc in the moment equations 


Mcb = 


Mcc'* — CcD^ 


3K i ' 

+ 3K2 “I" 3A3 

3A2 ' 

+ 3A2 4“ 3X3 

3A3 

+ 3A2 + 3A3 


and since 


Mci) ~ —{Mcb + Mcc* + Mcc'^) 
Ti/f rf 

Men - ^ 3 ^.^ 


{b) All Terminals Fixed. From Table A 

Men ~ 2EKi6c — CcD 
Mcb — 4iEKidc 
M cc' — 4AA2^c 
Mcc^' = ^EK,dc 


As before, 


, _w ! 

E VeA'i + 4K^ + 4 A',/ 

/ 2A, \ 

Mc« - ^ 2K2 + 2A3/ 

/ 2A'« \ 

Mcc’ - , + 2A% + 2Aaj 

, / 2A3 \ 

Met- - + 2 Aa/ 

1 4 ^ 2 4 ~ 2 ^ 3 ^ 
.1 4 ~ 2A2 + 2K3J 


Men — — Cc 


In building frames the actual conditions of restraint at the ends 
of the various members are usually neither hinged nor fixed. 
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The conditions of restraint may approximate either the hinged or 
fixed state or be similar to one of those illustrated in Fig. 666 or 
66d. The value of the moment in the girder itself varies but 
little for the different conditions of end restraint. The coeflScient 
of the terms K 2 and is the same in both numerator and denomi- 
nator, and that of Ki in the denominator is never less than 
that in the numerator. Therefore, the actual moment is never 
greater than that in a continuous girder with restrained ends, 
while in all cases except those involving girders large in compari- 
son with the columns, it will l)e nearly equal to the moment as 
determined for a continuous girdc^r with restrained ends. 

The conditions of loading and restraint producing the maxi- 
mum probable moment in the columns will be discussed in th(^ 
following articles. 

134. Interior Columns. Unless the column spacings are vcMy 
irregular, no momc^nt will be developed in the interior columns 
by the dead load of the stru(‘ture. In the usual cast^ of bays 
(Kiual or ruuirly so, the d(‘ad load is symmetrical with respect 
to the columns and tiie only moment tliat (;an b(^ developed in 
tile columns is that caused by the possible eccentricity of the 
live load. 

An inspection of Fig. 70 shows that the maximum moment in 
an interior column such as C'C occurs und(T a loading of the type 
shown in (it her (6) or {d). Either one of th(>se loadings is 
extrenuiy unlik(iy. I^oadings of the type shown in either 
(a) or (r), however, produce the same effect and are much more 
probable. ^ 

Considc^ring the joint C of Fig. 70a, any one of the joints at 
By C', D'y Ey D", and C" may have a condition of restraint varying 
between the hinged and fixed state. The maximum moment in 
the column CC' would be developed if C' and D' arc fixed and the 
remaining joints hinged. The actual condition of restraint at 
the joints, however, is not hinged but more closely approaches 

^ F. E. Rkthart, in a Study of Bending Moments in Columns,” Proc.y 
A.C.I., vol. 20, p. 495, states that a loading such as (c) produces about 80 per 
cent of the moment in column C'C as would be produced by a loading such 
as in (d). 



RIGID FRAMES 


211 


the fixed state. With all terminals considered fixed, the moment 

Mrc = 

In i,he lower column the maximum moment is developed with 
C" and Z>" fixed and the other joints hinged, but for the same 
reasons as given above, all terminals will be considered fixed and 

- ‘'•’■(oA-, + 4I-+ 4a0 W 

Similarly, considering the joint of Fig. 70c, the maximum 
momcmt in the column CC' occurs when all the joints except C' 
and D' are fixed, while the condition of restraint of these two 
joints is similar to that shown in Fig. 66d. In this case 

Mrc = QK, + 4K^ 

Ijikewiso, with tlie loading on C^'D" itistead of on C'/)', C" and 
D" being in a condition of restraint similar to that shown in Fig. 
56d, while th(^ other joints are fixed, 

Mcc" = + 41^2 

The upper columns are run'c^r larg(‘r in cross-section than those 
below th(im, so that with ecpial story heights, is nevcT less than 
A' 2 , but it is often greater. Th(U’efore, the maximum probable 
moment in an interior column is luwer likely to be greater than 
would be obtained from equation (70). Conditions of restraint 
varying from the conditions assumed in the development of 
equation (70) would cause a slight variation in the moment in 
the column, but the conditions as assumed an^ usually actually 
rcialized, so the above equation is nH‘ommended for general use. 

The basement columns of a building frame present a special 
(^ase, in that the basement floor is usually not an integral part of 
the structure, and does not transfer its load to the frame. The 
maximum probable moment is developed when the basement 
columns are fixed, all other joints of the frame being likewise 
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assumed as fixed. The value of the moment is then given by 
equation (68). 

Another special case occurs in the upper tier of columns. Any 
eccentric moment in the roof girder must be transferred to the 
adjacent girder and the supporting column, there being no upper 
column to aid in absorbing such moment. If the live load on the 
roof is nearly as great as that on the floor, so that with the type 
of loading shown in Fig. 70c a point of inflection may be assumed 
at the center of the columns, the moment at the top of the roof 
column is 

+ 6X3) 

in which Af'cD is the moment in the roof girder, and Kx^ the stiff- 
ness of the roof girder. 

Usually the moment in the roof girder is so much smaller than 
the corresponding moment in the floor girder that the maximum 
moment in the roof column occurs at the bottom of the column. 
In such a case, the roof load being considerably less than the 
floor load, it is not reasonable to, expect that a loading similar 
to that of Fig. 70c will cause a point of inflection at the center of 
the columns. If the top of such a column is considered fixed, 
however, it woixld seem that the moment computed according to 
this assumption is great enough to provide for the actual stresses 
developed. Therefore, the moment at the bottom of the column 
may be taken as 

^‘'"(^’ 7 + 4K2 + 4X3) 

The critical cases are summarized in Fig. 72, When there is no 
live load on certain panels, while the remainder of the structure is 
sustaining its full live load, the effect on the columns adjacent to 
the unloaded panel or panels is similar to the effect caused by the 
loading of these panels only. The type of loading indicated in 
Fig. 72 produces larger total stresses in the columns than any of 
the loadings of Fig. 70, since each column must sustain all or 
nearly all of its design dead and live load. The Mi of equations 
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shown ill the figure is the value of the fixed end live-load moment 
in the girder as given in the table on page 202 or computed for 
some other type of load.^ 


Typ^ oF Load mg 


Momani and Direc't Load 


cS 

o 




7' 

7ZZ2S27ZZZZA 






tZZZZZL 


Y /7r y//A/// 




H^avy RooF Load 


Momeni a'h Top of Column 

6i;%j 

Direci Load -Full Load 
^ I Live Roof Panel Load 


Momenfai BoifomofCblumm 


Me 




JA> 


L/ghf Roof Load 


DiYeci Load = Full Load 


I 

I 



Momeni af Top of Column 

. Direct Load = Full Load 
Live Floor Pane! Load 


I 

I 




77///J////ZZA///J22mL 




Momen! at Top of Column 

Direcf Load = Full Load 
Live Floor Panel Load 


Fi«. 72. Moments in interior (•olunins. 


The values of the moments in the columns as determined by the 
application of the equations of Fig. 72 depend upon the relative 
stiffnesses of the columns themselves and the relation of the 
stiffnesses of girders to those of the columns. The sections of 
the columns seldom change rapidly and are often constant for 
several tiers. 


^ An approximate solution, which involves very little error may be obtained 
by omitting all of the coefficients of K in the equations of Fig. 72. 
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Figure 73 has been plotted for various ratios of the average 
stiffness of the columns to the stiffness of the girder. It is 
plotted for the type of loading shown in Fig. 70c, which produces 
the largest probable moment in an interior column. 
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136. Exterior Columns. Both dead and live floor and roof 
loads ar(^ appli(Ki (H^H^nt-rically , io the exterior columns. A 
portion of the unbalanced moment thus produccid may often Ix: 
balanced by carrying the spandrel l)(*ams on the outside portion 
of the exterior columns. It is, however*, 
very often impossible fully to compensates 
for the unl)alanced moment due to the dead 
load alone by this type of construction. In 
any case, it is necessary to determine 
amount of the moment in the column caused 
by tile eccentricity of the roof and floor loads. 

For the dead load, it is reasonable to 
assume that the farther ends of the columns 
are fixed, and that the inner end of the girder 
is in the same condition of restraint as the outer end. With 
these assumptions, the moment in the top of the lower column is 
(see Fig. 74) 


A' 

r 


d 

1 

3 





I'H;. 74. 



4iV3 ' 

-f" 4A 2 “j~ 4 A 3 


( 73 ) 
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At the roof level, the moment in the top of the upper column is 

^^'\2Kv + iXv 

If tho full live load is assumed over all portions of the structure, 
the live-load moment in the column is determined in the same 
manner as the dead-load moment, that is, from equation (73). 
A greater moment in the column is, however, developed when the 
loading is similar to that of Fig. 70c. With this type of loading, 
a point of inflection occurs at the center of the columns, and the 
moment at the top of the column is 

The stress caused by this moment, together with the correspond- 
ing direct load stress, is often the maximum str(\ss occurring in a 
column near the roof. In a column of the lowc^r stories, the 
decrease in the direct load w'itli this type of loading so reduces 
the direct load stress that the maximum stress in the column 
usually occurs under full live load. In such cases equation (73) 
is applicable for both dead and live loads. 

The critical cases are summarized in Fig. 75. The value of Mi 
may be taken from the table on page 202 for the typ(^ of load 
sustained by the girder, the dead load being us(^d in t he dt^ti^rmi- 
nation of the moment iti the column due to th(^ (l(^ad load on tlu^ 
girder, and th(^ live load for the corresponding live-load dett^r- 
mination.^ Figure 76 is a graphical n^prcjsentation of the two 
equations given for an intermiidiate exterior column in Fig. 75. 
The lower curve should in all cases be used to determine tho 
dead-load moment, while either may be used for the determina- 
tion of the live-load moment depending upon the type of loading 
assumed. 

136. Moment of Inertia of Sections. The moment of inertia 
of a section subject to compressive stresses only has been used in 
Chaps. IV and V. It is obtained by making use of the so-called 

^ Coefficients of K in the equations of Fig. 75 may be omitted for an 
approximate solution as in the case of interior columns. 
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transformed section as explained in Chap. Ill, and the whole area 
of the section is included. In beams and slabs, however, where 
both tensile and compressive stresses occur on the section, and 
where in regions of high tensile stress cracks often appear in the 


Type of Loaolfng 

Momenf and Dfrecf Load 
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Momeni ai Top of Column 

Live and Dead Loads 
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1 

m 

■ 


Momenf af Top of Column 

Dead Load 

^ ’ f Kj+ 2 K 2 -*- 2 k 2 

Live Load 

% - (/f^ +2K2+5K^ 
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— ^/ 2 Live Roof Pane! Load.^ 

i 

1 

8 

CQ 


22ZZZZ2 
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2 

7222221 
3 ^ 

^7'/>7y 

77777 

V777> 

1 

Moment at Top of Column 

Live and Dead Loads 

xKj -r 21^2 PN 3 J 


In some^ tnsiances fhfs ’lyp^ of. loadmg mau proaluce fhe maximunr 
siress in a column furfner from fhe roof. In such a case fhedecrease 
in fhedireci had will of course begreaier. 


Fui. 75. — Moments in exterior columns. 

concrete, it becomes a question whether the tension zone of the 
concrete should be included in the calculations. 

In the usual beam of a building frame, the effective section at 
the support is that of a rectangular beam reinforced for com- 
pression, while the section at mid-span is a T-beam. It is 
certainly true that the flange of a T-beam, although not effective 
at the support, does increase the stiffness of the member, and 
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this should be given some consideration in the calculations. The 
stiffness of the member is the result desired, and in a beam of this 
type there is no actual section whose moment of inertia definitely 
determines the stiffness of the member for all conditions of stress 
and loading. It is recommended that the full concrete section 
(steel not included) at mid-span be used in the calculations for 
the moment of inertia, the calculations being made about the 
gravity axis of this section. The value so obtained is usually 
somewhat greater than that computed for the doubly reinforced 
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rectangular section at the support, and less than that for the 
section at the center with the steel included. For the columns, 
since all, or nearly all, of the steel and concrete sections are in 
compression, the moment of inertia of the entire steel and con- 
crete sections should be used. 

137 . Illustrative Problem. Figure 77 shows a section of the 
concrete frame of a tvro-story (and basement) building, for which 
it is required to design the columns. The distance center to 
center of columns in the direction perpendicular to the section 
is 23 ft.-O in. The roof has been designed for a live load of 
40 lb. per sq. ft. and an additional dead load of 35 lb. per sq. ft. 
to allow for cinder concrete surfacing to provide for drainage. 



218 CONTJNl-OUS BEAMS AND BUILDING FRAMES 


l^he live load on the floors is 200 lb. per sfi* ft. and allowance has 
l)een made for 1 in. of surface finish. The floors and roof hav<‘ 
becm designed for a 2000-lb. concrete. The columns are to be 
designed for a 2500-lb. concrete. /, = 20,000. Interior columns 



are to be round, with hot rolled spirals, and exterior columns 
are to be rectangular, with lateral ties. 

Th(' bending moments in the roof and floor girders are com- 
puted as follows: 
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Roof girder. 

Dead load: 

Slab = 85 lb. per sq. ft. = 595 lb. per ft. of beam. 

Beam = 8 X 12 X 150 -f- 144 = 100 lb. per ft. of beam. 
Total (slab and beam) = 695 lb. per ft. of l)eam. 
Concentrated load to girder = 695 X 23 = 15,985 lb. 

Fixed end moment = x 15,985 X 21 = 74,600 ft.-lb. 
Design moments (based on re(*omm(^ndati()ns of Art. 125): 
Center of span and first interior support X 74,600 = 

89,500 ft.-lb. (? io X I 3 X 15,985 X 21 = 89,500) 
Exterior support = X 74,600 = 56,000 ft.-lb. 

Girder = 20 X 12 X 150 -5- 144 = 250 lb. per ft. 

Fixed end moment = * 12 X 250 X 21'-^ = 9200 ft.-lb. 
Center of span and first interior support = ^ ^ \ 0 X 9200 = 
11,000 ft.-lb. 

Exterior support = x 9200 = 6900 ft.-!I) 

Live load : 

40 lb. per sq. ft. = 280 lb. p(‘r ft . of bi^am. 

Concentrated load to girder = 280 X 23 = 6440 lb. 

Fix(?d end moment = x 6440 X 21 = 30,100 ft .-lb. 
Center of span and first interior support = i o X 30,100 = 
36,100 ft.-lb. 

Exterior support = X 30,100 = 22,600 ft.-lb. 


Summary of Moments 



Fixed end, 
in.-lb. 

( Vnter and 
1st sup., 
in.-ll). 

1 

Kxl . sup., 
in.-lb. 

Dead load 

1 iive load 

1,005,000 
361 ,(K)0 

1 ,306,000 
433,000 

755.000 

271.000 

Total 

1.366,000 

1,739,(X)0 

1 ,026,000 



Floor girder. 

Dead load : 

Slab = 62 lb. ix^r sq. ft. = 434 lb. per ft. of l)eam. 

Beam = 10 X 21.5 X 150 -f- 144 = 224 lb. per ft. of beam. 
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Total (slab and beam) = 658 lb. per ft. of beam. 
Concentrated load to girder = 658 X 23 = 15,134 lb. 

Fixed end moment = % X 15,134 X 21 = 70,600 ft.-lb. 
Center of span and first interior support = X 70,600 = 

84,700 ft.-lb. 

Exterior support = X 70,600 = 53,000 ft.-lb. 

Girder = 15 X 32 X 150 -r- 144 = 500 lb. per ft. 

Fixed end moment = 3f2 X 500 X 2P = 18,400 ft.-lb. 
Center of span and first interior support = 'Ko X 

18,400 = 22,000 ft.-lb. 

Exterior support = X 18,400 = 13,800 ft.-lb. 

Live load: 

200 lb. p(‘r sq. ft. = 1400 lb. per ft. of beam. 

("onc(;nlrat('(l load to gird(‘r = 1400 X 23 = 32,200 lb. 
Fixed end momc'ut = ?() X 32,200 X 21 = 150,300 ft.-lb. 
C(mt(;r of span and first interior sup])orl. = 

o X 150,300 = 180,400 ft.-lb. 
Ext(U’ior support = X 150,300 = 112,700 ft.-lb. 


Si mmaky ok Momknts 



Fixtd end, 
in. -lb. 

Centi'r and 
1st sup., 
in. -11). 

Ext. sup., 
in. -lb. 

Dead load 

Live load 1 

1,068,000 

1 1.804,000 1 

i 

1 .280,000 
2,l(ir>,(XM) 

802,000 

1,352,000 

Total ' 

2.S72.(K)0 j 

3.445,000 

2,154.000 


Th(^ gravity axis of the roof gird(‘r section is | (63 X 4)22 + 
(12 X 20)10j [(^63 X 4) + (12 X 20)] = 16 in. from the lower 

surfa(‘(' of the beam. The moment of inertia about this axis is 

/ = ~ X 63 X 4^ + (63 X 4)6= + = 26,000 in.‘ 

and 


K = 26,000 -r- 252 = 103 
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Similarly for the floor girder the gravity axis is [(63 X 4)34 + 
(15 X 32)16] [(63 X 4) + (15 X 32)] = 22 in. from the lower 

surface, 


/ = X 63 X 4’ + (63 X 4)12^ + 


94,900 in.** 


and 


K = 94,900 252 = 377 


Interior Columns. The computations nec(‘ssary for the inv(vsti- 
gation of the bending st nesses in th(‘ interior columns ar<» giv(*n 
on page 222. The dead load supported by tlii‘ iippca* interior 
column consists of tlie wc'ight of the (‘indi^r concrete, tlic^ roof 
slab, the stern of thr-ee roof b(‘ams, and the stiMn of one girder. 
The dead load brought to the columns at eacli floor is obtained 
in a similar maniUT. The wcdghts of th(^ columns are obtairu'd 
from Tabl(' 10, th(' h(‘ight Ix'ing taken as th(‘ dist-jiiicc' from 1 h(‘ toj) 
of floor or footing to th(‘ bottom of th(‘ Ix^am in tlu^ roof or floor 
above. The cross-s(*ction of the columns nxpnred to sustain the 
dinxd load may be s(‘lect(Hi with the aid of Tables 8. 

The roof column is the smallest column for which a spiral is 
obtainable; and if a 1 2-in. column liad bcxm used, t he allow^ablo 
stress wh(*n l>ending was consi(U‘red would have bemi exca^eded. 
The siz(* of t Ik' s(*cond floor column n<*c(‘ssary to carry the direct 
load prov(*d satisfactory in th(^ b(‘nding investigation, but the 
st(H4 in the IraseriKnit column had to ))e increased from ten 
1-in. square to twelve 1-in. square bars to satisfy tb(^ lattcT 
requircMnents. 

Exterior Columns. Th(» computations necessary for the dcisign 
of the exterior columns are given on pag(^ 225. 

The dead load support (*d by the roof column consists of one- 
half of the dead load siq)ported by the interior column plus one- 
half the weight of the st(‘m of one roof b(‘am and the weight of 
the parapet wall. 1'he dead load brought to the columns at 
each floor is obtained in a similar manner. 

The width of the column ))arall(4 to the wall is made the same 
for all columns. Th(‘ir lengths are the same as those of th(^ 
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(22 - 10 \ 

Beam [24,300 (dead) + 16,100 (live)] ( = 243,000 in.-lb. 

Column [83,000 (dead) + 58,000 (live)] X 1 = 141,000 inMb. 

Total = 384,000 in.-lb. 


For large eceentrieities, the values of K from Diagrams 16 to 20 

d' 

vary considerably for the different values of Therefore 

interpolation between Diagrams 18 and 19 is necessary for an 
exact solution in thc^ case of the roof column. 
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Furthermorfi, the diagrams do not ext(‘nd far enough for this 
exceptional case. Tlu^ upper portions of the curves are 
practically straight lines. In Diagram 18, 


a 

K 

Actual 

0.74 

5.50 

0.99 

0.53 

4.00 

0.74 

DitT. 0.21 

1.50 

0.25 

In Diagram 19, 


0.05 

5.50 

0.99 

0.30 

3.00 

0.65 

Diff.0.29 

2.50 

0.34 


- = 0.99 
a 

0 25 

^ X 1.50 = 2.00 
K for 0.99 = 5.50 + 1.79 = 7.29 


0.34 

0.29 


X 2.50 


2.93 


K for 0.99 = 5.50 + 2.93 = 8.43 


Interpolating between diagrams, /C for ~ = 0.18 = 7.97. 
The cross-sections of the columns are shown in Fig. 78. 
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A closer approximation to the actual moments in the beams 
than the arbitrary assumption of the coefficients of Art. 125 may 
be obtained as follows: In Fig. 79 assume the roof and footing 
terminals of the columns as fixed. While this condition is not 
absolute, any other assumption makes but a slight difference in 
the moments. Then, 

Mhc = 2EKi{2dH + dc) - 2:19,300 (2,872,000 in.-lb.) 

= \50HEeu + 75AE0C - 239,300 
^ HB"' — ^EK^b — *\2AE6b 

M„„- = AEK^Ob = 448A0« 

2280A’#„ + 754l’0c - 239,306 = 0 

and, sinei^ 0c= —6 d, 

Me, = 2EK,er - 239,300 = 754A0,. - 239,300 

Mch = 2 EK ^( 2 dc + e „) + 2:19,300 

= 15O8A’0r + IB^EOb + 239,300 

ilf = iEKidc = 6O/J0,- 

Me-'^AEKiOc = WQEdr 

2438/t'?f + 754EeB = 0 

From whicfi 

EBd = +117.0 and EBr = -36.2 

and 

Mhc = 1508 X 117.0 - 754 X 36.2 - 239,300 - 90,100 ft.-lb. 

= 1,081,000 in.-Ib. 

Mcd = -754 X 36.2 - 239,300 = -266,600 It. -lb. =3,199,000 

in.-lb. 

+h(\se momonts an* l<^ss than the dosign moments eompiited on 
page 220. A similar eompiitation for the first floor shows a 
greater value for B'C' than for BC and a smaller value for C'D' 
than for CD. In some cases the differences are greater, which 
shows the desiraliility of making an analysis where all members 
are considered as a part of the rigid frame. 
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138. Definitions and Essential Requirements. Tlio founda- 
tion of a stru(»tur(» may bo dofinod as that part of it which is 
usually placed below the surface of th(» j^round, and which dis- 
tribut(‘S the load upon the earth beneath it. Two essential 
requirements in the design of foundations an’ that the settlement 
of th(‘ structure shall l)e as small as possible, and that settlement, 
if any, shall be uniform throughout the stru(*ture. Tlu' first 
requirement may be ju’ovidfHl for by di.stri[)uting the load over 
an area large enough so that the safe bearing power of the soil will 
not be exc(»eded. Uniform settlenumt may be secured l)y d(\sign- 
ing the foundations so that the soil pr(‘ssur(‘ ov(‘r tlu’ entire’ base 
of the structure is uniform. Failure to i)rovide for tlie equalizing 
of the unit foundation pressure’s is the prineripal cause’ of the’ 
cracks which disfigure so many buildings. A large number of 
buildings have b(‘(’n de’signed with massive beMiring pie’rs carrying 
nearly the whole weight from tlie floors. Betwee*n thf’se pie^rs, 
smaller piers or ce)lumns carrying very little’ loael have be’en 
I)laced. Often the area of the* base of all foemelations has l)een 
the same. The result has be’e’ii a settle’ine’iit of the heavie^r piers, 
a shearing of window caps and lintels, and many unsightly 
eTacks. Since it is e’ssentially the’ doael load that causers the 
greatcist amount ejf settlement, footings should be pre)portie)ned 
for equal unit pressures under dead load, or in some easels, dead 
load plus partial live load. The method of pre)portioning footing 
areas is given in Art. 169. 

In a reinforced concrete building the require’d bearing area is 
furnished by widening the base of each column or wall. The 
widened portion is called the footing. Building footings may 
be divided into three main classes: (1) wall footings, (2) single 
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column footings, (3) multiple column footings. Since the stresses 
in footings are mainly compressive, concrete, either plain or 
reinforced, is particularly adapted to such use. 

139. Bearing Capacity of Soils. The sustaining power of earth 
formations depends mainly upon the composition, the amount of 
moisture contained, and the degree of confinement in the mass. 
Sand, if securely confined, or artificially protected against the 
possibility of lateral displacement, can sustain heavy loads with 
negligible com|)r(\ssion. The supporting power of clays is 
extreiiK^ly variable. C'(U’tain deposits are known to be compact 
and hard, and have a high supporting power, while others are 
plastic and easily coinpnissed. The? chief characteristics which 
render clay more or less unstable as a foundation material are its 
j)roperty of retaining water which is once admitted, and its 
tendency to softcm gradually as the amount of water increase's. 
The d(‘pth of the foundation is an important factor in determining 
th(^ allowable pressure on a clay ImhI: tlie' greate^r the depth the less 
lik(^lih<K)d of lateral dis{)la(*ement of th(i clay, and a more nearly 
(M)nstant moisture content. When clay is mixed with other 
materials, such as coarse sand or grjivel, its suppf>rting power is 
materially increased, being greater in proportion as the other 
materials are in excess, up to the point of forming a cemented 
mass in which ihv clay is just sufficient in quantity to act as a 
cement in binding the other materials together. The allowable 
pressure* on solid rock is usually governed by the strength of the 
masonry rather than by that of the rock itself. 

No deffinite values can be given to the safe* bearing capacity of 
eliflferent. classe»s e)f soils be*cause of the many variables which of 
n(H‘(\ssity are considered. Unless the bearing capacity of the 
material at a given site is alre*ady known, it should be determined 
by direct te‘sts, if this is at all feasible.^ In the absence of any 


' The factor of safe^ty to lie allowed in determining the safe bearing power 
of the soil will vary from about 1 to 5, depending upon the superstructure and 
the character of the load coming to the foundation. The blue clay that 
underlies the State Capitol Building at Albany, N. Y., was found by careful 
and elaborate tests to sustain a load of 6 tons per sq. ft. It was decided to 
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satisfactory test, the following limiting values taken from 
the Building Code of the National Board of Fire Underwriters 
may be used as a guide in selecting the bearing capacity of any 
given foundation bed. 


Recommended Be.^hinc. 

Capacities, Tons per Suitarb 

Foot 

Soft clav 

. . . 1 

Coarse sand 

4 

Firm clav 

.2 

Gravel 

6 

Wet sand 

. 2 

80 ft rock 

8 

Sand and clay, mixed or in hiyers. . 2 

Hard pan 

.10 

Fine drv sand 

.3 

Medium rock 

. 15 



Hard rock 

40 

140. Factors Affecting 

the 

Design of Concrete 

Footings. 


In ordinary constructions the load on a wall or column is trans- 
mitted vertically through the wall or column to the footing, which 
in turn is supported by the upward pressure of th(‘ soil on which it 
rests. Uniformity of this upward pressure is assumed in the 
design of all symmetrically loaded footings, although the j)roba- 
bility of obtaining uniformity is d(*pend('nt to a large extent upon 
the mat-(^rial in the foundation bed. Recent investigations have 
shown that the total soil resistance is made up of two j)arts, tlui 
direct resistance to compression of the soil under the footing, and 
the shearing resistance of the soil around the jK^rimetc'r of tlu^ 
footing — the so-called perimeter effect. The perimeter (>ffe(^t is 
almost negligible in most sand beds, owing to the lack of cohesion 
among the sand particles, so that uniform upward priissure is 
apt to be approached, if not actually realized, under symmetri- 
cally loaded footings resting on sand formations. In clays, 
however, the cohf^sive resistance around the perimeter of the 
loaded area contributes a variable but cons(*quential part of the 
total resistance, and, as a result, the upward pressure n(iar 
the perini(*ter is greater than that near the middle of the 
footing. 


adopt 2 tons as the safe load to be used in the desiKn of the foundations. 
The foundations of the Conj;ressional Library at Washington, I). C., were 
designed to limit the actual soil pressure to 2 >2 tons per sq. ft., although the 
yellow^ clay supporting them w^as found capable of carrying a total load of 
I 3 V 2 tons per sq. ft. 
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Single-column footings should be centered under the columns 
which they support, in order to avoid unsymmetrical resisting 
pressures, which would result in uneven settlement of the foot- 
ing. Footings supporting more than one column should be so 
proportioned that any settlement which might take place will be 
uniform, in order to prevent the obvious damage to the super- 
structure which would otherwise occur. 

Assuming uniform pressure distribution as an actuality, the 
manner in whi(^h this pressure is resisted is a more or less uncer- 
tain factor, (isi)ecially in column footings, where l)Owl-shaped 
d(^formation occurs. In ordt^r to obtain information which would 
permit a rational treatment of t he prol)lem, a series of tests was 
made at th(^ Engin(^(Ting ICxpc^riment Station of the University 
of Illinois, th(» results of which were published in Bulletin 67, by 
Arthur X. Talbot. Th(^ conclusions and recommendations con- 
taiiKid in this bulletin form the basis of the following dis(nission of 
footing design. 

141. Plain Concrete Footings. The area of the base of a plain 
conen^t-e footing is obtained by dividing tlie total load on the 
footing, including its own weight, by the allowal)le unit soil pres- 
sur(\ The tof) anui must be large enough to provide for proper 
distribution of tlie load from t.h(^ wall or column (s(h> Art. 153). 
Wh(‘r(‘ t-h(T(' is a gn'at. diffennme b(*twe(ui tln^ area of the top and 
bas(\ th(' ii[)per surface' of the footing is usually sloped or stepped. 

Th(^ d('ptli of tlu^ footing must be sufficient to ke(^p the tension 
in the concrete* within tlui allowable limit, wliich is given in the^ 
.Joint Code* as 0.03/',. The de'ptli must also be sufficient so that, 
tht' unit sluuiring stn'ss, computed at sections as prescribed in 
Art. 149 for reinforced concrc'te* footings, sliall not exceed 0.02/',-. 
The bending monu*nt is computed in the manner outlined in 
Art. 144 for wall footings and in Art. 147 for column footings. 
The critical shear is computed as in Art. 144 for wall footings 
and in Art. 149 for column footings. 

142. Pedestals. Quite frequently a footing is required to be 
placed at some distance below the column that it supports. 
This is particularly true of footings for structural-steel columns, 
where the footing has to l)e located at some distance below the 
basement floor in order to rest on a suitable bearing stratum. 
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In such cases, a pedestal is placed on the footing and the column 
rests on top of the pedestal, 7''he allowable compre\ssive unit 
stress on the gross area of a plain concrete pedesval, as specifi('d 
in the Joint Code, is 0.25/'f. Where this str(*ss is exce('d(Hi, rein- 
forcement must be provided, and the p('d(vstal designed as a 
reinforced concrete column. 

Short pedestals are also frecpiently nM|iiired on top of tlu\se 
footings supporting reinforced concr(‘te columns, in order to 
provide sufficient h'ligtli of (‘mb(‘dm(‘nt for tlu‘ dow(‘Is that aie 
used to complete the transfer of stress from tlu' columns to tlu' 
footing (see Art. 153). Short ped(\stals of tins natun* are n'cpiinul 
to be poured monolithically with tlu^ footings of which th(\y an' a 
part. 

143. Reinforced Concrete Footings. In tlK‘ majority of cas(\s 
reiriforc(^d concrete is i)referable to j)lain concrete for footing 
construction due to the saving in excavation, in mat(‘rial, and 
in weight of the foundation itself. 77iis is tli(‘ r(‘sult of tlu^ 
smaller depth re(piired to ])rovide for tlu', existing Ixuiding and 
shearing stress(‘s. Th(^ following article's will Ix^ d(‘Vot.(‘d to 
analysis of the various typers of n'inforceui conen^te^ f(X)tings. 

144. Analysis of Wall Footings.* principles of Ix'ain 

action are, in general, applicable 
to wall footings. Figure. 80 
shows a wall footing and a typi- 
cal set of ext(U’nal forc(^s acting 
upon it. Although it is evidcait 
that the maximum Ixuiding mo- 
ment occurs at a section which 
passes through the iniddh* of the 
wall, an analysis of the n'sisting 

moments justifies the assumi)- 

tion that the critical scx'tion for momcait, will occur at, the face of 
the w^all.2 The results of the tests lx*ar out this assumption, and 

1 The analysis of wall footings is substantially from Bull, 67, JOngineering 
Experiment Station, University of Illinois. 

* This applies to footings under concrete walls only. For footings sup- 
porting masonry walls the Joint (^ode .specifies that the critical section for 
moment shall be taken halfway between the middle and edge of the wall. 
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measurements of deformation in the reinforcement indicate that 
the calculated tensile stress in the bars at this section is probably 
somewhat higher than the maximum tensile stress developed. 
The maximum bending moment is given by the equation 

M - ~ ay 

The calculation for bond stress in the tested footings, based on 
the total external vertical stiear at the section at the face of the 
wall, and calculated as for ordinary beams, evidently gives 
stresses higher than actually occur. As bond resistance, how- 
ever, is so important an element of strength in a short cantilever 
b(;am, this method of calculaticm and the use of the working value 
of bond stn^ss ordinarily assumed in design scumi only reasonably 
conservative, and may be recommended for general practice. 
Anchorage of bars by bending upward and back in a long curve, 
or by looping in a horizontal plane, was found to add materially 
to bond resistaiKHi. 

The Joint Code requin^s t hat standard hooks (see Art. 82) be 
formed on each end of each bar in all footing slabs. The allow- 
able unit bond stn^ss is the ordinary str(\ss for beams (Art. 82), 
incrc^ascd by 50 jx'.r cent because of tlu^ extra anchorages The^ 
resulting stressse^s are ().()75/'c for deformeKl bars and 0.06/',. for 
plain bars. 

The tests indicnite^ that the vertical siH‘aring stresses develo|)ed 
at th(^ fac(^ of the wall, calculated by the usual method, an^ higher 
than the vertical shearing stresses which are found to exist in 
simple l)(!ams with concentratexi loading wluai diagonal tension 
failures are developed. It was found that these failures start at a 
point some distance away from the section at. the face of the wall. 
This ol)serv"at ion, and cc'rtain analytical consid(*rations such as 
the probable great (^r proportion of shear taken in the compressive 
area at sections near the fac(^ of t he wall, show tliat in calculating 
the vertical shearing stress which shall be used as a basis for 
judging the resistance to diagonal tension, a section some dis- 
tance from the face of the wall sliould be used. The tests and 
the discussion indicate that a section d distant from the face 
of the wall (d being the distance from the center of the reinforcing 
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bars to the top of the footing at the edge of the wall) may properly 
be used as the critical section for calculating the vertical shear- 
ing stress for this purpose, and that at this section the working 
stresses generally specified for ordinary beams may be used for 
calculating resistance to diagonal tension failure. Web rein- 
forcement, whil(' adding to diagonal tension n^sistanct', is not 
especially effective, and since it is very inconvenicmt to place, it 
is usually better to d(‘sign the footing so that the vertical shearing 
stress is within the limit of the working st ress permitt(*d in beams 
without weV) reinforc(‘ment. 

Tile allowable sh(*aring unit stress rc^commended in the Joint 
(^'ode, which includes an allowance for th(‘ add('d resistance 
furnished by the hooks on the bars, is ().()3 /'<m with a maxinuun of 
75 p.s.i. 

146. Design of a Typical Wall Footing. .V ](>-in. wall sup- 
ports a total load of 23,100 lb. per lin. ft . and rt'sts on soil wliosc^ 
safe l)earing j)ow(‘r is 2 tons p(T s<|. ft . Design a footing for this 
wall that will satisfy the n^quirements of tlu^ Joint Code. A 
2000-lb. concnde is to be used;/* == 18,000 [i.s.i. 

Assuming the weight of the footing as 900 lb. per lin. ft., the 


total width of footing required = qqq “ h.O ft. Tlio n(‘t 

23,100 

uj)ward pn^ssure on the footing — = 3850 11). pm* scp ft. 


The moment at the critical section is 


M = 3850 X 


(0 - 


1.33)**^ 

8 


X 12 = 126,000 in.-lb. 


With all()wal)le unit stn»sses of 18,000 and 800, Table 6 giv(?s 
K = 139 and j = 0.867 


d = 


rm 

\1S9~ 


126,000 


139 X 12 


8.7 in. 


An effective depth of 9 in. is used, which, with 3-in. insulation, 
gives a total thickness of 12 in. The weight per linear foot is 
then 900 lb. as assumed. 
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126,000 

18,000 X 0,867 X 9 


0.90 sq. in. per ft. 


Assuming deformed bars anehored at l)oth ends by means of 
hooks, 


2.33 X 3^0 
150 X H X 9 


= 7.6 in. per f< . 


These requiremc^nts ar(^ satisfied by using square bars, 

3 in. center to c(uiter. lnv(»stigating for diagonal tension, the 
total external shear on a s<‘ction 9 in. from the face of the wall is 


23,100 19 

6 ^ 12 


6100 lb. 


and th(* unit shear, which is a m('asur(‘ of diagonal tension, is 


V 


6100 

\2 X% X 9 


64 p.s.i. 


This is but 4 IV). in excess of the allowable (0.03 X 2000 = 60) 
and th(^ d(‘sign may l)e considen^d satisfa(‘tory. 

SlNGLK-(!Oi;iTMN 'FOOTINGS 

146. Computation of Bearing Area. Ordinarily, in single- 
column footings the load may l)e consid(*red as applied uni- 
formly over t h(‘ bearing area of tlu* column, and if tlie footing is 
symmetrically plac(‘d uiuh'r the column the upward pn^ssure is 
usually consid(‘r(^d to be uniformly distributc^d over the bas(^ of 
t h(^ footing. The footing is then analogous to a cantilever slab 
su|)ported at. tlu^ top ovt^r a central anni and loaded with a uni- 
form upward load. As tlu' projc'cting portion of the footing 
d{41ects upward, its surface* assum(*s the* shapes of a V)e)wl. St(*e*l is 
r(Hpiir(*d in the* V)e)tte)m e)f the footing to re^sist the* ivsulting ten- 
sion stre\sse*s. This ste*e*l is plac(*d in two diree*tie)ns, as she)wn in 
Fig. 84,* the* bars in one dire'ction resting directly on top of 
those* in the e)the*r direction. 


’ Oe*casie)nanv footinj^ re'inf<>rcoine*nt is placcel in four elirce*tioiis, as shown 
in Fip. 85. 'I'liis is unusual in iinHle^rn prae*tie*e*, howe*ve*r. The* inethe)el of 
ele'si^ii is tin* sann* as for two-way footings, f*xc(^pt that the* stce'l area re*quire*<t 
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The required area of the footing is obtained by dividing the 
total load on the footing (including its own weight) by the allow- 
able unit soil pressure. The weight of a singkMioIumn footing 
will generally vary from 6 to 10 per cent of the column load. For 
maximum economy, a footing supporting a square or a round 
column should be square, wherc'as the sid('s of a footing support- 
ing a rectangular column should b(‘ somewhat longer on the sid(^ 
])arallel to the long sid(‘ of the column than in tlu‘ ot her direction, 
the sides of the footing VK‘ing approximately in the same ratio as 
the sid(^s of the column. 

147. Bending Moment. In Fig. 81, assume that the footing is 
(*ut along the four diagonal lines, AD, BC, <'tc., the cuts (‘\tend- 
ing from tlu^ cornca-s of tVie column to the lu'arest corn(*rs (»1‘ tlu^ 
footing. The footing now consists of 
four cantilev('rs, A BCD, viv., (*ach load(‘d 
with a uniform unit upward pressun* 

(‘qual to tlie load on th(‘ base of th(‘ 
column divided by the Jirea of the foot- 
ing. Th(‘ maximum inonHUit in (‘a-ch 
cantil(‘V(*r is (‘(pial to the total load on 
the cantilever (c.g., the n<'t unit’ soil 
pressure multipli(*d Ijy the an^a A BCD) 
multiplied by the distance from th(‘ (‘(‘li- 
ter of gravity of the trajx^zoid to tin* 

(*dg(* of the column. The w(*ight of tlu^ 
footing is not con.sidc'rc'd in this computa- 
tion (or u\ any others exc(*pt those for 
d(‘t('rmining tlie r('(piir(‘d bearing area), V)(‘caus(‘ the, downward 
wcnght of the footing compensati^s for t he, additional upward soil 
|)r(\ssur(i (caused by this weight-. 

If the footing had actually beem cut,, as assumed abov(^, the. 
moment at AB would have to resist'd by a nx'tangular s(H*ti()n 
with a width equal to AB and a de])th (‘(pial to the distance from 
the top of the footing to the center of the steel near the bottom of 

in each dinx’tion is divided into one hand parallel to lh(‘, axis of the fooling 
and two half hands in the diagonal direction, with practically all of th(‘ 
bars passing under the column. 
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the footing, i.e., the as yet unknown distance d in Fig. 81. How- 
ever, since the cutting is purely imaginary, it is not unreasonable 
to assume that a greater width than AB is effective in resisting 
the bending moment on the trapezoid ABCD. 

The tests indicate also that a bar such as bar 2, Fig. 81, which 
is placed some distance from the column, receives practically the 
same stress as bar 1, which is directly under the column. The 
required reinforcement can therefore be spread out over a fairly 
large width without losing its effectiveness. 

The method of computing bending moment as specified in the 
Joint Code is slightly more s(;vere than is indicated in the pn?- 
ceding analysis. According to this Code, the moment at any 
section is determined by passing through the section a vertical 
plane, which extends completely across the footing, and comput- 
ing the moment of the forces acting over the entire area of the 
footing on one side of the plane. The critical sect ion for moment 
is at the face of the column (or pedestal) for footings supporting a 
single concr(^t(» column (or ped(^st,al), or halfway between the face 
of tlu; column and the (dge of the metallic; base; for footings under 
metallic bases. The width nvsisting^ compression at any section 
is takfui as the full width of the top of the footing at the section 
under consideration. 

The effective depth required to ])revent overstressing the con- 
crete; in compression is cominitc^d from the rectangular-beam 
equation [(*quation (6), Art. 47], M ~ Kbd^, The allowable; 
extreme fiber strevss in compression is the same as for ordinary 
beams. Because of the large effe;ctive width, exceptjor slope'd- 
top footings (sen; Art. 152), the e*ffe‘ctive depth obtained from this 
computation would not besuffie*ient to provide adeejuate re^sistance; 
ti) diagonal te*nsion, and usually the dei)th selected is obtaine;d 
from the latter requirement, as e*xplained in Art. 149. 

After the effe*ctive; depth has l)een selected, the steel area 
required in each direction is obtained from equation (5), Art. 47, 
M = A^fjd, an approximate value of j = 0.9 being used. Fur- 
ther refinement in computing the value of j is not justified, 
because of the tissumptions made in computing the moment and 
in soU'Cting the effe;ctive width b. The moment to be used in the 
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computation of As in each direction is specified as 85 per cent of 
the moment obtained in the manner described in the preceding 
paragraph. 

148. Placing the Reinforcement. In square footings the 
required reinforcement in each direction is distributed uniformly 
across the full width of the footing. In rectangular footings the 
reinforcement in the long direction is distributc^d across the full 
width of th(^ footing; in the sliort direction a portion AAs of the 
total required reinforcement A, is uniformly distribut(^d in a band 
having a width equal to the length of the short side of the footing 
and centered with respect to the center line of the column. Tlu^ 
])ortion AA^ is computed from the following equation: 



in which S is the ratio of the long to the short side of the footing, 
'rhe remainder of tlu' required r(‘infor(*ement in the short direc- 
tion is uniformly distributed in th(' outer portions of thc‘ footing. 

The Joint Code requires that the nnnforcement in footings or 
other principal structural meml)ers in which the concrete is 
deposit('d against tlu; ground shalh have not less than 3 in. of 
concrete between it and th(‘ ground contact surface. In ordi- 
nary computations, the (‘ffective depth is taken as 4 in. l(\ss than 
th(* total thickn(*ss of the footing, and this value is used in compu- 
tations for l>oth directions, evcm though actually the d in one 
direction is less than that in the other direction by an amount 
(‘(pial to th(^ diameter of the bars, 

149. Diagonal Tension. Tests indicate that diagonal tension 
dc^velops in critical amounts at a distance from the face of the 
column equal to the effective depth d of the footing. Hence, 
the critical section for shear is assumed as a vertical section 
obtained by passing a series of vertical planes through the foot- 
ing, each of which is parallel to a corresponding face of the column 
or pedestal and located a distance therefrom equal to the effeo 
tive depth of the footing. According to the Joint Code, each 
face of the critical section for shear shall be considered as resisting 
an external shear equal to the net upward pressure on an area 
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bounded by that face, two diagonal lines drawn from the corners 
of the column or pedestal at angles of 45 degrees with the prin- 
cil)al ax(\s of the footing, and that portion of the (corresponding 
edg(c or (cdg(cs of the footing intercept('d between the two diagonals. 
Thus, in Fig. 82, the critical section for shear is the vertical sec- 
tion A BCD, the shear resisted by the faccc AB is the net upward 
load on tlu? slia(l(*d arcca ah, and the shear resisted l)y the face BC 
is th(* net upward load on the* shaded area he. 

The unit shccar, which is a nucasunc of diagonal tension, is 


V 

coin|)ut-(‘d from (ccpiation (10), Art. 70, v = using for h the 



widtli of the face of the critical 
section, and for d the depth at 
th(‘ fac(c of th(c critical se(*tion 
abov(‘ the plaiu' of the nnnforca'- 
UK^nt. For single block footings 
tlie (cff(ccliv(‘ d(cpth d is the same 
for all S(M*tions in the footing, 
but for footings with a sloping 
top ,the effectivic deepth d obvi- 
ously varices with the locat ion of 
th(‘ section. Th(‘ allowable unit shear is spcecifited in the Jennt 
(k)d(e as ().03/'r, witli a maxinnim of 75 p.s.i. 

Th(* d(e|)t.h of tlu* footing is usually governed by the shearing 
slnmgt h r(‘(|uir(‘d; hence, in d(‘sign, th(‘ abovi‘ ecjuation is us(‘d to 
(h'terinine the unknown (‘fT(H*tive deepth for the known valiues of 
V, h, and V. Tliis is in n'ality a ^‘cut-and-try ” proc(‘ss, since the 
valiK's of h and V d(*|)(*nd upon tlue valines of (/, which must thene- 
for(' b(‘ assunuMi l)(*for(‘ tlu' computations can be completed. 

Web neinforctmuMit is ordinarily lUKkesirabh* in a single-column 
footing because of tin* un(H‘rtainty of its (‘ffi^ctiveiness and the 
difficulty of placing it . The specified maximum value of v, as 
given abov(\ is tlu‘r(*fore tin* value s|)iecifi(ed for ordinary beams 
without w('b reinforcimuent but with the bars hooked, and with 
an addl'd arbitrary limit of 75 p.s.i. 

160. Bonci Stresses. Bond resistance is one of the most 
iiuv>ortant factors govi'niing tin' strength of concrete footings. 
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and probably much more important than hjis been appreciated 
by the average designer. The calculations of bond stress in 
footings of ordinary dimensions where large reinforcing bars are 
used (i.c., small ratio of perimeter to area) show that the bond 
stress may be the governing elenuuit of strength. The Joint 
Code recognizes the importance of bond n'sistance by specifying 
t hat standard hooks shall be formed on each end of each reinforc- 
ing bar. 

The critical sections for bond are assunn'd at the face of the 
(‘olumn or pedestal and at vert ical pla.n(^s where changes in sec- 
tion occur. The critical unit bond stress for each band of rein- 


fonnng bars is (H)mputed from equation (16), Art. 81, w — 


V 

-rjV/ 


(H)iisid(^ring th(‘ circunderence of all of the bars in the band and 
assuming V as 0.85 of the total net upward load on the i*(u*tangle 
specified in the Joint Code (see Art . 147) for computing the bend- 
ing moment, f.c., the shadt'd rectangle at the right side of Fig. 83. 

Th(‘ allowable unit bond stress as sfH'cihcHl for ordinary beams 
with hooked l)ars is reduced l)y 25 per ccmt Ix^uiuse of the loss in 
bond ar(‘a at the intersections of the bars. Th(‘ n^sulting allow- 
able unit stress is ().045/'r for plain bars and ().056/'r for deformed 
bars. 

161. Footings Supporting Round Columns. The preceding 
discussions have l)(‘eM bas(xl upon t in* assumi)tion that tlu^, foot- 
ings are sii])|)()rting squan‘ or nx'tangular columns or metallic 
basics. In com|)uting tJu^ stn^ssc^s (Ixniding, shear, and bond) in 
footings which sup|)ort a round or octagonal concrete' (X)lumn or 
p(^destal, t he ^Tacc*” of tlu* column or pedc'stal shall be taken as 
the sid(i of a square having an area (Xjual to th(‘ an^a (Uiclosc^d 
within the i)eriin(*t(X' of th(‘ column or p('destal. (x)mputatJons 
are carried out in the same inaniu^r as for footings supporting 
square or rectangular columns, the equivalent square column 
being used in place of the actual round column (see Art. 226). 

162. Stepped and Sloped Footings. If the depth required for 
moment is large, the footing may be sloped between the edge of 
the column (preferably 3 or 4 in. from the edge of the column) and 
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the edge of the footing, provided the actual depth to the steel 
at the critical section for diagonal tension is made sufficient to 
I)rovide fully for this diagonal tension in accordance with the 
method outlined in Art. 149, and further provided that the top 
area of the footing is made sufficiently large to satisfy other 
requirements as given in Art. 153. 

The Joint Code specifies that in sloped footings the thick- 
ness above the r(unfor(*(unent at the edge of the footing shall not 
be less than 6 in. for footings on soil, or less than 12 in. for foot- 
ings on piles. The top of th(‘ footing may be stepped instead of 
sloped, provided the steps arci so placed that th(i footing will have 
at all sections a d(;pth at least as grc^at as that required for a 
sloping top. Shipped footings must be cast inonolithically. 
The value of h (s(ie Art. 147) to In^ us(id in analyzing sloped or 
stepped footings for Ixinding shall not excecxl t he widt h of tlui flat 
top of the footing, sinc(i this is the maximum width over which 
th(‘ full (;ff(ictiv(‘ d('])th rf, for moment, is availabh'. 

The c()mplet.(‘ d(‘sign of a sloj)ed footing r(iinforc(‘d in two 
dirt'ctions is givtai in Art. 155. 

163. Transfer of Stress at Base pf Column. The compressive 
stniss in the longitudinal ix'inforcement at the basci of a r(iinforc(id 
concrete column is transf(‘rr(‘d to th(i ])edestal or footing by 
iiKians of dow(ils. TheiHi should b(* at least oik' d()W(4 for each 
column bar, and th(i total sectional area of the dowc'ls should not 
be less than tlu' s(*ctional ar(*a of the longitudinal nanforcement. 
in th(‘ column. If is 3(H)() p.s.i. or greater, th(‘ dowels should 
extend into tlu*, column and into th<‘ ped(‘stal or footing not h^ss 
than 30 diamet(Ts of tlu' dow(‘l bars for ])lain bars, or 24 diameters 
for deformed fairs. If/', is l(‘ss than 3000 p.s.i., both of these 
distances must l)e increased 25 per cent. If the footing thickness 
is not sufficient to furnish the recpiired embedment, plus insula- 
tion, a [X'destal must be usi'd; the height of the pedestal must be 
sufficient to provide for the deficiency in the footing thickness, 
and tlie anal must be sufficient to satisfy tJie requirements of the 
following paragraph. 

Th(' Joint Code specifies that the permissible compressive^ 
imit stress Va on top of the pedestal or footing directly under the^ 
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column shall not be greater than that deierniined by the formula 



in which A = total area of top of pedestal or footing. 

A' = loaded an^a of pedestal or footing at the (a)lumn 
base. 

In sloped or stepped footings, A intiy be (ak('n as t li(‘ area of 
the top horizontal surface of the. footing or as tlu* area of tlu' lowcu* 
base of the largest frustum of a pyramid or cone contaim^d wholly 
within the footing and having for its upper bas(' tlu^ load(‘d area 
A', and having side slopes of 1 vertical to 2 horizontal. Thti 
Ck)de flirt lier specifies that tlu^ unit stress on the gross area of a 
concentrically loadiKl ped(‘stal shall not be gn^atia* than ().25/'c. 
Pedestals used for the pur|)ose of furnishing dei)lh for cunbed- 
ment of dowels inust lu^ pour(‘d moiiolithically with tlie footing. 

164. Design of a Two-way Block Fpotihg. A column 24 in. 
square supports a total load of 400, 000 lb. Di^sign a single- 
slab concretes footing, r(‘infor(*(^d in two dir(M*tions, tosup])ortthis 
column on a soil which has a safe lK‘aring capacity of 5000 lb. 
per sip ft. A 2500-11). concrete* and int(‘rnu?diat(^ grade stijel are 
to he used. 

Assuming the* weight e)f the* foe)ting as 25,000 lb., the* bewaring 
area re*(piire^el is 

furnishing 85.5 sq. ft ., is se‘le*cteel. The* unit j)re*ssure* due* to the; 

400,000 

le)ad on tlie (a)lumn only is ^ == 4080 Ib. pe‘r sep it. 

The depth of the footing is geiverned by the*. sh(*aring st n^sse‘,s; 
V)ut, in order to locates the critical se*e*tion feir sheair, the d(;pth 
must be known or assurncid. An approximate value; can lx; 
obtained by first computing the; de[)th required for the bending 
moment. 

The maximum mome*nt (.s(;e Fig. 83) is 


3 625 

M = 4680 X 0.25 X 3.625 X ~ X 12 = 3,420,000 in.-lb 
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Epdm Table 6, K = 164; and from equation (6), Art, 47, 


3,420, 000 

19.25 Xl2 X 164 


= 13.7 in. 


According to preceding discu.ssions, the effective depth required 
for shear will be greater than 13.7 in. Assume that 18 in. will be 
adequate. The critical section for shear (Fig. 83) is then 18 in. 


yyCrih'cal section 
Va, for shear 


i-? ^ k\\ 


y/%A 


^ 2;5s:--|§il 

for momenf k\> 0\V^ 


from t.h(* fac(^ of (h(‘ column, the width of tins section is 24 + 2 
X 18 = 60 in., and the total ext(*rnal shear on th(^ section is 

V = 5. 0 -f 9.25 ^ 2 ,2.^) X 4680 = 71,000 lb. 

The allowable unit shear is 75 p.s.i. Hence*, 

71,000 _ 

” ” 60 X 0.0 Xd~ 


from wliich, d = 17.6 in., or 18 in., as assumed. 

Any required re' vision in the assumed value of d would change 
not only the total shear V' but also the (dTeaMive shearing width h 
in the above equat ions. The total height of t he footing, allowing 
4 in. of insulation below t he center of the steel, as r('Comm(uided in 
Art. 148, is 22 in., and the weight of the footing is 28,600 lb., 
approximately as assumed. No revision of the bearing area is 
necessary. 
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1 he moment to be used in computing the steel area retjuired in 
each direction is 0.85 X 3,420,000 = 2,910,000 in.-lb. 

> 2,910,000 

■ ’ ~ 20,000 X 0.9 X 18 - *”• 

The allowable unit bond stress is 0.056 X 2500 = 140 p.s.i. 
The maximum shear to be used in the equation for unit bond 




4 'Vo c.g. bars' 

Fk;. 84. Two-way block footing. 


stress is 0.85 of the net upwaid load on the shad(*d n'ctangnlar 
area in Fig. 83, or 0.85 X 4080 X 9.25 X 3.025 = 133,000 Jb. 

. 133,000 

2„ (required) = 0.9 X 18 = 

Twenty-four ^^-in. round bars furnish an area of 10.0 sq. in. 

50.0 in. The slight diScrepaiicy in 
perimeter is not serious. Allowing about 4 in. of insulation to 
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the edges of the footing, the spacing of the bars is approximately 
43 ^ in., which is satisfactory. 

Dowels will be placed in the footing to transfer the stress from 

the column t)ars to the footing. According to Art. 153, these 

dowels should be of the same size and the same number as the 

bars in the column. They 

should extend into the footing 

and into the (*oluinn a distanci^ 

of 30 diain(‘ters. Assuming that 

the column is reinforced witli 

(^ight ’^i-in. round bars, eight 

i^; 4 -in. round dowels 3 ft.-lO in. 

long will be r('(|uired. In order 

to furnish sufficient deptli for 

embodmcuit in tlu^ footing, a 

ped(‘stal 6 in. high is required. 

''flu' nMiuired area of the pedestal 

, . . 400,000 

(s(M' Art. 142) IS — = b40 
625 

sq. in. The ped(\stal will be 
made 30 in, square (area 900 sq. 
in.), which will give a 3-in. pro- 
Tlu* unit str(‘ss on the loaded area 



Fid. 85. -Four-way hl(»ck footing. 


jection beyond t 
400,000 


column. 


IS 


24 X 24 
Art. 153) is 


— 692 y).s.i., and the allowable stress on this area (set* 


)•„ = 0.25 X 2500v'' 9«'>440 = 700 p.s.i. 


( 'Omplett* dtMails of the footing an* shown in Fig. 84. 

The d(\sign of a two-way square block footing supporting a 
round column is given in Art. 226, and th(^ de.sign of a two-way 
rectangular l)lock footing supporting a rectangular column is 
given in Art. 227. A typical footing with reinforcement in four 
directions is shown in Fig. 85. 

166. Design of a Two-way Sloped Footing. A square sloped 
footing with two-way reinforcement is to support a column w hich 
is 26 in. square and which is reinforced with twelve 1-in. round 
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bars and }i-m. lateral ties at 12 in. on centers. The total load 

at the base of the column is 400,000 lb. The footing is to be 

made of 2500-lb. concrete and the allowable unit strc.ss in the 

reinforcement is to be 18,000 p.s.i. The allowable soil pressure 

is 4000 lb. per sq. ft. Design (he footing. 

Assume weight of footing = 0.08 X 400,000 = 32,000 lb. 

„ . . , 432,000 

Bearing area required = — r- - = 108 sq. ft. 

4000 ^ 

Size of base = 10 ft.-6 in. square (area = 110.25 s(j. ft.) 

The flat top of the footing will be made 34 in. square, thus 
allowing for a projection of 4 in. beyond each face of the column. 
According to Art. 153, the allowable unit |)ressuro on the area 
directly under the column is 

Im X 34 

r. = 0.25 X 2500^2^ ^ = 748 p.s.i. 


The act ual unit pressure is 

400,000 
26 X 26 


= 502 i).s.i. 


and the size of the top is satisfactory. 

The unit pr(\ssur(^ at tlu^ liases of the footing dut^ to th(i load on 
(he column only (tlu’ net j)ressur(*), is 


400,000 

ll(t25 


= 3630 11). j)(‘r sfj. ft . 


'file critical moment is 


M - 3630 X 10.5 X 4.17 X 


4.17 

2 


X 12 = 3,080,000 in.-lb. 


In a sloped-top footing the eff(‘ctive width h is taken as the 
width of the flat top, as recommemded in Art. 152, and the depth 
required for moment is usually the goviTiiing fa(;tor. With 
iiC = 173 (Table 6) and b = 34 in., the effective depth required is 


l'3, 080,000 

^ " \173 X 34 


25 in. 
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The total thickness of the footing is 29 in. At the edge, the 
thickness above the reinforcement must be at least 6 in. (see 
Art. 152;; the total edge thickness will be made 12 in. The 
weight of the footing is then 27,000 lb. The revised required 
})earing area is 106.7 sq. ft., but the assumed side dimensions will 
still be necessary if the usual practice of detailing footing widths 
in multiples of not less than 3 in. is followed. 

The critical sc^ction for shear is 25 in. from the face of the 
column ; the width of the section is 26 + 2 X 25 = 76 in. ( = 6.33 
ft.); the distance from the reinforcement to the top of the footing 
at the section is 17.2 in.; and the total external shear on th(‘ 

. 6.33 + 10.5 25 

sc^ction IS 2 ^ 12 ^ ^ 

unit shear is then 


V = - 


63,500 

76 X 0';9 xT7.2 “ 


whi(^h is less than the allowal)le value of 75 p.s.i. 

The maximum moment, to be us(*d in computing tlu^ required 
st,eel area in each direction is ^ 0.85 X 3,980,000 = 3,380,000 
in.-lb. 


3,380,000 

■ " ~ I8,(k)0 X ().{) X 25 "" ^ *"• 

111 invcstiKaliiiK for bond stress, 

V = 0.85 X 3630 X 10.5 X 4.17 = 135.000 lb. 


-0 (leiiuired) 


135.000 

140 X aiTx 25 "" 


Nineteen ?4-in. round bars furnish an area of 8.40 sq. in. and a 
total perimeter of 44.8 in. The spacing is ap])roximately 6^^ in., 
which is satisfactory. 

Twelve 1-in. round dowels 5 ft.-O in. long will be placed in the 
footing. These must extend 30 X 1 = 30 in. into the column 
and 30 in. into the footing. Since the footing is only 29 in. thick, 
a 6-in. pedestal is required to pro\dde, with the available footing 
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thickness, for the embedment of the dowels and still furnish 
adequate insulation at the bottom of the dowels. The size of the 
pedestal is the same as that of the flat t op of the footing. It must 
be poured monolithically with the footing. If, as is usually the 
ease, the elevation of the bottom of t he column is fixed, it will be 
necessary to place the bottom of the footing lower than it would 



1)0 if no pedestal were required, by an amount e()ual to the height 
of the pedestal. Details of the above footing arc .shown in 
Fig. 86. 

Mui.tiple-coi.itmn Footings 

166. Tsrpes of Multiple-column Footings. It is sometimes 
desirable, and quite frequently necessary to support more than 
one column on the same footing. A multiple-column footing is 
necessary when two columns with fairly large loads are so close 
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together that there is not sufficient space between the columns for 
two independent footings of economical proportions, or when the 
face of an exterior column coincides with, or is close to, the build- 
ing line, thus making it impossible to center an independent 
footing under this column. In the latter case, an eccentric foot- 
ing would result in unequal distrilnition of the pressure on the 
soil, with the possibility of uneven settlement, and bending in the 
columns; a single footing supporting the exterior column and 
the adjacent interior column may be so proportioned as to make 
the center of gravity of the footing area coincide with the cen- 
ter of gravity of the column loads and thus theoretically secure 
the uniform soil pressures which is essential to a satisfactory foot- 
ing design. A footing of tliis type is called a combined footing. 

A combined footing may be rectangular in plan, or trapezoidal. 
The former shape; is suitable if the; int(;rior e‘e)lumn has the; greater 
load and if the; footing may l)e exte*nded beyond this column as far 
as nece;ssary. Tlie t rape;ze)idal shape is require‘d if the ce^lumn 
loads are unequal and if for any reason the fe)oting cannot extend 
any appreciable; distance; be;yond either column. The critical 
S(;ctions for diage)nal te;nsion in cennbined fe)e)tings are the same 
as for siugle;-coluinn fe)e)tings (see Art. 149), and the transfe;r of 
the; stre‘ss at the base» e)f t he e;olumns is acce)mplish(‘el in the same 
mannea*. The; me'the)els e)f computing critical moments are 
explaine;el in Arts. 157 and 158. 

Ane)the'r expe'elieait tliat may be use;ei, in case an independent, 
footing e*anne)t be centere'd iineler an e;xterie)r e*e)luinn, is te) con- 
nect tlu‘ e‘ce*entrie* e'xte‘rior-ce)luinn footing with the nearest 
int.e;rie)r-ce)lumn fe>e)ting by me;ans e)f a cone'rete; be‘ain or strap, 
poure'd me)nolithically with the two fe)e)tings, as shown in Fig. 91, 
the entire e'onst ruction Ix'ing so i)rope)rtie)ne‘ei as to r(;sist the 
tevndency of the e'xteTior ce)lumn te) e)veTturn the* fe)e)ting under 
that column. A fe)e)ting of this type* is calle‘d a cantilever footing. 
A ce)mi)lete' de'sign is giveai in Art. 159. 

167. Design of a Combined Footing Supporting Two Equal 
Column Loads. Two columns, each 24 in. square and each 
carrying a total lejad of 310,000 lb., are space^d 10 ft.-O in. centeT 
to center, as shown in Fig. 87. Design a rectangular combined 
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footing to support these two columns. The allowable soil pres- 
sure is 4000 lb. per sq. ft.; a 2000-lb. concrete is to be used; 
fg = 18,000 p.s.i. 

The proposed method of design considers that the load from 
each column will be carried by a beam in tlie direction of the 
width of the footing (i.e., at right angles to the line of columns) 
and that this load will tlien be distributed longitudinally through- 
out the lengt h of the footing l)y a ])and of st(M:l in t he longitudinal 
direction. Assuming the weight of th(‘ footing as 0.06 X 2 
X 310,000 = 37,000 lb., the bearing area riniuired is 

2 X 310,000 + 37,000 


The proper selection of Avidth and length is governed by several 
factors. If the footing is too long, the inonu'nt in tlu* poitions 
projecting Ix'yond the columns in th(^ longitudinal direction will 
be excessive and tlu^ unit slu^aring and }>ond st nesses in tlu^ 
transverse beam will b(' unduly large. If the footing is too short, 
the negative moment betwcHUi the columns in the longitudinal 
direction will b(^ too great for an economical design. A short 
footing will necessitate an excessive width, wdiicli will caiis(> an 
unduly large moment aX the edges of the columns in the trans- 
verse direction. Two or tlinu^ trial d(\'^igns may lx* ii(‘C(‘ssary to 
secure the proportions w+ich will give the most, (‘conomical foot- 
ing, considering excavation, concrete^ and stec'l. Tlui size, finally 
selected in the present case is 18 ft.-9 in. by 8 ft.-9 in. (area = 
164.1 sq. ft.). 

The effective w’idtli of the longitudinal band (for lioth tension 
and compression) is equal to the full width of the footing. The 
effective compression widtli of the transverse beam can b(^ 
assumed equal to from one and one-half to two times t h(‘ widtii 
of the column, wdiereas the steel in this dinxdion can be si)read 
out over a width somew hat greater than the column width plus 
twice the effective depth. 

Design of Transverse Direction, In concrete combin(?d-footirig 
designs it is customary to consider, as in single-footing designs, 
that the critical sections for moment in the cantilever portions 
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of the footing are at the edges of the columns or pedestals. At 
the outer edge of each column, 


M = 


310,000 (3.375)- 


8.75 


- X 


X 12 = 2,420,000 in.-lb. 


Assuming 5 = 2 X 24 = 48 in., the recpiired effective depth is 


d = 


4 


2 ^ 420 , 01 ^ 
139 X 48 


19 in. 


Later investigation shows that an (‘ffeetive depth of 21 in. is 
nKluired, to avoid the necessity of using web reinforcement in the 
transverse Ix'.am. ''Phis incrc^asc^d depth will not only avoid the 
necessity of stirrups but it will also reduce the st(‘el area required. 


, 2,420,000 

“ 18,000 X 0.0 X 21 “ '-^2 sq. m. 

At the edge of th(‘ column, V - X 3.375 = 119,5001b. 

8./ 5 

Since the transv(‘rse bars will be in (‘ontact with tht'. bottom 
longitudinal bars, the allowable unit bond stress, assuming propta- 
anchorages at (sach (snd of (sa(*h bar, as recoinmende^d in Art. 150, 
is 112 p.s.i. 


So = 


119,500 

112 X 0.9 X 21 


56.4 in. 


Twenty-nine 1^-in. square bars are selected, and |)laced in a width 
of 72 in., thus resulting in a spacing of about 2^ 2 hi. 

The totiil shear at a distance of 21 in. from the edge of the 
column is 


V = 


V = 


310,000/ 

8.75 V3-3/5 

57,500 

48 X 0.9 X 21 


21 \ 

- Y 2 ) = ^7,500 lb. 
= 63 p.s.i. 


If no web reinforcement is used, the allowable unit shear, with 
anchored bars, is 0.03 X 2000 = 60 p.s.i. The above value may 
b(^ considered satisfactory. 
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Design of Longitwlinal Direction. The critical inonient in this 
case is at the outer edge of the transverse beam, and 


M = 


620,000 (2.375)- 

- X ~Y~~ X 12 = 1,120,000 in.-lb. 


At the center of (he footing 

M = ^310,000 X - 310,000 X 5^12 = 1.200.000 in.-lb. 


"rhe latter value governs, and t he effective depth re<iuired is 


d = 




1,20(),0TO 

139'x 8.75 X 12 


9.1 in. 


While a total thickness of 9^ 2 + 3 = 12*^ in. wo\ild be sads- 
facl.()ry for this part of Hk* footing, t he requin^d st(‘el area would 
l)e reduced by a greater thickness, and th(‘ sh(\aring st resses would 
also be lowered. An effc^ctive depth of 12 in. will be sele(‘t(d. 
The bottom lougitiidinal bars will be placed underneath tlur 
transverse bars. Allowing 3 in. of insulat ion Ix^low t lu^ (‘entc^r of 
the lower bars, th(‘ total 1 hickness of th(' longitudinal slab is 15 in. 

At the center of the footing, 


1,200,000 

18,000 X 0.9 X 12 


0.18 sq. in. 


An examination of the Ixauling-inonnujt diagram for the longitu- 
dinal direction shows that the maximum bond str(\ss on th(!S(‘ 
bars (the toj) bars l)etw(‘en the columns) occurs at, t.h(^ point of 
inflect ion. Assuming tins jioint to l)e at a distances of ^4 X 
10 =z 2* 2 ft. from the center line of t.lu' coluinn, the shear at. this 
l>oint is 


V 




310,000 = -83,000 lb. 


The allowables unit Isond stre.ss, ji.s.suming hookesd ends, is 150 
p.s.i., since these tears are not in contact with bars at right anghw 
to them. 


So 


83 ^ 00 (^ 

150 X 0.9 X 12 


51.1 in. 
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Twenty-six 3^-in. square bars are selected. These are placed 
3 in. from the top of the footing and will extend between the 
column center lines, with standard hooks at each end. 

At the outer edge of the transverse beam, 


A. = 


1,120,000 

18,000 X 0.9 X i2 


= 5.78 sq. in. 


V = X 2.375 = 78,500 lb. 

18. /5 


The allowable; unit bond str(;ss he^re is 112 i).s.i., since there are 
two intersee^ting layers of l)ars. 

78,500 

"" ^ 112 X 0.9 X 12 ~ 


At the outcir (Hlge of tlu; column, 

„ 620,000 (3.375)2 

M = X 2 X ’2 = 2,2,50,000 111.-11). 

, , . „ / 2,250,000 

•' = \1H9 X 8jr, X 12 - '2-“ 


The effective depth funii.Khed at tills section, assuming > v-b' 
bars, is H in. greater than that of the transverse lieam, or 21 ' 2 in- 

2,2.50,000 

* ~ 18,000 X 0.9 X 21.5 "" "*• 

620,000 

V = X 3.375 = 111, .500 11). 

1 O. / t) 

^ _ 111,500 

"" “ 112 X 0.9 X 21.5 ~ "*• 

The above computations show that, for the bottom longitudinal 
bars, tbe reipiired area is governed by the section at the outer 
edge ot the column (,4, = 6.45 .sq. in.), and the required total 
ptirimeter is goveriu*d by the section at the outer edge of the 
transverse beam (i„ = 64.8 in.). 'I'hirty-two 12 -in. square bars, 
hooked at the ends, are required. The approximate spacing 
is about 3':i in. These bars should extend from the end of the 
footing to a secti.)n about 20 diameters beyond the point of 
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inflection. Since this would leave hut a short length between 
the bars near the center of the footing, in order to simplify the 
placing, without adding materially to the weight of the steel, the 
bottom longitudinal bars will be detailed to extend the full length 
of the footing. 

For the longitudinal direction, the critical sections for shear 
are at distances of 21 1 2 in. from t he fac('s of tlu' columns and 12 in. 
from the edges of the transverse beams. The total shears at the 



Fid. S 7 . — (’oriilriiM'fl footing with two otjutil column loads. 


former s<‘cti()ns are { 2 ;n*at(‘r than those at the* latl(‘r, and htaiet' th(‘ 
diagonal tension invt^stigation is made* at a dist-anet; of 21^ 2 di. 
from the faces of tin* columns, which s<;ctjons art* in. from tht* 
(‘dg(*s of the transverse beams. BetAveen the columns, 


V = -^-^’!!~(2.375 + 4.0 + - 310,000 = -73,000 lb. 

,i o . / 0 y * ^ / 


= ft 7^ 


73,000 


8.75 X 12 X 0.9 X 12 


= 64 p.s.i. 


This is but slightly higher than the allowable unit stress for beams 
without web reinforcement (60 i).s.i.). Stirrups arc unnet'cssary. 
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Outside of the columns, 


V 


620,000 

1875 


(2.375 - f) 


53,800 Ih. 


Stirrups are olwioiisly unn(M*(‘ssary in this region. 

Complete d(;tails are given in Fig. 87. Fhe actual weight of the 


footing is 39,000 lb. The soil pressure is - 


620,000 + 39,000 


164.1 


4020 lb. per sq. ft. which is but 0.5 per cent greater than the 
specified maximum and may be considered satisfac^tory. 

168. Design of a Rectangular Combined Footing Supporting 
Two Unequal Column Loads. An exterior (column, 24 by 18 in. 
in (fross-section (see Fig. 89), supj^orts a total load of 200,000 11). 
The adjacent interior (column is 24 by 24 in. in cross-se(*tion and 
carri(is a total load of 300,000 11). The two columns art* to be 
su|)ported on oiu^ r(H‘tangular combiruHl fool ing, one end of which 
(!annot exUnid beyond t he ()ut.(‘r fac(‘ of t he ext erior column. The 
dist.aiKu^ C(nit.(^r to c(‘nter of columns is 18 ft.-O in. Tlu^ allowable 
soil pressure is 4000 lb. ])(‘r s(|. ft. A 2000-11). concrcite and 
structural grades rcmiforcing bars are to b(^ used in the footing. 

Assuming the- weight of the footing' as 0.12(300,000 + 200,000) 

„ , , . . , . 560,000 

= 60,000 lb., the bewaring area requinxi is . - = 140.0 scj. ft . 


In ord(*r to scunire uniform soil prcissure, tlu^ center of gravity 
of the footing must coincide with tlie center of gravity of tlu^ 

300.000 

column loads. The latter is X 18 = 10.8 ft. from the 

500.000 


ctmtcT of the exti^rior (column. The hmgth of tb(‘ footing must, be 
2(10.8 + 0.75) = 23.1ft. A length of 23 ft.-3 in. is selected. 


4''he width requinni is t hen = 6.0 ft. 


The propos(‘d m(4.hod 


of d(\sign assunu^s the loads from the columns to be carri(‘d by 
transverse^ bc^ams under tlu' columns, theses beams in turn dis- 
tributing tlu^ loads to the longitudinal beam. 


^ The weight of a roinbinod footing of this type will usually vary from 
8 to 15 per cent of the .sum of the column loads, tlu' distance* betweeui the 
columns being an important factor, as a careful analysis of tbe following 
design will indicate. 
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Design of Longitudinal Direction . The not upward pressure per 
^ . 500,000 

linear foot is 23 25 ” 21,500 Ih. Tlu' luaximum negative 

moment l)etw(*en the columns occurs at the si'ction of z(To shear. 
Let X be the distance' from tlu' outt'r (‘dge of the exterior column 
to this section. Equating to zc'ro the expn^ssion for the shear at 
Xy the following ecpiation is obtained: 

21,500^: ~ 200,000 = 0 


from which x = 9.32 ft. 

The momc'iit at this section is 


M = 


-200,000(9.32 - 0.75) + 21,500 X 


(9.32)- 


X 12 


= -9,300,000 in.-lb. 


inonK'iit at t lu* right, edge of the inti'rior column (se<‘ t5g. SS) 
is 

( 3 . 5)2 

M = 21,500 X 2 X 12 = 1,575,000 in.-lb. 


For a 2000-11). concrc'tc', fr = 800 p.s.i., and n = 15. From 
Tabl(‘ 6, K = 139 and j = 0.807. Th(‘ (*lTective widt li of t h(‘ 
longitudinal beam, for both comprc'ssion and timsion, is (‘(pial 
to the full width of the footing, or 0.0 X 12 = 72 in. From 
(‘(Illation (0), 


d 




9,300,000 
139 X 72 


30.6 in. 


An (‘ff(*ctive depth (^f 31 in. is s(dected; witli 3 in. insulation, th(‘ 
total thickiK'ss of the footing is 34 in. and the weight is 59,500 lb., 
which agriH^s closely with the assum(‘(l valiu*. 

Between th(‘ columns' the area of steel r(*quired is 


A, 


9,300,000 

18,000 X 0^807 X 31 


19.3 sq. in. 


^ In (‘omputinp; the area of loTJKitndinal stei*! at this seetion, the use of 
the theoretical value of j is justifii^d, sinc.(* the design is analogous to that 
of an ordinary nictangular beam of definite width and ideal steel ratio. At 
other s(‘etions in the longitudinal beam, and in the transverse beam, an 
approximate value of j = 0.9 will be used. 
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The critical sectioas for bond, for these bars, are at the inner 
edge of the exterior column and at the point of inflection (see 
Fig. 88), which is approximately 0.1 ft. from the edge of the 
interior column. The latter section governs in this design, and 
the total shear is 



Flu. S8. 


With anchored liars, the allowable unit liond stress (steel in one 
dir(*ction only) is 1.5 X 0.05 X 2000 = 150 p.s.i. 

179,600 

■“ 150 X 0.9 X 31 

The area requirement governs, and twenty 1-in. square bars are 
selected. The spacing is approximately hi. 

For the portion of the longitudinal beam which projects beyond 
the interior column, 


1,575,000 

‘ • 187000 X 0.9 X 31 
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The critical section for bond is at the edge of the column, at which 
section V = 21,500 X 3.5 = 75,300 lb. Since these bars are in 
the bottom of the footing and hence are in contact with the trans- 
verse bars, the allowable unit bond stress, with anchored bars, is 
0.75 X 150 = 112 p.s.i. 

^ _ '^,30j) 

~ 112 "x 0.9 X 3i ~ 

Thirteen p round bars are sel(*(*ted. 

The critical section for diagonal tension is at a distance of d 
in. from the columns. Near the inner edge of the exterior 
column, V = 167,750 — 21,500 X = 112,300 lb. and th(‘ 
unit shear is 


112,300 
72 X 0.9 X 31 


56 p.s.i. 


With anchored bars the allo\val)l(^ unit sh(*aring strc'ss for b(*ains 
witliout web reinforcemcuit is 0.03/'r == 60 p.s.i. ^ and no web 
reinforcement is requirc^d in this ])ortion of the footing. 

At a distance of 31 in. from the l(*ft edg(‘ of tin* interior column, 
tlie total shear is 181,750 — 21, 500 (•'V! ( 2 ) == 126,300 lb., and tlu' 
unit sh(^ar is 63 p.s.i. This is sufficiently clos(‘ to tli(^ allowable* 
value, of 60 p.s.i. so that no web reinforcem(*nt need lx* plac(*d in 
tliis region. 

At a distance of 3 1 in. from tlx^ right edge of t he int(>rior column 
the total shear is 16,800 lb., and the unit shear is 9 p.s.i. No 
stirru|)s are requinxl in this region. 

Design of Transverse Beam under Interior Column. 3'h(! 
moment at tlie (idge of th(^ interior column , i?i the transv(*rse 
direction, is 


_ 300,000 

M = g - 


X ^ X 12 = 1,200,000 in.-lb. 


Assuming that the effective width for c,ompr(!.ssion is equal to 
1 Vi times the column w idth, or 1 X 24 = 36 in., the requircid 
effective depth is 


d = 


4 


1 , 200,000 

36 X 139 


15.5 in. 
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The actual value of d which is furnished (s<!e Fig. 89) is 31.0 — 
H = 30^-^ in. 


A. 


T200,000 

18,000 X 0.9 X 30)8 


2.45 SC}, in. 


At the edge of the column, V 


300,000 „ 
- X 2 


100,000 11). 



100,000 . 

“ 112 X 0.9 X 30?^ “ 

8ixt(u*n ’s'iii- round liars arc seh'ctcHi and placed arliitrarily in a 
widt h of GO in. The spacing is about 4 in., and all bars fall \v(‘ll 
within a 45-d(^gree line from the edge* of th(‘ column. 

No inv(»stigation for diagonal tension is necessary, since a 
section r/ inches from tlie edge of the column falls outsidi' of th(‘ 
footing. 

Dcaign of Transvn\sr Beam under Exterior Column. Th(^ 
moment at the edge of the exterior column is 


200,000 22 

M » - X , 


X 12 = 800,000 in.-lh. 
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Assuming that tlie effective width for compression (concrete on 
one side of the column only) is 1 >4 X IS = 22 in., the effective 
depth required is 


= ^/J 


800,000 
130 X 22 


= 16.2 in. 


The actual d furnished is 30*x in. 


800.000 


18,006 X 0.0 X 30 ?,s 


. . . r . . T- 200, OtK) 

At the edge of the column, T = ^ X 2 = OhJOO 11). 


66J00 _ . . 

- 112 X 0.9 X 30 ^^^^ “ 


Eleven round bars are sole(*t(‘d and placed arbilTarily in a 

width of 44 in. For t he same reason as given in th(‘ design of tlu* 
transverse beam under th<‘ int<^rio?' column, no investigation for 
diagonal tension is mM’essary. 

(complete d(itails are shown in Fig. 89. 

169. Design of a Cantilever Footing. In 1h(» cantilevc'r typc^ 
of construction the wall“(*olumn footing is coniu'cted to the 
nearest interior-(*olumn footing })y means of a l)eam or strap. 
The ecc(mtric load from th(‘ (‘xterior column is r(\sisted by a 
downward pr(*ssure from the interior column, th(‘ (‘ffc^'t of which 
is transmitted through the strap. Th(‘ wall-column load is 
supported directly by the strap, and is distri})ut(Ki to th(‘ soil 
by means of bars, at right aiighhs to Ili(‘ straj), in the (^xterior 
footing. 

In order to illustrate the principles involved in the d(\sign of a 
cantilever footing, the columns of t.he i)roblem in Art. 158 will 
b(* so supported. As in Art. 158, the allowable soil pressure is 
4000 lb. per sq. ft., a 2000-lb. concrete will be used, and/« will b(* 
18,000 p.s.i. The fooling for the interior column is designed in 
the manner indicated in Art. 150, and it will be assumed that 
this design has been mad(\ The resulting details are shown in 
Fig. 80. 
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The area required for the exterior-column load, allowing about 


25 per cent for the weight of the footing and strap, is 


250,000 

4000 


62.5 sq. ft. A base 6 ft.-O in. by 10 ft.-6 in. is selected. 

Coasidering the strap as a free body, the external forces acting 
on it are as shown in Fig. 90. The eccentricity of the exterior- 
column load is resisted by a downward pressure P from tlu^ 
interior column, thus counterbalancing the t endency of the exte- 
rior footing to overturn. The load on the exterior column is 
assumed to be uniformly distributed over tlie column base, and 
the upward reaction R is assumed to be uniformly distributed 
over th(^ 6-ft. width of thc^ exterior footing. 



Assuming the wtnght of the strap as 1100 lb. per lin. ft., the 
reaction R is determined by taking moments about A (Fig. 90), 
as follows: 


-200,000 X 18.0 - 1100 X 18.75 X 


18.75 


+ RX 15.75 - 0 


from which 

R = 240,800 lb. 

The downward pressure P is determined by taking moments 
about By as follows: 


^00,000 X 0.75 + 1100 X 18.75 X 


18.75 


+ P X 18.75 


- 240,800 X 3.0 = 0 


2 
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from which 

P = 20,200 lb. 

The maximum moment in the strap occurs at the point of zero 
shear, which is x feet from B, The value of x is obtained as 
follows: 


from which 


- 200,000 +?“^“?,- 

o 


1100a- = 0 


a- = 5.1 ft. 


The moment at this section (the maximum moment) is then, 


M = 


-200,000(5.1 - 0.75) - 1100 X 

2 o 


^ 2 


12 


= - 4,860,000 in.-ll>. 


, ,o . 4,360,000 _ ^ , 

bih (re(juired) = ” 31,400 in.’’ 


If b = 30 in., d = 33 in. 

Th(^ maximum sliear occurs a.t tin* inncT f}i(‘(^ of th(' (^xt.(*nor 
column. 


V = 


- 200,000 - 1100 X 1.5 + 


240,800 

“6 - ■ X 


1.5 - 141,500 11). 


The allowable unit shc^arinp; stress is 120 [i.s.i. Ilie critical 
width for shear may be t.ak(*n in t lu^ plain' of t lu' longit udinal bars, 
and this width includ(^s not only the width of t.lu^ strap, but also 
the extra width of the (exterior footing at; this plane (seci Fig. 91). 
With the proposed arrangement of the ext(Tior footing, the shear- 
ing width in the plane of the longitudinal reinforcement is 
approximately 30 + 2 X }h X 48 = 42 in., and the depth 
required for shear is 

14J,500 _ 

" 120 X 0.9 X 42 
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The total depth of the strap at the point where it joins the 
exterior footing, and from this point to the end of the strap, is 
made 33 + 3 = 36 in., the governing factor being the moment 
requirement. The bottom surface will be sloped from the 
l)Ottom of the inner (dg(^ of the exterior footing to the bottom 
of the left edge of the interior footing as shown in Fig. 80. The 
d(q)th required for moinemt and shear at- any section along the 
sloped portion is considerably k^ss than that furnished. 

The ext(^rior footing will be sloped away from the strap to a 
t(»tal depth of 12 in. at th<^ edg(\s of th(‘ footing, as shown in 
Fig. 01. Th(^ actual wcaght- of the exterior footing, exclusive of 
the strap, is th(ui 14.000 lb., and the av(‘rage soil pressure under 
that footing is 


240,800 -h 14,000 
1 0.5 X 6 


= 4030 11). p(T sq. ft. 


This is so littl(‘ gnuitiu' than the sp(‘cifi(d maximum of 4000 lb. 
per sq. ft. that, it may consid(T(‘.d satisfactory. 

''I'lie ar(^a of steel (A„) and the total perimeter of bars (i^o) 
nx^uired in the straj) are as follows: 

4,360,000 

18,000 X 0.0 X H8 - 
141,500 

150 X 0.0 X :« "■ 



Fight 1-in. scpiare l)ars, hooked at both (‘luls, are selected; these 
bars will be pla<H*d in one* row, th(‘ ceuiter of which will lx; 3 in. 
Ix'low tlx; to|) of th(* strap. 

Half of th(\s(; bars could be discontiniu'd at some section 
bet.w(M;n the columns. The exact point of cut-off would be det er- 
rniiu^d by computing the area of steel required at two or thnx; 
sections, and plotting a curve for these valiu's; or tlx; monn'iit 
could be express(*d in t('rms of a distance x from the cent(*r of tlx; 
interior column and (Xjuatt'd to the resisting moment of four bars. 
Both of these methods have been explained in Chap. III. 

Stirrups are required from the inner edge of the exterior column, 
the section of maximum shear, to the s(*ction where the unit shear 
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is 60 p.s.i. Let x be the distance from this section to the outc^r 
face of the exterior column (point 5, Fig. 90). Writing the value 
of the total shear at this section, which will obviously fall within 
the width of the oxtcTior footing, substituting in the equation 
for unit shear with the effective width equal to 42 in., and 
equating the resulting expression to 60, the following results are 
obtained: 


200,000 


60 = 


240,800 

6 


j + llOOx 


from which 


42 X 0.9 X 33 
0- = 2.1 ft. 


'’J''he required spacing of ^^js-in. round doubh^-looped stirrups at 
the inner edge of tlui ext(‘rior (H)lumn is 

4 X 0.3068 X 18,000 X 0.9 X 33 _ 

"" 141,500 - (60 X 42 X 0.9 X 33) “ 

Only oru' stirrup is n(K*(^ssary, but. two will he us(d, th(^ first, 
being placed about 4 in. from th(^ inm^r edge* of tlu^ (‘xterior 
column and the second 8 in. from tiu* first.' The* unit sh(‘aring 
stn'.ss at the inner (^ige of tlu^ (‘Xt(‘rior footing is considi^rably less 
than 60 p.s.i., and no web nvinforcennemt otln^r than that iiuvn- 
tioiKid a])ove is nujuired. 

The unit net upw ard pre;ssun^ on each of t.lui (‘-antik'ver i)ortions 
of t he exterior footing is 


240,800 
10.5 X 6 


3820 lb. p(^r sq. ft. 


The maximum moment in the cantil(^v«*r, at the; edge; of the strap, 
is 

M = 3820 X4X6X 42 X12 = 2,202,000 in.-lb. 

The total area of steel requir(;d in the; e;xte*rior foe)tiug, per- 

^ The; above design is couse^rvative; it prej))tddy would be? safe; to omit the 
stirrups entirely. 



264 


FOUNDATIONS 


pondicular to the strap, is then 


2 , 202,0 00 

18,000 X 0.9 X 33 


4.13 sq. in. 


Fourkion %-m. round bars, hooked at each end, are selected. 
The unit bond stress on these bars is 


3820 X 4 X 6 ^ . 

“ - 34 X f 964 X o;9 X 33 


This is w(‘ll below the allowabk^ valiu; of 150 p.s.i. 



Complete details of tlu* footiug are shown in Fig. 91. 

160. Miscellaneous Foundations. In designing foundations 
to rest on soil, the safe Ix'aring power of which is very small, it 
sometimes Ix'comes necessary to extend the footings to cover 
practically all of the area of the biiilding, one connected to th(' 
otluT. Such foundations may consist of a solid flat slab of 
concrete, a series of beams with slabs at the top or bottom, or a 
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series of connected multiple-column footings. In some cases it 
may be necessary to support the individual footings on piles. 

Pile Foundations 

161. Concrete Foundations on Piles. Where a soil of a 
liighly compressible nature is encountered, and where the amount 
of excavation \vhirh would be requir(‘d to reach a firm stratum 
w^ould be excessive, economy might dictate the use of a foundation 
support(^d on piles, t he lattcT IxMUg long enough eitJK»r to reach 
the firm substratum or to devi^lop sufficient, skin friction to over- 
(‘ome t he loads to which thc^y are sul)jected. 

Tins type of foundation consists essentially of a concrete^ slab, 
usually reinforced, supported directly on the piles. The heads 
of the })iles are allowed to project a short distance abovc^ the 
ground so that the concreti' may encases tlu'se portions ai th(^ 
piles and form with them a solid unit. A minimum embedment 
of 6 in. is consid(T(‘d satisfactory in most cas(*s. If desirables, 
the material around the piles may b(' excavatesd, tins depth of 
(‘xcavation depemding upon soil conditions, and the space thus 
made filled in with gravel or other solid matisrial, on w hich th(s 
concrete is laid as statesd alcoves. Such procedure utilizes the 
increased bearing poweT of the earth surrounding tlie piles. 

The essential difference in the d(‘sign of a concretes foundation 
supported on pik^s, and the design of a footing resting directly 
on tbe soil is in the manner in w hich the load on the footing is 
resisted by the foundation bed. In th(‘ former case, a stories of 
concentrated upward loads must hv considerc'd, w hile in thc^ latter 
cas(v, uniform distribution under th(^. (‘iitire (M)n(*Tet(i arc'a is 
assumed. 

162. Bearing Power of Piles, When pil(\s an* supported 
<*ntirely l)y the friction Ixdween tluur sides and the (‘arth, t,h(^ 
load is transmitted to a deep ground level in a conoid of pressure 
through the earth above it. Such piles should l)e driven so far 
apart, or to such a depth, that the increased area of bearing 
developed by the conoid of pn^ssure, which has the reciuired 
altitude to contain the frictional rc^sistance, reaches a level at 
wdiich the material will afford the required support before it 
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intersects the corresponding conoid of an adjacent pile. In good 
practice, bearing piles are never spaced closer than 23 >^ ft. center 
to center, and preferably not closer than 3 ft. 

The bearing value of a pile which is supported by the friction 
of the earth into which it is driven will depend, among other 
things, upon the soil conditions, the size and spacing of the piles, 
and the depth to which they are driv(ui.‘ The absolute maxi- 
mum loads usually permitted on timbcu* and concrete piles arc^ 
20 tons and 40 tons, resp(M*tively. The actual l)earingj powc'r 
can be determirn^d by a loading test, in which a pile or group of 
piles is loaded with a static load placed in increments until 
apprecial)le settlement is noted, or by a driving test, in which the 
measured penetration caus(»d by sc^veral blows of the hammer is 
used to compute tlu^ i)robable bearing power. 

The most widc^ly used formulas for computing the bearing 
|)ow(^r from penetrations obs(‘rv(‘d in driving are the Engineering 
News formulas. A suitabh^ factor of safety is included in th(iS(* 
formulas, so t.hat/ tlu^ resulting values are the safe bearing capaci- 
ties rath('r than tin; ultimate^ When a drop hammer is used, 
with a free fall not excenrding 20 fi., tiie e(iuation for the saf(‘ 
Ix^aring power is 


P 


2WH 

1 


When a single-acting steam liamuH^r is used, the safe load [x r 
pile is 

p = . 

s + 0.1 


^ Goodrich recommends that *‘the best practice is to assume a given load 
per pile, to design all footings accordingly, and to require the superintendent 
of construction to provide and drive piles which will sustain this assuimHl 
load. In that case th(' dewsigm»r’s can? will be to provide just the proper 
number under each footing, and to space them so that each pile will develop 
its full proportion of the given load. To this end, groups should be mad(? 
as nearly circular as possible, especially when they consist of any considerabh* 
number of piles. The corner piles of square groups of 16 piles might just 
as well be omitted. 



PILE FOVSDATION,^ 


267 


When a double-acting steam hammer is used, the safe load is 

2W(W + Am - h) 

p _ s 

ill which P = safe bearing power per pile, in pounds. 

W = weight of a drop hammer or the weight of the 
striking part of a steam hammer, in pounds, 

H = height, of fall of a drop hammer, or the length of the 
stroke of a st(‘am hamnu'r, in feet. 

6‘ = averagi^ pfuietralion in inches ptM- l)low for at least 
three consecutive l)lows of the hammer. 

A = effective area of piston in square inches. 
rn = mean effective pn^ssun^ of the steam on llu^ down- 
ward stroke, in pounds pi^r square inch. 
b = tot al back pri^ssure in pounds. 

A constant of 0.3 instead of 0.1 in the above equations is some- 
times used. 

Wlien a pile is driven througli soft mat.ta-ial to a hard sub- 
stratum, the safe bearing valu<‘ is conifiutod by treating tlu^ pile 
as a (column, with an unsupportcHl l(*ngth (‘qual to two-thirds of 
the peni'tration in distinctly soft mat-cTial. 

163. Bending Moment. As in the case of footings resting on 
soil, th(^ (ext ernal moiiKait, on any sect ion is dc'termined by passing 
through the section a viatical plane which (;xtends completely 
across the footing and comjjuting tin; monKuit of the forces 
acting ov(^r th(i entires area of t lu^ footing on one side of t his plaru^. 
Th(‘ forcf\s are th(i net reactions from tlie, pih\s, eacli riiaction 
being equal to the total load on the (column divided liy ihi) num- 
lu^r of piles. The critical sections for rnomcait are the sarnt^ as for 
footings resting on soil, as given in Art. 147. The nKpiired 
tensile reinforcement is determined in the same manner as for 
footings on soil, and the placing of this reinforcement is governed 
by the same rules. 

164. Shear. The critical section for shear to be used as a 
measure of diagonal tension is assumed as a vertical section 
obtained by passing a series of vertical plaints through the footing, 
each of which is parallel to a corresponding face of the column or 



268 


FOUNDATIONS 


pedental, and located at a dLstance therefrom equal to one-half 
of the effective depth d of the footing. Each face of the critical 
section shall be considered as resisting an external shear equal to 
i;he net reactions from the pih^s whi(di lie wholly or partly within 
the area bounded by this face, two diagonal lin(\s drawn from the 
column or pedestal conu^rs and making 45-degr(‘e angles with 
the principal ax(‘s of the footing, and that portion of the corre- 
sponding edge or edges of the footing intercepted between the two 
diagonals. Allowable shearing stresses are the sam(^ as for 
footings on soil, as given in Art. 149. 

If, as is usually the case, a footing of uniform thickness is used, 
the thickness recjuind will be governed by the shearing stresses. 
A minimum depth above the reinforcement of 12 in. is specified 
in the Joint Ck)de or, for footings without reinforcement, a mini- 
mum of 14 in. above tlu^ tops of the ])iles. 

166. Bond. Critical sections for bond are the same as for 
footings on soil (Art. 150); allowable unit stresses are the same; 
and th(‘ method of compuiing bond stresses is also the same, 
(‘xc(^pt that, the concentrated net reactions from the piles are used 
in d(^t(*rmining the total shear instead of the uniformly dis- 
t ribuU^d mi reaction from the soil. 

166. Design of Footing Supported on Piles. A conen te 
footing nesting on a i)ile foundation is us(*d to support a column 
18 in. square, tlu' total load on which is 225,000 lb. The safe 
bearing ])ower of each pile is 11 tons. I)(\sign th(^ footing in 
accordance with the sp(‘cifications of th(' Joint C'ode, using an 
ultimate compressive strength of concrete of 2000 p.s.i. and 
structural grade st(M'l. 

Assuming the weight of footing as 26,000 lb., tlu^ number of 


piles recpiired 


251.000 

22.000 


In order to keep a minimum spacing of piles of 2 ft.-6 in. and 
to distrilnite the load (‘(puilly between the 12 piles as nearly as 
praetical)le, the arrangement shown in Fig. 92 is adopted. The 

md load per pile is = 18,750 lb. 
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The maximum moment in the vertical isection through one face 
of the column is 


M = 18,750(4 X 6 + 2 X 36) = 1,800,000 in,-lh. 


The effective width is 120 in,, and the efft'ctive depth requinnl for 
nuunent is 


d = 


V. 


1,800,000 
120 X 139 


10.4 in. 


As stated in Art, 149, the dej)th reqiiin'd for shear will be the 
govf'rning depth; but as long as the' d('pth is greater than about 



12 in. and less than about 42 in. (assuming ])iles with heads about 
12 in. in diameter), tla^ n(‘t n*aetions from only t-wo piles ne()d be 
eonsidered in computing the effective external shear on one face 
of the critical section. Assuming a value of d equal to 15 in., 
the width of the critical section for shear is 18 + 2X15 = 48 in., 
and the unit shear is 


2 X 18,750 
48‘ X O^O X 15 


58 p.s.i. 
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This is so close to the allowable unit shearing stress (without web 
reinforcement) of 60 p.s.i. that obviously no reduction in the 
assumed effective depth can be made. 

The total thickness of the footing, allowing a 6-in. embedment 
of the piles and 3 in. from the tops of the piles to the center of the 
reinforcement, is 24 in. The actual weight of the footing is then 
26,000 lb., which checks the assumed value. 

The area of steel required in each band must be sufficient to 
furnish a resisting moment of 0.85 X 1,800,000 = 1,530,000 
iii.-lb. 


A. = r 


1,530,000 


18,000 X 0.9 X 15 


= 6.3 sq. in. 


According to the specifications in Arts. 150 and 165, the total 
shear to 1)(‘ us(‘d in computing the bond stress for each band of 
steel is tlu^ uvi reaction from 4 pil(*s, or 4 X 18,750 = 75,000 lb., 
and the allowable unit stress is 112 p.s.i. 


75,00^ 

112 X 0.9 X 15 


49.5 in. 


Twenty-five %An, round bars are selected (A, = 6.45 sq. in., 
and So = 49.0 in.). Th(^ bars are spacc'd uniformly across the 
entire width of the footing. Tlu* distance c('nt(*r to centx^r of bars 
is approximately 4* 2 which is satisfactory. Standard hooks 
are fornu'd on (*acli (*nd of each bar, as required by the Code. 

Details of the footing an^ shown in Fig. 92. 

PROPouTioNiN(i Footing Akkas for Uniform Pressure 

167. Methods of Securing Uniform Settlement. In all of 
the proceeding discnissions and problems, the bearing areas of 
footings have been s(4(H*ted merely with the idea of keeping the 
unit soil pressures within specified limits, thus ignoring to a great 
extent the possibility of slight settlements and the effect of such 
settlements on tlie integrity of the structure above the footings. 

A safe soil pressure is usually considered to be some value 
smaller than the unit, load at which appreciable settlement takes 
place. .\11 soils are compressible to some extent and, with unit 
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pressures such as are commonly used in practice, a moderate 
amount of settlement under each footing must be expected. If 
the amount of settlement of each footing in a large building is the 
sam(i as that of the other footings, and if all of the settlements 
are simultaneous, no particular harm is done even if, in time, the 
total settlement is noticeable; the entire building merely lowers 
a fraction of an inch, an inch, 2 in., or more, without apparent 
damages If however, uneven settlement takes place, floors will 
get out of level, doors will stick, cracks are apt to form, and even 
more s(*rious damage may result. The problem confronting the 
designer is th(u*efore not so much to pn^v(uit settlement as to 
make sur(' that whatever settlement takes place will b(^ uniform 
throughout the entire structure. 

If tlie footings r(*st on a fairly compressible soil, it is reasonable 
to (‘xpect that a gr(‘at part of tlu^ set tlement will be realized l)eforo 
th(‘ stru(‘turi‘ is made! t-o s(‘rve its usc^ful purpose, f.c., before the 
live load is plac(*d on it. H(uice, in sonn^ cases, tlu' areas of the 
footings an; proportioned to give ecpial unit pressures under dead 
load alone. With a prop^'rly S(;lected unit pressure, it is con- 
siderc'd Ix'tter j)ra<*ticc\ how(‘ver, to assume that a part of th(; 
livt‘ load is necessary to produce noticeable scdlJement, and to 
proportion the footings for uniform pressures under dead plus 
l)artial live loads. It is seldom desirable to consider the full 
live load in tlu; proportioning of footing areas, first, because of 
th(‘ r(;as()n giv(m above, second, b(;cause the full design live load 
is rarely realiz(;d (*xcept occasionally in such stru(;tures as wan*- 
houses, ('tc., and third, because* the; live load is generally a spas- 
modic load and heiu^e the s(*ttl(un(*nt that may be caused by it is 
not in direct proportion to the; amount of the load. The most 
generally adopted practice is to proportion footing areas so that 
the unit pressures under all footings will be the same when the 
footings are loaded witli the dead load plus one-third or one-half 
of the probable live load. 

168. Probable Live Load on Footings. The probable live load 
is the live load which is used in the d(;sign of the basement 
column. This is not necessarily the sum of the full live panel 
loads on each floor above the basement floor. Each floor panel 
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must, of course, be designed for the full live load that may at some 
time be placed on it, but in most structures, especially office build- 
ings, hotels, apartment houses, etc., the full live load will never 
exist on all floors simultaneously. To allow for this condition, 
in computing the design loads for columns and footings, some 
reduction in the specified live load is permitted, the amount of 
reduction depcmding primarily on the number of stories in the 
building. The New York City building code is a typical example 
of conservative practice. This code contains the following: 

(a) In structures intended for storage purposes all columns, 
piers or walls, and foundations may be designed for 85 per cent 
of the full assumed live load. 

(h) In structures int(mded for other uses the assumed live 
load to be used in the design of all columns, piers or walls, and 
foundations may be as follows: 

100 per cent of the live load on the roof. 

85 per c(‘nt of the liv(^ load on the top floor. 

80 per cent of the liv(^ load on the n(‘xt floor. 

75 per c(^nt of the liv(^ load on the next, floor l)elow. 

On each successive lower floor, tliere may l)e a corn^sponding 
decrease in percentage, provid(‘d that in all cas(‘s at least 50 p(‘r 
cent of tlie live load shall lx* assumed. 

169. Method of Proportioning Footing Areas. A metliod 
for determining the* h(*aring area A which is required under (‘ach 
individual footing to give uniform pressur(*s under dead plus 
partial live load is as follows: S(*lect oiu* footing as tlu* (’ritical 
footing. If a given bearing joressure is not to lx; (*xceeded, the 
critical footing will be that footing with tlie great(‘st perc(*ntag(* of 
live load. The area of the base of tlie critical footing is .b, tlie 
total load on it is Tcy the live load Lr, and the dead load Dr. 
The live load on any other footing is L, the dead load Z), and tlie 
area A. Then, in order not to exceed the given value for the safe 
bearing capacity of the soil, B, the required area of the critical 
footing is 
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The bearing pressure Br at the base of the critical footing, when 
that footing is loaded with its full dead load, Dc, plus a definite 
part of its live load, AL,. is 

De + ALc 
= . 

^ 1 ^ 

111 order to secure equal unit pressures at the bases of all tlie 
footings in the given structure when th(\se footings are loaded 
with tlieir full dead loads D plus the stated part of tlieir respective 
live loads AL, the area A of each footing must be equal to 

^ _D + AL 

^ Br. 

If th(‘ footings are to b(‘ proportioned for equal unit pressures 
under d(‘ad load plus one-half live load, the value of A in the above 
discussion is I 2 ; for dead load plus one-third live load, A = 
With an^as coinpiit('d from this eipiation the maximum unit 
pressure und(*r the critical footing will b(‘ equal to B, tlu' maxi- 
mum unit i)r(‘ssure uiuha* any other footing will be less than B, 
and the unit |)ressur(^ under dead load ])his oiu'-half (or one-third 
or any other spc'cified fraction) of the live load will be the same 
und(*r all footings. Once the area of each individual footing is 
detca'miiu'd as abov(‘, the nmiaindcT of the design of (^ach footing 
must l)e. bas(‘d on tlu^ total load. 

170. Illudmfivc Problem. Four typical footings in a given 
building support dead and probable liv(^ loads as tabulated below. 
If tlu^ maximum saf(^ Ixairing power of the soil on whi(*.h tluise 
footings are to rest is 5000 lb. p(*r scp ft., what must, be the area 
of each of th(*se footings in order that uniform setthiment may be 
(^xpefded, when tlie footings are load(?d W'itli the full dead load 
I)lus one-tliird of the live load? 


tooting 

Dt'iid load, 
lb. 

Live load, 
lb. 

hive load, 
per cent 

DL + y^LL, 
lb. 

A 

500.000 

300,000 

37 

600,000 

B 

400,000 

210,000 

34 

470,000 

a 

400,000 

300,000 

42 

500,000 

D ' 

500,000 

180,000 

26 

560,000 
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The critical footing is C, and the required area is 


Footing C = 


400,000 + 300,000 
5000 


140 sq. ft. 


A footing 12 ft square is selected, the area of which is 144 sq. ft 
The unit pressure Be under this footing when it is loaded with 
the full dead load i)lus one-third of the probable live load Ls 


The required 
Footing A 
Footing B 
Footing D 


500,000 


144 


- = 3470 lb. per sq. ft. 


areas of the other footings are, therefore, 

600,000 

= ' = 1^3 .s(j. ft. (13 ft.-3 in. square) 

470.000 

= ''^47(”)~ ^ square) 

560.000 

= 347 () “ ■'^0- If- (12 ft.-9 in. square) 
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REINFORCED CONCRETE BUILDINGS 

171. Adaptability of Reinforced Concrete. Roinforced con- 
crete* liMs gradually be^couu^ one of tlu* leading building materials 
of the present day, chiefly because of its durability, its fire- 
r(*sistiiig qualities, its adaptability to various types of design, 
and its pleasing architectural appearance. When used with any 
other type of construction, as for (example, the lioors in a steel 
frame st ruciure, or by itself in a building all of whose constituent 
structural parts are* of reinforced concrete, its suitability is we^ll 
recognized. 

In d(‘termining the type of structure to be used for any par- 
tieuilar l)uilding, usually tlu* two most important considerations 
are* the* time re*quire*d l)(*fe)re the buileling may be oeuaipie^d, and 
t he relative economy of the se^lerte^d type as compare^d with the* 
other available structure's. While the actual ereu^t.ie)n of a steu‘1 
frame building may be complete?d in eumsiderably le^ss time* than a 
reinfe)rce*d (H)ncrete building, in most case*s the lemgth of time 
nec(\ssary for the^ fabrication of the ste^el will re'sult in the^ la[)se* of 
a longer period e)f time from the letting of the contract to the 
completion of the structure than in the) case of all-reinfore)(‘d- 
concrete construction. 

Stee)l frame structure)s in which no attempt is made to encase 
t he steel may be lower in first cost than those of reinforced con- 
crete. If, however, an attempt is made) to have the steel structure 
as fireproof as the reinforced concrete structure, the ratio of 
re'lative first costs may be reversed. This is especially true of 
e*ertain type)s of buildings in which long spans and htiavy loads 
exist. A real comparison between buildings of different materials, 
should be made only after a consideration of the first cost and 

subseq\i(*nt annual expenditures. 

27.5 
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172. Floor and Roof Loads. The minimum live loads for 
which the floors and the roof of any building must be dcvsigned 
are always specified in the building code that governs the site of 
the construction. 

The range of minimum live-load values in pounds per square 
foot of floor or roof area, as given in several typical building 
codes, is as follows: 


ApartmentB 

40 

Roofs, flat 

30-40 

Auditoriums and tli(;at(^rs: 


School buildings: 


With fixed seats 

60-80 

Classrooms 

50-60 

Without fixed seats 

100 

Corridors, public spaces. 

100 

Dwellings 

40 

Garages: 


Hospitals 

40 

All types of vehicle 

100-175 

Hotels: 


Passenger cars only 

75-125 

Rooms 

40 

Store buildings: 


Corridors, lobbies, dining 


Retail 

75-125 

rooms 

100 

Whoh^sah^ 

100 125 

Manufacturing buildings: 


Warehouses: 


Light manufacturing. . . . 

75-125 

Light storage 

75-150 

Heavy manufacturing. . . 

125-200 

Heavy storagt* 

200-250 

Office buildings: 




Ofiicc space 

60-60 



Corridors, public spaces. 

100-125 




The specified minimum live loads cannot always be used. The 
type of occupancy should be consider(‘d, and the probables loads 
should be computed as accurately as {)ossible. War(*houses for 
heavy storage may be designed for loads as high as 5()() lb. or more 
per sq. ft.; unusually heavy operations in mamifacturing buildings 
may reejuire a large increase in tlu^ 200-lb. maximum specified 
above; and special provision must be made for all definitely 
located htMivy concentrated loads. 

Some building codes provide for occasional probable concen- 
trated loads, such as the weight of a heavy safe, by requiring that 
in addition to being adequate to support the specified minimum 
uniform live load, the floor system shall also be capable of sup- 
porting a single concentrated load of 2000 lb. (or more) on an 
area 2} ^ ft. square when this load is placed in any position on the 
floor. The concentrated load and the uniform load are, how'ever, 
not assumed to act simultaneously. 
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In all cases the dead weight of the floor must be included in the 
total design load. Wlien plastered ceilings are specified, as is 
frequently the case where ribbed floor construction is used, an 
additional allowance of from 10 to 15 lb. per sq. ft. is made for the 
lath and plaster. In certain types of buildings, particularly 
office buildings, where all partitions are not definitely located on 
the plans, an extra allowance of from 10 to 20 lb. per sq. ft. of 
floor area is frequentl}^ made for the weight of these partitions. 

Reinfohcp:d Conckete Floors and Roofs 

173. Types of Floor Systems. The different floor systems 
that are commonly used in reinforced concrele buildings may be 
divided into five general classes, as follows: 

1. Beam-and-girder floors. 

2. Beam-and-slab floors. 

3. Flat-slab floors. 

4. Ril)bed floors, witii clay-tile, gypsum-tile, or st eel-tile fillers. 

5. Steel-joist floors. 

J']acli of thc^se typ(\s is described in the following art icies. Type? 
5 is more commonly iis(‘d with structAiral-st,('(‘l frames than with 
vonervAv. fraiiK^s, but. it can hi) adapted to the latter type of 
construction. 

174. Beam -and -girder Floors. A beam-and-girder floor con- 
sists of a series of j)arall(*l beams supported at their extrcvinities 
by girders which in turn frame into concrebi (a)lumns j)laced at 
more or l(\ss r(*guhir intervals ov(T the entin! floor area. This 
framc'work is (*oven‘d by a reinforc(*d conen^b^ slab, tlie load from 
which is t.ransmittc'd first to t-lu' beams and thence to thi^ girdtu*s 
and (u>lumris. Hu* beams are usually spacc^d so that, t hey come at 
t he midpoints, at the third j)oiiits, or at t.he quarter points of 
the gird(^rs, as shown in Fig. 93. The arrangement of bc^ams and 
spacing of columns sliould l)e determined by economical and 
practical considerations. These will bo affected by th(i use to 
which the building is to be put, the size and shape of the ground 
area, and the load which must be carried. A comparison of a 
number of trial designs and estimates should be made if the size 
of the building warrants, and the most satisfactory arrangement 
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selected. As the slabs, beams, and girders are built monolitli- 
ically, the beams and girders are designed as T-beams and advan- 
tage is taken of continuity. 

Beam-and-girder floors are adapted to any loads and to any 
spans that might be encountered in ordinary building construc- 
tions. The normal maximum spread in live-load values is from 
40 to 400 lb. per sq. ft., and the normal range in column spacings 
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Fkj. — FrainiiiK of beani-and-jjiidor floors. 


is from 16 to 32 ft. A complete design of a typical Ix^ain-and- 
gird(»r floor panel is given in Arts. 195 to 198. 

176. Beam-and-slab Floors. Beam-and-slab floors are thos(‘ 
in which a solid nnnforced concede slab is supported on con- 
cret-e beams which transmit the loads directly to the columns. 
Th(i beams are framed into the columns, usually in both rec- 
tangular directions; the slat) is poured rnonolithically with th(^ 
beams, with reinforcement parallel to each side of the floor 
panel. Occasionally the beams in one diri^ction are omitted 
and the slab is supported on the beams between the columns 
in the other direction; the main slab reinforcement is then all 
placed at right angles to the beams, and only shrinkage reinforc(‘- 
mcnt is placed in the other direction. 

Beam-and-slab floors with beams in one direction only are 
heavy and expensive for ordinary spans, and are seldom used. 
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Those in which beams are placed in two directions are some- 
what lighter, provided the panels are approximately square, and 
they furnish greater lateral support to the en.ire building frame. 

176. Flat-slab Floors. A flat-slab floor consists of a rein- 
forced concrete slab supported directly on concrete columns 
without the aid of b(»ams or girders. This type is discussed 
in detail in Arts. 210 to 217. In general, flat-slab construction 
is economical for liv(^ loads of 100 lb. or more per square foot 
and for spans up to about 30 ft. For lightiu* loads, such as an^ 
used in apartment houses, hotels, and office buildings, sonu^ 
form of ribbed-floor construction will usually be clu'apor than 
a flat-slab floor. For spans longer than about 30 ft. beams and 
girders are desirable because of the greater stiffnc'ss which can be 
s(‘cun‘d with tliem. Flat-slab floors can b(‘ used only for con- 
structions in which th(^ column spacings are fairly constant, 
and in which the paiK'l h'Ugth in one dirt^ction is approximately 
the same as, and never more than 1.33 times, t.h(' panel length 
in the other direction. 

177. Ribbed Floors. A ribbed floor consists of a series of 
small, clos(*ly spac<»d, reinforced (*oncrete T-b(‘ams framing into 
t)eams or girders vrhich in turn frame into t he supporting columns. 
T\\v T-b(’iams (calhMl joists or ribs) an' fornu'd by placing rows of 
tillers in what would otherwise* l)e a solid slat). The* filliTs may 
b(‘ hollow clay-tile or gypsum-tih* blocks, s[)ecial stee^l cores, or 
ordinary wood forms. The* girdeTs which su])port. th(^ joists an^ 
l)uilt as re^gular T-l)eams with a maximum flanges thierkness equal 
to tli(' total thickiH'ss of the* floor, as shown in Fig. 99a. 

Rib])ed floors are economical for buildings smdi as apart- 
ment houses, hotels, and hospitals, where the* live loads arc 
fairly small and the s])ans comparativc'ly long. They are not 
suitable for heavy construction such as is n(‘C(\ssary in ware- 
houses, printing plants, and heavy manufacturing V)uildings. 

178. Ribbed Floors with Clay-tile Fillers. Figure 94 shows a 
ribbed floor in which structural clay-tile blocks are used as 
fillers. The blocks are usually 12 in. square and they can be 
obtained in thickness varying from 4 to 12 in. Specially formed 
blocks are also manufactured for use as floor fillers, but these 
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have little, if any, advantage over the standard square form. 
The blocLs are placed flatwise and end to end, in rows between 
and at right angles to the girder forms. They are supported 
either by a solid decking similar to that used for regular concrete 
slabs, or on 2 by 8 planks called soffit boards, which are centered 
under the space between the rows of tile. The decking or sofliit 

boards are supported on light 
shoring from the floor below. 
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The usual clear distance between 
rows is 4 in., thus making the 
distance center to center of rows 
16 in. Conert^te is poured on the 
decking or soffit boards to fill th(^ 
space betwe(ui t he rows of tiles and 
also to cover the tiles to a depth ^ 
of 2 or 2} 2 iii* Th(? resulting con- 
struction consists of a series of con- 
crete T-beams, or joists, with tile 
fillers under t he slab in the spaces 


One - way file 



Fig. 94. — Dotiiils of one-way tile 


betw/^en ilu) stems of the joists. 
The joists frarnt'. into, and are sup- 
I)ort.ed by, tin* girdt'rs, and thest^ 
in ttirn art' sui)port(^d by the col- 
umns. WIk'H tlu' concrete has 


floor. 


hardtuu'd, tlu' forms are removed, 


but the t ilt^ fillt'rs rtunain in yflace, securt'ly anchort'd to the con- 
crett^ l)y tlu^ iiroject.ions on the surfaces of the tiles. The entin^ 
ceiling is thtui plastered. The joists are rt'inforced, usually with 
two longitudinal bars, one Iteiit and one straight-. The slab is 
reinforetd, primarily for shrinkage stresses, with wire mesh, 
expanded rnt'tal, or small bars placed at right angles to the 
joists; the area of the rt'inforcement is usually about 0.25 per cent 
of the cross-sectional area of the slab.^ 


^ Tho Joint Codo ponnits a inininiuin slab thickness of 132 in., but not 
less than oiHvtwclfth of the clear distance between joists. Normally a 
2-in. minimum slab thickness is used. 

* The Joint Code requires that the temperature reinforcement, placed 
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The method to be used in the design of a typical ribbed floor 
panel with clay-tile fillers is outlined in Arts. 204 to 206. 

When a ceiling with a tile surface over the entire area is 
required, narrow flat-tile slabs are furnished, to be laid in the 
/ bottom of the joists before the concrete is pound. These tile 
facers are scored on both sides, 
the upper scoring serving to hold 
the facers to the concrete of the 
joists and the lower scoring serv- 
ing as a bond for the ceiling plas- 
ter. When these tile facers are 
used, the effective depth of the 
joists is decreased by the thick- 
ness of the facers, about hi., 
and to provide the necessary 
strength the total floor t-hicknt^ss 
must be increased accordingly. 

Tile facers are used primarily to 
prevent staining of the plaster 
by the concrete, but normally if 
the concrete is allowed to dry 
thoroughly before the plaster is 
applied, no plaster stains will be notic(Ml under joists without 
facers. 

Special tiles with closed ends are also available for use in form- 
ing a two-way ribl)ed floor. These blocks are laid in rows, 
with a space of about 4 in. between adjoining blocks in the same 
row, and with a space of about 4 in. between adjacent rows; 
reinforcement is placed in the joists which are thus formed in 
the tw^o directions. Wh(*n such t w'o-w ay tile construction is used, 
beams must be placed in both directions bet-w'cen iho, columns 
to furnish support for tlu^ joists. The essential details of a two- 
way ribbed floor are showTi in Fig. 95. 

179. Ribbed Floors with G 3 rpsum-tile Fillers. Gypsum-tile 
ribbed-floor construction is similar to that in which clay-tile 
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95. ' Details of two-way tile 
floor. 


at right angles to the joists, shall be of the amounts specified in Art. 59 for 
slabs reinforced in one direction. 
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fillers are used, except that the size and shape of the blocks are 
different. A crosvs-sectioii of a typical gypsum filler tile is shown 
in Fig. 96. These tiles are made of dense specially prepared 
gypsum, in two sizes, one 12 in. wide and 30 in. long, with thick- 
nesses of 3, 4, or 5 in., and the other 19 in. wide and 18 in. long, 
with thicknesses of 6, 8, 10, or 12 in. The 19- by 18-in. fillers 
are cast with one integral end, which provides a seal for each 
row at the girders. The 12-in. tiles are usually placed 16 in. on 

e%/2'' 


Fkj. 00. Dotfiils of rihhod floor with Kypsuiii tiles. 

centers, tluis providing a 4-in. joist, while the 19-in. tiles are 
usually placed 24 in. on centers, with a 5-in. joist width. Joist 
widths can, of course, be varied to suit any conditions. 

Joist fac(n*s 5 in. wide, 1 in. thick, and 12 in. long, are avail- 
able'; these an' laid on the forms between the row^s of tiles and 
s(Tve to give a uniform surface to tlu' bot tom of tlu^ floor. These 
joist fa(*ers are lu'ld in position by notches in the sides of the 
facc'rs, which fit into corresponding notches in the sides of the 
fillers, as shown in Fig. 966. 

Open cent('ring, consisting only of planks or soffit boards for 
the bottom forms of tlie joists, is usually used. These planks are 
wide enough to pf'Tinit the edges of the tile blocks to rest on them. 
The soffit boards are supported on transverse 2 by 8 timber joists, 
from 3 to 4 ft. on cimters; the 2 by 8 joists are supported on 4 by 4 
posts about 4 ft. on centers. 

Ribbed floors with gypsum-tile fillers are lighter in weight 
than those in which clay-tile fillers are \ised, and they are adapted 
to slightly longer spans. The tile pieces can readily be cut to 
fit conditions in the field, but they require careful handling to 
prevent excessive breakage. 
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180. Ribbed Floors with Steel-tile Fillers. When special steel 
cores are used, the formwork again consists of open centering, 
in which planks or soffit boards are placed only under the (concrete 
ribs or joists. The steel cores are availabk' usually in lengths 
of 30, 35, or 36 in., and in depths of 4, 6, 8, 10, 12, or 14 in. They 






ai(‘ tap(‘i(»d 111 cioss-scction as sliown in Fig 07r/, th(‘ mosi com- 
mon width at the bottom is 20 in , although oth(‘i widths b(4we(»n 
10and31in an* also obtainalile. In some syst(*ms the indi\ idual 
core lengths a, Fig 97a, nst on the (*dg(‘s of the soffit boaids h, 
which sene as the bottom forms for the libs or joists c, and wliuh 
in tuiii are sujipoited by trans\eise timlxT joists d, and \ertical 
posts ( , Jn other system^ the steel tiles a, Fig 975, are sup})ort(‘d 
by ledg(‘i strips 5, which are fastcuu^d to the sich^s of timber joists 
r, laid on c^dge undei the soffit boards d With the latter system, 
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one depth of tile can be used for various depths of joists. In 
Fig. 976, the bottoms of the tiles are held in the correct position 
by the separators e, which are made of two pieces of 1 by 2 strips, 
nailed together; the timber joists c rest on transverse joists g, 
and these are supported by the vertical posts /. 

Concrete is placed on the soffit boards in the space between 
the rows of steel cores, and above the cores to form a slab from 2 to 
3 in. in thickness.^ After the concrete has hardened, the steel 



Fig. 98.— Stool tilos with taporocl onda. 


cores are generally n^moved, although soim^ types are desigiK^d 
to be left in place jiermanently. 

With permaiK'iit tiles, medal lath/, Fig. 97a, is placed undtT 
<h(^ tiles before they are put in position, and anchored to the 
(‘oncrete joists by suitable metal clips which })roject up into the 
joisLs. The entire ceiling is plastered afttT the formwork is 
removed. With removable' tih's, the ceiling may be plastered 
by fastening metal lath to the concrete aft(*r the tiles are removed, 
or the joists may be left exposc'd. Tlu' joists an' usually made 
f) in. wide at the* bottom, so that the' distance center to center 
e)f joists is ordinarily 25 in. The reinforcenu'nt is similar to that 
which is used in ribbed floors in which clay-tihi or gypsum-tile 
fillers are used. 

Stee'l cores with the sides tapered in the direction of the length 
are available for use at the ends of the rows in designs where the 

^ The Joint Code specifies a minimum slab thickness of 2 in., but not less 
than one-twelfth of the clear di.stanco between joists, with temperature 
reinforcement at right angles to the joists of an area not less than 0.049 sq. 
in. per ft. of width. 
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shearing stresses are relatively large. The width of tapered 
cores at the small end is 4 or 5 in. less than at the large end, so 
that the width of the joist near the support is increased accord- 
ingly. The increased width of the joist reduces the shearing 
stresses in the concrete. A typical construction showing tapered 
end lengths in position is illustrated in Fig. 98. 

The girders winch support the joists are rectangular beams 
or T-beams with a maximum flange thickness (»qual to the 
total floor thickness, as shown in Fig. 99a. If tlu^ maximum 
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Fkj. Details of girdors for stool-tile floors. 


flange thickness is to he us(^d, th(^ row's of tiles are sto])ped at the 
proper distance from t lu^ st(*in of t he girder. If a flang(» thickness 
less tlian tlie maximum is dt'sirt'd, th(^ end pieces of tile in each 
row are short sections whitii are dropj)(‘d down on the forms, 
so that tlie tops of tlu^ pi(‘C(\s are at tlu* ]n*op(jr lievation to 
furnish tli(> required slab thi(*kn(\ss above? th(‘m. End caps are 
used at eaeii end of (‘tich row' of tile, as sliow n in Fig. 98, to hold 
the girder concrete in jiosition. 

Tile piec(?s wdii(?h are tapered in the d(?i)th are also available. 
These tiles are usually about 3 in. less in defjt.h at one end than 
at the other, so that if one length of sucli tile is uscid at each end 
of each row', a slab from 5 to 6 in. thick at. the edge of the girder 
is obtained, as shown in Fig. 996. This thickness is often suffi- 
cient to furnish an adequate flange for the gird(?r. 

A complete design of a typical ribbed floor panel with steel-tile 
fillers is given in Arts. 199 to 203. 
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181. Steel- joist Floors. A steel-joist floor consists of a series 
of closely spaced, parallel, shallow joists or trusses of the Pratt, 
Warren, or double-Warren type, supported at the ends on steel 
or concrete beams, or on masonry walls, and covered with a 

thin concrete slab. 

Two common types of steel 
joists are shown in Fig. 100. 
The truss in view a is manu- 
factured from one solid piece of 
specially rolled I-beam by a 
paUaited hot-slitting and roll- 
ing process. The webs of the 
I-beams are slit and the sections 
rolled out to the required depth 
at a temperature of 1800 deg. 
F ahrenheit . T h e resulting 
iTuss has T-shapc^d chords and 
a flat latticed web structure of 
uniform strength throughout. 
TJu? bottom chords are bent up 
at the ends and welded to the 
top chords, in order to form a 
flat bearing surface and a rigid 
support. Th(^ truss of Fig. 1006 is compos(»d of angle chords and 
a continuous-bar wel), assembled by the higli-pressure electritr 
welding iiK^thod. The welds are designed to develop the full 
strength of tlu^ web members. 

Ste(^l joists are manufactured in depths of 8, 10, 12, 14, and 
16 in., and are carried in stock in a range of depths and lengths 
to meet all usual conditions of load and span. The span limits 
vary from 4 to 32 ft.^ The joists arc spaced from 12 to 30 in. 

^ Ijong-span joists ure also available, primarily for roofs, with depths 
up to 32 in., and for spans up to 64 ft. Roofs supported by these long-span 
joists have wood plank decks with built-up roofing, or concrete decks. 
The spacing of the joists is limited by the safe span of the deck. Long-span 
joists are bridged with cross bracing of not less than Hi X X H 
angles, spaced not nmrc than 10 ft. apart. 
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on centers, depending on the load and span, and are covered 
with a 2- or 3-in. concrete slab poured on metal rib lath which 
rests on and is fastened to the upper surfaces of the joists. 

The trusses arc braced transversely by some form of rigid 
diagonal bridging ])laced between adjacent trusses, at intervals 
of from 5 to 7 ft. One type of bridging is showii in position in 



Fig. 101. —(a) Steel-joist floor, (h) BridRuiR inonihers. (c) Wire clips. 


Fig. lOltt. The bridging numibers are light ?.t-in. chanm^ls, as 
shown in Fig. lOlh, which are notchtid at the (nds to r(\st against 
the chords of the trusses. The channels are fasteiud to th(i 
chords of the truss(‘s by means of No. 7 gauge w^ire clips, as 
shown in Fig. lOlr. 

Steel-joist floors an^ economical for light- octaipancies, but 
they an? unsuitabh? for heavy or vibrating loads. Th(‘y are 
easily installed and the cost of construction is low, b(?causi? no 
forms are required for the concrete slab. Ceiling lath for plaster 
is attached directly to the lownr chords of the trusses. Since? 
the webs of the? joists are open, all plumbing and service pipes 
may be concealed in the construction without interfering with 
the structural members. The method of design and the essential 
details are given in Arts. 207 to 209. 

182. Concrete Slabs on Steel Beams. Reinforced concr(‘t(? 
floors are the usual rule in steel-frame buildings. The slab 
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may rest on top of the beams or be supported by the lower flanges. 
If the concrete encases the steel completely, the fire-resisting 
qualities of the floor are greatly increased. The usual maximum 
spacing of beams in such construction is about 6 ft. The use 











Fi(i. 102. — Methods of supporting eonerete slabs on st/col beams. 


of one-way floors resting on steel beams is very common for 
longer spans up to about 20 ft. Illustrations of modifications 
of this type of construction are given in Fig. 102. 

183. Floor Surfaces. A mortar or granolithic finish is proba- 
bly the most common tyfie of wearing surface for concrete floors. 
The usual proportions for such a surface are one part Portland 
(cement, one part sand, and one part crushed stone which pass(\s 
a 3 4 -in. sieve. A thickness of 1 to *2 in. should be used, depending 
on the time of pouring, 1 in. being sufficient if the main slab 
has not been allowed to set thoroughly before the placing of the 
mortar. 

A wooden floor may be provided for if desired, b}^ embedding 
l)eveled nailing strips or sleepers,^' usually 2 by 4’s laid flat, 


Finished Floor of Maple 

Cinder Concrefe, / Yellow Pine Sleepers 





Reinforced Concrete Floor Slab' 


End View 


Fig. 103. — Details of a wooden floor on A concrete slab. 


in a layer of cinder concrete on top of the main slab, as shown in 
Fig. 103. A spacing of 16 in. for the sleepers has been found 
satisfactory for the ordinary floor. 

Small vitrified-clay flat tiles embedded in a 2-in. layer of 
Portland-cement mortar also provide a satisfactory floor surface. 
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Linoleum placed over a smooth cement base is also frequentlj" 
used. 

The durability of any wearing surface depends in a large 
measure upon the method of placing the surface. If not properly 
constructed, the granolithic* finivsh might spall, the wood floor 
‘'dry-rot,’^ the tiles curl, and the linoleum crack. In order to 
insure the maximum degrc'e of servicc'ability from a given type 
of floor surface, a special study of methods which have proved 
successful for laying that parti(*ular type of floor should be made, 

184. Concrete Roofs. The design of roofs is similar to the 
design of floors. In addition to the structural recpiirenK'iits, 
however, the roofs must be impervious to the' passage of water, 
provide for adequate drainage, and furnish protection against 
condensation. 

In order to provide adequate drainage, the roof slab ma>’ Ix^ 
pitched slightly, or a filling of sonu* light material ur*!! as cinder 
concr(^t(*, cov(*r(‘d with a suitable roofing material, may lx* used, 
the thickness of the filling being vari(*d so as to give* tlu' reciuirc'd 
slope to the ]*oof surface*. The amount of slope* r(*(juin*d for 
drainage will di'p(*nd upon the smoothness of the* (‘xpos(‘d sur- 
face*. A value of V,s IP might be us(*d with a surface* of 

liard tile. F(‘lt and gravel i(X)fs should have a pitch of at I(*ast- 
34 in. per ft. Soiiu* form of flashing is reejuired along thi^ 
parapets to prevent the drainage from se(‘])ing into the building 
at the* edges of the* re)of slab. 

(yondemsation may be*st be* guarde*d against by prop(*r ve*ntila- 
tion and insulatie)n. The form of insulatie)n to lx* use*d will 
depend upon the ])ai*ticular e*lass e)f building undeu* ex)nsiderat ie)n. 
The main typ(*s of insulatie>iP are*: 

Roofing felts and epiilts. 

Cinder fill (with ceanemt finish upon which the^ roofing is laid). 

Cinder-concrete fill cov(*red with roofing. 

Hollow tile (with mortar top coat upon which roofing is 
laid). 

Combination hollow tile and cinde^r fill. 

' See', artierle on “Prevention of ("ondeiiHation on (-oiXTete Hoof Surfaces, ’’ 
by Albert M. Wolf, Concreif'-Cevianl Age^ May, 1914. 
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Double concrete roof (light concrete slab above the main roof 
slab). 

Suspended ceilings. 

Imperviousness may best be provided for by the application of 
some form of separate roof covering, such as a combination of 
felt and gravel in alternate layers cemented together and to the 
slab by means of coal-tar pitch or asphalt, vitrified tile embedded 
in asphalt, or any of the commercial types of built-up roofings. 
Tin, corrugated iron, or copper roofings are sometimes placed 
on reinforced concrete buildings but are usually more expensive 
and less permanent than other types of coverings. If it is not 
desirable to use any sc^parate roof covering, the main slab may 
be made reasonably wat(u*proof by the methods mentioned 
in Art. 17. Such procedure is not recommended except for 
structures where absolute irnixu'viousness is not essential, because 
of the difficulty of preventing entirely the formation of shrinkage 
cracks and the attending seepage. 

Walls and I^aktitions 

186. Panel or Curtain Walls. As a general rule, the exterior 
walls of a reinforced con(U'et(‘ building are supported at each floor 
by the skeleton framework of the building, their only function 
being to enclose the building completc'ly. Such walls are called 
curtain walls or panel walls. They may be made of concrete, 
brick, concrete blocks, U^rra-cotta tile blocks, or hollow masonry 
blocks faced with brick or stoiKL The thickness will vary 
according to the material, the type of construction, and the 
building requirements governing the particular locality where the 
<x)nstruction takes plac('. 

The New York City Code (revised 1938) requires that panel 
walls in skeleton frame construction shall be at least 8 in. thick if 
such walls are const rue t('d of solid masonry (brick or stone), 
at least 12 in. thick if of hollow masonry (i.c., hollow concrete 
blocks or terra-cotta tiles), or at least 10 in. thick if the wall is a 
combination of hollow and solid masonry, constructed with at 
least 4 in. of solid masonry on the exterior face. The maximum 
height between supports of panel walls constructed of the mini- 
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niiim thicknesses specified above shall be 13 ft . When such walls 
exceed 13 ft. in height, they shall be increased 2 in. in thickness 
for each ft., or fraction there'of, of height in excess of 13 ft. 

The pressure of the wind is practically the only load that need 
be considered in determining the theoretical thickness of a rein- 
forced concrete curtain wall. Designed as a slab supportt'd on 
four sides for a w’ind pressure of 30 lb. per sq. ft., the walls in 
buildings of ordinary proportions need only be from 3 to 4 in. in 
thickness. '^I'kis is too thin to permit of practical and e(H)noniical 
construction and to assure complete ])rotection against s(»e|)ag<^ 
and condensation. Most building codes require a minimum 
thickness of 8 in. for curtain walls of reinforced coiu‘rete.^ The 
amount of steel necessary is usually governed l)y th(‘ iiec(\ssity 
of guarding against the formation of cracks caused by expansion 
and contraction due to temperature changes. Small bars lim- 
ning horizontally and vertically are placed near each face of thc^ 
wall and spacc'd not more than 12 or 18 in. ci^nter to C(‘nti‘r in 
both directions. On account of the probability of greater t(‘m- 
perature variation on the exposed face, more st(H‘l should b(‘ 
placed near that face than on the inside unless the lateral pr(\ssure 
requirements govern these amounts.^ These bars should extend 
into the columns and wall beams if the walls are poured at th(^ 
same time as these members. If, as is usually the case, th(i walls 
are poured after the columns and beams, anchorage should be 

^ The Joint Code specifies a minimum thickness of 5 in., but not le.ss than 
one-thirtieth of the distance between supporting or enclosing niernbers. 

^ The Joint ("ode requires that the reinforcement in each direction (vertical 
and horizontal) shall have an area at least equal to 0.0025 times th(5 cross- 
sectional area of the wall if bars are used, or 0.0018 times the anm if (elec- 
trically welded wire faloric is us(^d, with wires not hess than No. 10 W. and M. 
gauge. Walls more than 8 in. in thickness shall have the reinforceimjnt for 
each direction placed in two layers parallel with the faces of the wall. One 
layer, consisting of not less than one-half and not more than two-thirds of 
the total required area, shall be placed not less than 2 in. and not more than 
one-third the thickness of the wall from the exterior surface. The other 
layer, comprising the remainder of the required reinforcement, shall be 
placed not less than and not more than one-third the thickness of the 

wall from the interior surface. Bars, if used, shall not be less than % in. 
in size, nor shall they be spaced more than 18 in. on centers. 
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provided for by means of dowels projecting from the latter units. ' 
It is good practice in such cases to mortise the wall into the 
columns and wall beams by leaving grooves in the latter members 
when they are poured. The grooves may be formed by nailing 
wooden strips on the inside of the forms. 

Where a small amount of window area is inserted in a curtain 
wall, the reinforcement may remain as for a solid wall, but 
additional bars should be plac(^d near all (‘dges of the openings. 
Where light is essential, as in a factory, pra(*tically the entire wall 
panel may be enclosed l)y windows or filled with glass l)locks as in 
Fig. 121, construction then consisting of a wall beam or lintel at 
each floor and a spandrel between the wall beam and the window 
sill. Sometimes this spandrel is made of reinforced concrete and 
constructed as a part of the wall beam. In other instances the 
concrete spandrel is considen^d independent of the wall beam, 
and is reinforced only for temperature str(‘sses. The advantage 
in using ind('pendent spandrels lies in the fact that the}^ may be 
plac(*(l aft(u* (he structural framework is completed and greater 
care can Ix^ taken in the finishing than would be possible if they 
wer(^ part of the load-bearing skeleton of the structure. The 
spandn*! may also be made of brick or other suitable material. 

Where a panel is made up primarily of window space, the New 
York City Code permits a minimum thickness of 8 in. for the 
portion of the wall bcdow the window sill and above the window 
head, whether these portions ar(> made of biick, hollow masonry 
blocks, or reinforced concrete. The portion of a panel wall 
betwcHui the window sill and the support of the panel wall is 
called an apron wall in that Code, and tlie portion above the 
window head is called a spandrel wall. 

186. Bearing Walls. A bearing wall may be defined as one 
which carries any vertical load in addition to its own weight. 
Such walls may be constructed of stone masonry, brick, hollow^ 
building blo(‘ks, or reinforcc'd concrete. Occasional projections 

^ The Joint ( 'ode requires that eonerete walls shall be anchored to the 
columns, floors, pilasters, or buttresses with dowels at least Js in. in size, 
spaced not more than 18 in. on centers, for each layer of wall reinforcement. 
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or pilasters add to the general appearance and strength of the 
wall. In small reinforced concrete commercial buildings and 
residences the bearing- wall type of construction may be used 
with economy and expediency. In larger commercial and manu- 
facturing buildings where the element of time is an important 
factor, the delay necessary for the enaction of the bearing wall 
and the attending increased cost of construction often dictate 
the use of some other arrangement. 

Bearing walls may be of either single or double thickness, the 
advantage of the latter type being that the air space between 
the walls renders the interior of the building less liabk' to tem- 
perature variations, and makes the wall it-sc'lf more lUMirly mois- 
ture-proof. On acc^ount of the greater gross thi(‘kness of the 
double wall, such construction reduces th(' available floor space. 
This feature is often sufficient in itself to warrant the s('lection 
of the solid wall unless the factors of condensation niid tempera- 
ture are of great importance. Hollow wall const ruction is usually 
limited to a total height of about 40 ft. 

The thickness of bearing walls varies with the height. Tlu^ 
New York City Building Code requires that, for bearing walls 
made of solid masonry units (brick, stone, sand-lime or (^oncret,(> 
brick, etc.) and not more than 75 ft. in height, the thi(^kn(‘ss of 
the uppermost 55 ft. of height shall l)e at least 12 in. and th(‘ 
thickness below this sliall be at least 16 in., except that for walls 
in l)uildings four stories in height a 12-in. thickness may be us(‘d 
throughout, and for walls in buildings of one, two, and thn*(^ 
stories the top story thickn(\ss in each case may b(‘ 8 in. In com- 
puting wall thickness('s, a maximum story height of 13 ft. shall 
be assumed. For bewaring walls of nunforced concrete, the thick- 
ness shall be at least one twenty-fifth of the unsupported height,, 
but not less than 8 in. Reinfor(;ement in coneixite bewaring walls 
shall be at least equal to the reinforcement specified in Art.. 185 
for curtain or panel walls. 

According to the Joint Code, the working stress/, in reinforced 
concrete bearing walls shall be 0.2/'r for walls having a relation 
of height h to thickness ^ of 10 or less and shall be reduced to 
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O.llf'c for walls where ~ = 25 in accordance with the formula 

L 

fc = 0.2/'.(^1.3 - 0.03^^ 

If the wall supports concentrated loads, the length of wall to be 
considered effective for each load shall not exceed the distance 
center to center of loads, nor shall it exceed th(i width of the 
bearing plus four times the wall thickness. If the wall reinforce- 
ment is designed, plac(^d, and anchored in position as for tied 
columns, such reinforcement may be considered eff (active in 
resisting vertical loads in the same manner as for tied columns. 

187. Basement Walls. In determining t-h(' thickness of bas('- 
mcmt walls, the lateral pressure of the earth, if any, must b(^ 
(considered in addition to the other structural featuies. If 
part of a Vxcaring wall, the lower portion may be d(csigned either 
as a slab support(cd l)y the' l:)asement and first floors, or as a 
retaining wall, decpending upon the material used. If columns 
and wall beams are available for support, each basecrnent wall 
panel of reinforced concrete may be designed to recsist the 
earth pressure as a simple slab rennforced in either one or two 
directions. 

A minimum thicknecss of 8 in. is generally speecified for i*ein- 
forcecd concrete l)asement walls, with minimum reinforcement as 
spe(?ified in Art. 185 for panel or curtain walls. In wet ground a 
minimum thickness of 12 in. should be used. In any case, the 
thicikness (cannot be k\ss than that of the wall above. 

Care should be taken to brace a basement wall thoroughly 
from the inside if the earth is backfilled before the wall has 
obtained sufficient strength to resist the lateral pressure without 
such assistance. 

188. Parapet Walls. In the case of buildings with flat roof 
slabs on which drainage slopes are built, parapet walls arc neces- 
sary architecturally to give a more finished appearance to the 
top of the structure, and practically to provide a backing for the 
drainage slopes. They are usually of brick or concrete or a com- 
bination of both. Concrete is, in most cases, preferable from 
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an economical standpoint. In order to give a better appearance 
it may have a veneer of brick or terra cotta. 

The chief point to be considen^d in the construction of paraj^et 
walls is the necessity of providing adequate reinforcement to 
prevent cracks caused by excessive temiuTaturc changes (on 
account of exposed position) and expansion and contra(*tion 
at corners. 

The thickness is usually required to be the same as the wall 
below, l:)ut not more than 12 in. in any cas(‘. Pai-apet walls 
should extend at least 2 ft. above the roof surface. 

189. Veneer for Exterior Walls. In order to give an at t i a(^tive 
appearance to the building, it sometimt^s becomes nec(\ssary to 
cover up the entire exterior wall surfac(' with a v(‘ih*(T of brick, 
stone, terra-cotta tile, marble, or other finishing material. A 
m(‘th()d of securing a covering of face brick to concrete consists in 
placing corrugated coi)per or galvaniased iron ties, usually about 
in. wide and 6 in. long, at frequent intervals in the waW. or 
column forms so that about 4 in. of the tie strip will project, 
into the concrete when poured and the remaining 2 in. wall lie flat, 
against the form and tacked lightly to it. When the form is 
removc^d, this latter portion is bent outward and is bonded into 
the brick veneer by me'JKis of the* joint mortar. Terra cotta and 
stone facings are gcvtierally supported by ledgers in tlu^ (^oncre^te; 
or by anghi irons, and arc provided with anchors commensurate 
with the size of the veneer units. ^ 


1 The New York C^ity Building ( -ode includes the following: 

(a) P'or iinehonige of brick vtuieering on inasonry, one siibstantiMl nori- 
corroding metal wall tie shall he usetl for each 300 scj. in. of wall surface'. 

(b) For anchorage of architectural terra cotta and r)th(^r moulded units 
on masonry, one non-corroding metal anchor, at least ^ [q in. round or X 

in. flat shall be used for each pie(;e, and two or inort? such anchors shall 
be used for all pieces over 18 in. in length or mort; than 300 sep in. in super- 
ficial area. 

(c) For anchorage of stone veneering on masonry, one non-corroding 
anchor at least X 1 in. flat shall be used for each piece (jver sq. ft. in 
face area, and at least two such anchors shall be used for all pieces ovtT 
24 in. in length or more than 400 sq. in. in superficial area. 

(d) Veneering shall not be included in calculating bearing-wall 
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190. Partition Walls. Interior walls used for the purpose of 
subdividing the floor area may be made of concrete, metal lath 
and plaster, terra-cotta tile, plaster block, or brick. Reasonably 
adequate fire protection is afforded by a solid concrete wall 3 or 
4 in. thick. If properly reinforced and anchored at the top and 
bottom, such a wall becomes desirable in nearly every respect. 
The reinforcement should be similar to that in curtain walls but 
need not be so great in quantity. Suitable anchorage may be 
obtained by permitting the vertical rods to project into the floor 
and ceiling. If it is convenient, as is usually the case, to pour the 
wall after the structural framework of the building is completed, 
a grooves should be h^ft in the floor and one in the ceiling to receive 
the partition. Two objcu^tionable features of the solid concrete 
partition wall are its weight and cost of installation. In build- 
ings where many liv(\s would b(‘ endangt^n^d by a rapid s^)read 
of a fire onc.e started, these objectionabU^ features become 
insignificant. 

The most common form of metal lath and jilaster i)artb.ion con- 
sists of some form of vertical ste(‘l studding suital)ly anchored to 
the floor and ceiling, with metal lath fast(‘ned to both sid(‘s. 
l]ach side is plast('r('d with a mixture of lime and cf‘ment mortar, 
thus forming a hollow wall from 3 to 6 in. thick, which has, if 
proper bond is sc'cured betvs^een the plaster and lath, a fair 
amount of fin^ resistance. This form may be modified by filling 
tlu‘ space Ix'tween the })laster sid(\s with cinden* concrete, or by 
omitting the metal lath on one side of the vertical studding and 
plastering both sides of the remaining sheet of lath. This results 
in a solid wall, usually about 2 in. thick, the reliability of which 
is rather uncertain. All openings should be framed with steel 
se<*tions to which the wood frames or other trim may be fastened. 

''rerra-cotta tile partitions are usually made of blocks from 4 to 
6 in. thick, although the blocks may be obtained in thicknesses 
varying from 2 to 12 in. This type of partition is light in weight-, 
and satisfactory under ordinary conditions. The blocks may 

thicknessos. 

(e) The maxinmin height of veneering on walls other than panel oi 
curtain walls in buildings shall be 40 ft. above the foundations. 
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be plastered on one or both sides, the thickness of wall being 
increased by about % in. for each plastered side. 

Partitions made of plaster blocks usually vary from 4 to 8 in. 
in thickness. The blocks are made of gypsum or plaster of paris, 
with an admixture of cinders, asbestos fiber, wood chips or vege- 
table fiber, and laid in gypsum plaster or cement mortar tem- 
pered with lime. They are light and easy to handle and place, 
but offer decidedly poor resistance to the action of fire and water. 

The main use of brick inner walls is for the enclosing of stairs 
and (‘levator shafts, and in fire walls, the expiess purpose of which 
is to divide the floor area into sections to prevent the spreading 
of fire from one part of the structure to another. Reinforced 
concrete partitions are also used for the same purpose, "i'liese, 
as well as all oth(ir permanent partitions, should be independently 
supported at each floor on the finvproof construction of the floor. 
"i"he use of partitions of pressed metal and glass or of wood and 
glass should be restricted to the subdivision of roojns or space's 
enclosed by fire-proof partitions. 

Stairways 

191. Types of Concrete Stairs. The simplest form of rein- 
forced concrete stairway consists of an inclined slab supportcHi 
at the (‘lids upon beams, with steps formed upon its upper surface. 
Such a stair slab is usually desigiu'd as a simple slat) with a span 
equal to the horizontal distance between supports. This method 
of design requires steel to be plaited only in the direction of the 
length of the slab. Transverse steel, usually one bar to eac.h 
tread, is used only to assist in distribution of the load and to 
provide temperature reinforcement. It sometimes becomes 
necessary to include a platform slab at one or both ends of the 
inclined slab. Many successful designs made as outlined above 
for the simple inclined slab indicate that the effect of the angle 
that occurs in a slab of this type can safely be disregarded. 

It is advisable to keep the unsupported span of a stair slab 
reasonably short. If no break occurs in the flight between floors, 
intermediate beams, supported cither by the structural frame- 
work of the building, or by additional short posts from the floor 
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below, may be employed. If the stair between floors is divided 
into two or more flights, beams as described above may be used 
to support the int(‘rmediate landing, and these in turn supported 
as above for the long straight flight, or the intc^rmediate slab may 
be suspended from a beam at the upper floor levcd by means of rod 
hang(‘rs. Wlu're conditions permit, the intermediate slab may 
b(‘ supported dire(*tly l)y the exterior walls of the building. 

When it becomes ncM^essary to use a stair slab of comparatively 
gr(*at lenglli with no possibility of int.(‘rm(diate sup|)ort, inclined 
sid(‘ beams may be used. The stair slab is then reinforced with 
tninsv(^rs(' bars to (*ari*y th(‘ load to the side Ix^ams, which are 
dcisigned to transmit this load to th(^ floor beams. This is nor- 
mally not an economical form of construction. 

192. Beams around Stair Wells. In buildings wdth flat-slab 
floor construction, it will be nece'ssary to insert s})ecial beams 
at (‘ach floor k^vc'l around t.h(‘ stairway opi^ning as shown in 
Figs. 130 and 132, properly to support ihv stair slabs. In build- 
ings with b(‘am-and-girder floors, th(‘ rc^gular floor beams, with 
dinuMisions modifi(‘d as necessary, may l)e us(‘d to sui)port the 
stair slabs, or sjx'cial beams may be insert(‘d for that purpose. 
In any case, tlu^ arrangcmuait of beams must- be such as to insure 
proper transmission of all loads to th(‘ columns or walls. 

193. Building Code Requirements. Th(^ nHpiired number of 
stairw ays, and many of the dt't-ails ar(^ govcvrned to a large extent 
by th(' provisions of the gov(*rning building code. Among otliiu- 
things, these' provisions stipulate the maximum distance from 
the most r(*mote point in the floor area to the stairw ay, the mini- 
mum width of stairway, the maximum height of any straight 
flight-, t-h(^ maximum height (or rise) of a single step, the minimum 
distan<H> (the' run) Ix'tween the ve^rtical faces of two consecutive 
steps, and the rc'ciuired relation between the rise and the run 
to give' safety and convenience in climbing. 

In most cod(*s the minimum width of any stair slab and the 
minimum dimension of any landing are al)out 44 in. The maxi- 
mum rise of a stair st(»p is usually specified as about in., and 
the minimum run or tread w'idth, exclusive of nosing, is 9} 2 ii^ 
A rise of less t han 6* *2 in. is not considered generally satisfactory. 
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In order to give a satisfactory and comfortable ratio of rise to 
run, various rules have been adopted. One recpiires that for 
steps without nosings, the sum of the rise and run shall be 1732 in., 
but the rise shall not be less than 632 in. or more than 7 % in. 
The New York City Building Code requires that run and rise 
shall be so proportioned that the product of the run, exclusive 
of nosing, and the rise in inches, shall be not less than 70 or more 
than 75, but risers shall not exceed in. in height, and treads, 
(exclusive of nosing, shall be not hvss than 91 2 in. wide. 

The maximum height of a straight flight between landings is 
generally given as 12 ft., except for stairways serving as exits 
from places of assembly, Avhere a maximum of 8 ft. is normally 
specified. 

The number of stairways is govei-ru'd by the width of the stair 
slab, the number of probable occupants on each floor, and tin* 
dimensions of the floor area. Om^ ty])ical (*ode st^ecification is 
that the distance from any point in an optai floor aix^a t/O tlu^ 
nearest stairway or exit shall not exc(‘(Ml 100 ft.; tliat the (*()rr(‘- 
sponding distance along (*orridors in a particular area shall not 
(‘xceed 125 ft.; and that the conibiiu*d width of all stairways in 
any story shall 1)(‘ siu'h that th(^ staii’s may acc'ommodate at one 
time the total number of persons ocnaipying th(‘ largi'st. floor 
area served by such stairs abovc^ the floor area uiuha* consider- 
ation on the basis of oik' ]K*rson for each 22 in. of stair width and 
one and oiu'-half treads on the stiiirs, and one* per’son for (rich 
^^ 2 ff- ^>f floor area on the landings and halls within tin' stair- 
way enclosure. 

If th(* (*xact number of probables occupants is not, known, th(‘. 
codes usually assume* that th(‘re will be* two eK*cu pants for (‘V(‘rv 
10 sep ft. e)f fle)e)r are’a in dane*e lialls anel place*s e)f assernbly; one*. 
j)erson for every 25 sej. ft,, of floe)r are*a in storevs, le)dging house's, 
and reading re)e)ms; one perse)n for every 50 sep ft. of floor area 
in e)fficevs and show roe>ms; erne person for eve*ry 100 sq. ft. in 
hospitals, hotels, and ressidence buildings; and one for every 
150 sq. ft. in warehouses and garageis. 

In all buildings over 40 ft. in height, and in all mercantile; 
!)uildings reigardless of height, the require*d stairways must be 
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completely enclosed by fire-proof partitions, and at least one 
stairway must continue to the roof. An open ornamental stair- 
way can be used from the main entrance floor to the floor next 
above, provided it is not the only stairway. The live load 
usually specified for use in the design of stairways is 100 lb. per 
sq. ft. of horizontal area. 

194. Construction Details. The usual practice is to construct 
the stairways after the main structural framework of the build- 
ing has })een completed, in wdiich event recesses should be left 
in the beams to support the stair slab, and dowels should be pro- 
vided to furnish the necessary anc];iorage. Occasionally, how- 
ever, the stairs are poured at the same time as the floors, in wdiich 
event negative-mom(*nt reinforc(‘ment should be furnished over 
the supports of the stair slab, as in any (continuous beam (con- 
struction. The stej)s are usually poured monolithically with 
the slab, but they maj^ be molded after the main slab is in pla(ce. 
In the latter instance, provision must be made for securing the 
step to the slab. The nosing, where used, may be (constructed by 
offsetting the upper portion of the vertical form of the step. A 
satisfactory w(*aring surface for the upper face of the step may ho 
obtaiiK'd by finishing with a 1-in. lay(‘r of cement mortar. Metal 
or slate treads (unlxcdded in tluc concrete are often us(cd for a 
wearing surface. A complete d(\sign of a concrete stairway, with 
details of construction, is given in Art. 230. 

Design of a Beam-and-gikdek Floor 

196. Data and Specifications. In order to illustrate the appli- 
cation of tlu* {principles of nunforcccd concrete design to the d(\sign 
of a reinforced concrete floor of the beam-and-girder type, let it 
be required to dccsigii a ty{pical interior floor bay to sustain a live 
load of 200 lb. per sq. ft. The columns sup{)orting the floor are 
to be spaced 21 ft.-O in. center to center in one direction and 
23 ft.-O in. center to center in the other direction. The beams 
span the 23-ft.-0-in. direction, and are placed one at each column 
and one at each third {point of the supporting girders, thus mak- 
ing the distan(‘e center to center of beams 7 ft.-O in. A 1-in. 
granolithic finish is to be included in the dead load on the slab, 
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but this finish is not to be considered as part of the effective 
depth of the slab. The allowable unit stresses are to be as speci- 
fied in the Joint Code for a 3000-lb. concrete and intermediate 
grade steel. The span length of the slab, the beams, and the 
girders will be taken as the distance center to center of supports. 
The resulting design is conservative, siiu^e good practice ordi- 
narily permits the use of clear spans in continuous beam con- 
structions. The general arrangement of beams is shown in 
Fig. 107. 

196. Design of Slab. Assuming the weight of slab and finish 
as 60 lb. per sq. ft., the total load is 260 lb. per sq. ft. and, for a 
12-in. width of slab, 

M = 3 12 X 260 X 72 X 12 = 12,800 in.-lb. 


From Table 6, k = 0.375, j = 0.875, and K == 107. 


d 




12,800 
197 Xl^ 


2.3 in. 


Selecting d = 3 in., and allowing 1 in. of insulation below the 
center of the stc^el, the total weight of tlie slab and finish is 62 lb. 
per sq. ft., which agrees closely with the assumed value. A thick- 
n(\ss of slab less than 4 in. is not advisable in oidinary building 
construction. 

The area of steel required for a 12-in. width of slab is 


A. 


12,800 

20,000 X 0.875 X 3~0 


0.25 sq. in. 


This is furnished by ;^;s-in. round bars 5 in. (u^ntm' to center. 

One method of providing for continuity in th(^ slab is to Ix'iid 
alternate bars up ov(^r the supports and to continue the remain- 
ing bars straight through the supports, as shown in Fig. 104, 
terminating the bars beyond the supports B2. This method 
furnishes only one-half as much steel area for negative moment 
at the supports j 81 as for positive moment and is, therefore, not 
to be regarded as theoretically perfect. By adding ^8-in. round 
bars, 21 ft.-O in. long, at 10 in. on centers in the top of the slab 
between the supports B2, the area of tension steel at the supports 
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B\ would be sufficient. The bars should be bent up approxi- 
mately at the quarter points of the slab span. 

In order to prevent shrinkage and temperature cracks, HAn. 
i-ound bars will b(‘ plac(‘d {Parallel to the beams about 18 in. apart, 
four in each slab panel. These bars also assist in distributing 



tli(‘ load on the slab ov(‘r a comparatively larg(‘ width, and assist 
in binding the entir(‘ structure together. 

197. Design of Beams. Selection of Stem,. Since th(^ slab and 
])eams arc pour(‘d at the same time and thoroughly bonded 
together, the latter may be designed as T-lx^ams. The span of 
the beams is 23 ft.-O in. The tot id load from the slab per linear 
foot = 7 X 260 = 1820 lb. Assuming the weight of the st^em of 
the Ix^ani as 150 lb. per ft., the total load on the beam per 
linear foot is 1820 + 150 = 1970 lb. 

M - 3 i 2 X 1970 X 23- X 12 = 1,042,000 in.-lb. 
y = i ()70 X ^'^ 2 = 22,600 lb. 

22,600 . 

^ r, X 180 = 

If h' = 8 in., (I (nHpiired) = 18.0 in. 

If h' = 10 in., (i (required) = 14.4 in. 

When the bars in beam B2 (s(‘e Fig. 107) are bent up over the 
support to provide for the negative moment there, they must 
be at a different distance from the top of the slab than the bent 
bars in girders (rl , so as to allow one set to pass over or under the 
other set. In the present design the beam bars will pass below the 
girder bars ; an insulation of 2 ) 2 in. to the center of the uppermost 
.row of beam bars at the support will be used, with a distance of 
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2 in. vertically between the upper and lower rows. The center 
of the uppermost row of the girder bars can then be placed 1 in. 
from the top of the slab, which is sufficient insulation at thissur- 
fac^e; with this arrangenK'iit the beam bars and girder bars will 
pass each other without interference. 

The effective cross-section required for shear, as computed 
above, is the cross-section at the suppiort, the value of d being 
measured from the bottom of the beam (the compression face) 
upward to the center of the top steel (the tension bars). In order 

t-o keep the ratio of -j within the limits of } 2 to 1 3, an effective 

section of 8 by 18 in. is selected. Allowing for two row\s of bars, 
arrang('d at the support as indicat('d above, th(' total dc^pth of 
the beam is 18 + 3.5 = 21.5 in., and the depth be low the slab is 
21.5 — 4 = 17.5 in. The w^eight of the stem is then 146 lb., 
w’hich agrees closely with the assumed w’cight. 

Design at Center, At the couU'r of th(‘ Ix'am an insulation of 
2}>2 in. to the center of the lowermost row’ of bars W’ill b(‘ usi'd, 
with 2 in. center to c(‘nt('r vertically b(*tw(*en the two row's. 
The effective depth at tlu* wnior is then 21.5 — 3? 2 = f8 in. 
Assuming jd = d — /,the arc'a of steel recpiired at the center is 


1 ,042,000 

“ 20 , 00 ()(] 8.0 - 2 . 0 ) 


3.26 s(p in. 


This is furnislu'd by six Js-in. round bars, the area of whi(;h Ls 
3.61 s(i. in. As explaiiK'd in Art. 86, some (‘xc^ess of positive- 
momcait ste(4 is advisable in order to provide* for the negative 
moment at the support, the^ reepiired tension ste*el at the latter 
point being greater on acce)unti of the difference in valuers of j 
b(*tween the center and the support. 

Design at Siipport, Thrcjc bars from each beam are bent up and 
e*arried over the support to the third point of the adjoining span. 
The three remaining bars of each beam are carried straight 
through the support into tlie adjoining span far (enough to develop 
their strength in bond. This arrangement furnishes a total of six 
bars in both the top and the bottom over the support. The 
effective depth of the tension steel at the support is 18.0 in., as 
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indicated above, and the distance from the compression face to 
the center of the compression steel the value of d/) is 3}^ in. 

df 3 ^ 3 61 

j = ^ = 0.20, and np = np' = 10 X g ^ = 0.250 


From Diagram 6, fc = 0.422 and j = 0.888 
1,042,000 


/. = 

fe 


3.61 X 0.838 X 18 
19,100 X 0.422 
10(1-0^422) 

0.422 - 0.20 ^ 

- 19,100 X ^;422 = P-"-'* 


= 19,100 p.s.i. 
= 1390 p.s.i. 


The allowable unit str(\ss in the concrete at the support is 0.45/'^ 
= 1350 p.s.i. The actual stn'ss is about 3 per cent grxuiter than 
this, but th(! design may b(^ (*onsidered satisfac^toiy b(H*aus(^ of 
the cons(TVative assumption that was made in selecting the 
effectives span.^ 

Arrangement of Reinforcement. The maximum unit bond 
st-n^ss on the tension bars is 


u 


22,600 

6 X ^749 X % X 18 “ 


The unit slu'ar at the support is 


22,600 

8 X K xl8 


180 p.s.i. 


One bar from the rniddh* of the upper row will be bent up first , 
and then the two outer bars in that row will be bent, as shown in 
Fig. 105. From Diagram 1, the first bar (I62.3' per cent of the 
total steel area) can be bcuit up at point .s*. Fig. 105, which is at 
a distance of 0.34 X 23 X 12 == 94 in. from the center of the sup- 
port, and the next pair of bars can be bent at point r, which is 
0.21 X 23 X 12 = 58 in. from the support. 

Assuming that the negative moment is zero at the one-third 
point of the span and that the negative-moment curve is a 
1 See also Art, 101, 
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line from the zero poiiit to the maximum orciiii8;te 3<t the 
support, in order to provide fully for this moment at all points 
the single bar must reach the top of the beam not closer to the 
center of the support than 

1 oo ^ 1 2 

_ - = 40 in. (point n, Fig. 105) 

and the pair of bars must reach the top not closer to the support 
than 

1 23 X 12 

^ — _ (point m, Fig. 105) 

Diagonal Tension, The amount of the external shear that can 
be resisted by the concrete is Vc = 60 X 8 X J-i X 18 = 75601b. 
From equation (13), Art. 76, the distance from the support over 
which web reinforcement is r(H|uired is 

= 7.6 ft. or 91 in. 

This distance is also detcirmiiK^d graphically in the shear diagram, 
P'ig. 105, the distance BC being the required distance. 

The bars will be Ix'iit up at 45 d(‘.gre(\s and as close to the sup- 
port as the bending stress rt^ejuirements will permit, b(‘cause of 
the greater shearing st r(*ss(\s there. The maximum distan(;e over 
which the single bar can resist diagonal tension stresses without 
overstressing the bar in tension, from eejuation (1 5a), Art. 79, is 

_ 0.6013 X 20,000 X U X 18 
® ~ 0.7(F - 7560) 

in which V is the total external shear at t.he place where the bar 
is bent. Subsequent computations, made after the points of 
bending arc selected, show that the distance s from the above 
equation is great(*r than the arbitrary maximum distance over 
which this bar can be assumed to resist diagonal tension stresses.^ 
The latter distance, ac(*ording to the specification in Art. 79 and 
Fig. 36, is 18 in. 

1 At point /i, V « 22,fi00 - (i X 1970 = 10,780 lb., and s - 84 in. 
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The points at which the bars are bent are shown in Fig. 105, 
the distance between points of bending being 18 in. Bar a will 
then provide for diagonal tension over the distance hg in Fig. 105, 
and the two bars h will provide for it over the distance ge. Ver- 
tical stirrups are required in the portions ke. and he.. 

The maximum allowable spacing of -Ix-in. round IJ-stirrups at 
the svipport is 

^ 2 X 0.1104 X 20,000 X J s X 18 _ 

“ 22,600 - 7560 “ 

and at point A, 

^ 2 X 0.1104 X 20,000 X H X _ oi • 

22,600 - 6 X 1970 - 7560 "" ^ 

The arbitrary maximum allowal)lc spacing (see Art. 78) is 
0.5 X 18 = 9 in. 

The first stirrup is plae(‘d al)out 2 in. from the e(lg(‘ of th(‘ suj)- 
})orting girder. ''J'hroughout tlui distance kc a 4^ 2 -in, spacing will 
be used, and in the distance hC a 9-in. sj)acing will be us(‘d. 
Stirrups will also arbitrarily be pla(‘ed at 9 in. on c(‘nt(M‘s in tli<‘ 
distanci* eh. The lat ter stirrups are not i‘e(iuir(*d, nor would t h(‘y 
necessarily be ade(iuate if the bent bars were not available'; but 
they do add an ek'inent of n'sistance which more than comix'n- 
sates for the comparatively small cost of th(^ f(?w extra stirrups 
involved. Conservative' de'signers would also |)Iace* stii‘iTips 
throughout the ce'iit ral portie)n of the be'am, at a spaeung afrproxi- 
mately equal to the effee*tiv(‘ dej^rth of the be;am, to assist in binel- 
ing the web and flange tergether. Thc^se stirrups are' shown in 
Figs. 105 and 107. 

Ilie bent bars are continued to the point of zero ne^gative^ 
moment, assumed } i X 23 X 12 = 92 in. from the girder center. 
The straight bars must be continued beyond the support for a 
7340 7 

distance of X ^ = 11 in. (see Arl. 42), but they will 

4 X 150 8 

be (continued 1 ft.-6 in. beyond the center of the girder. The* 
steel details are shown in Figs. 105 and 107. 
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198. Design of Girder. The girder has a span of 21 ft.-O in., 
with concentrated loads of 2 X 22,600 = 45,200 Ib. at each of 
the one-third points. The maximum moment due to the con- 
centrated loads is 

Mx = % X 45,200 X 21 X 12 = 2,530,000 in.-lb. 

Assuming the weight of the stem of t he girder as 300 lb. per lin. 
ft., the maximum moment due to th(' uniform load is 

^2 = .^12 X 300 X 21*^ X 12 = 132,000 in.-lb. 


and the total maximum moment M is 2,662,000 in. -11). 

The total maximum shear is 45,200 -h 300 X ^ ^ = 48,300 lb. 


l/d 


48^300 

180 


= 306 s(i. in. 


Taking into consideration space* for bars, economical d(*pth, 
headroom, etc-., th(^ width of the steun is made 12 in., and 1h(> 
effective depth reciuirc'd is 25.5 in. 

With the arrange^ment of steel proposed in the* d(\sign of the 
beams, the ceaitcr of the upper row of girdeu* steel at the sup- 
port is 13^*2 from the top of the slab, and the vertical distance 
center to center of rows is 2 in. At the center of the girder an 
insulation of 2}/i in. below the center of the lower row of steel is 
provid(^d, and the vertical distance center to cemter of rows is 2 in. 
The effective depth at the support (which is governed by the shear 
requirement) is therefore 1 in. greater than that at the center. 
With an effective dei)th at the center equal to 24.5 in. the value of 
d at th(*, support is 25.5 in. which provides for the shear as com- 
puted above, and the total height of the gil der, assuming two rows 
of steel, is 24.5 + 3.5 = 28.0 in. The depth below the slab is 24 
in., and the weight of the stem is 300 lb. per ft. as assumed. 

The approximat e required steel area at the center of the span is 




2,662,000 

20,000 X (24;5 - ^2) 


= 5.92 sq. in. 


Eight 1-in. round bars, furnishing 6.28 sq. in., are selected. 
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In order to provide for the negative moment, four bars from 
each girder are bent up and carried over the support to the point 
of inflection in the adjoining span. In addition, tvo more bars 
from each side are bent up and hooked into th(‘ column merely 
to assist in resisting diagonal tension stress(\s. The nmiaining 
bars are carried straight through the support a sufficient distance 
to develop their strength in bond. This arrangement furnishes 
eight 1-in. round bars in tension and four 1-in. round bars in 
compression at the support. The effective depth at the support 
is 25.5 in., and the value of cV is 2.5 in. since only one row of sti^el 
remains at the bottom at th(^ support (sec^ Fig. 106). 

Investigating the unit stresses over tlu^ support , 

d' 2.5 6.28 

d - ^5 ■ ^ 12 X 25.5 - 

and 

np' = }'2nv ~ 0.103 

From Diagram 4, k = 0.417 and j = 0.870. 


2,662,000 

“ 6.28 X 0.870 X '25.5 


= 10,200 p.s.i. 


/, . 19,211(1 X l'.» i. 

0.417 - 0.10 

/'. = 10,200 X - , -Z o:4]7 = I’-"'-’- 


Thti maximum unit, bond stross on tho tension bais at the point 
of maximum shear is 


48,300 

“ “ 215:1 xTi; X 25.5 


= 86 p.s.i. 


The inclined bars are so placed as to take as muc'h of th(! 
diagonal tension as possible and thus keep the number of st irrups 
required a minimum. 

The amount of external shear that can be resisted by the con- 
crete is Fc = 60 X 12 X X 25.5 = 16,000 lb. at the support 
and Fc = 60 X 12 X % X 24.5 = 15,400 lb. away from the 
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support,. The shear diagram (Fig. 106) shows that web rein 
forcement is required only from the support to the first conceii 
trated load. 
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The points where the bars may be b(nit up, in pairs, are deter- 
mined by assuming that the positive moment is Z(u-o at a distance 
of X 1/3 from the concentrated load nearest the support, 
measured toward the support,, and that the moment diagram is a 
straight line between the maximum and zero values. The latter 
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assumption is in error only because of the uniformly distributed 
weight of the stem of the girder, and this is very small in com- 
parison with the large com^entrated loads. The first pair of bars 

21 X 12 

may be bent up at a distance of }4 X ^3 X 5 = 14 in. to 

0 

the left of the first concentrated load, or at point j in Fig. 106. 
The next pair may be bent at a distance of 28 in. from the first 
load, or at point h, and the third pair may be bent at point g, 
which is 42 in. from the first load. 

A similar assumption for the negative-moment variation can 
1 )(^ made as for j)ositive moment, the point of zt^i’o nc'gative 
moment- being, therefore, X //3 = 56 in. from th(‘ support. 
The overla]:)ping of the jiositive- and negative-monuMit diagntins 
which results from theses assumptions providers foi* any variation 
in the moments that might result from any uneciual placing of 
the live load on adjoining sijans. Assuming that th(' (*ight bars 
ov(>r the support are str(‘ss('d (‘(pially, on(‘ pair may Ix' Ixnt down 
at a distance of ‘4 X 56 = 14 in. from tin' support, or at point c 
in Fig. 106, and anotlu'r pair may be bcait down 28 in. fi*om tlu^ 
su})port, or at i)oint/. 

In order t-o stress tlu' Ixait-up bars (‘qually, they an^ Ixnt up at 
about (xpial spacings, siinx' the sh(*ar diagram, which is a measur(^ 
of diagonal tension, is a|)proximat(‘ly a r(x*t-angl(‘. Taking int.o 
account the allowable points of bending and assuming th(‘ width 
of (‘ohimn to be IS in., inside of which no w(h r(‘inforc(an(‘nt, is 
r(xpiired, the l)ars are bent, at 45 d(*gr(X‘s, as shown in Fig. 106. 
It should be noted that the arbitrary maximum spacing of d 
= 24.5 in. has not bec'u exc(X‘ded and tluit the pairs of bars ura 
not overstress(^d by th(^ incdiin^d tc’iision (sex* Art. 79). 

StiiTups an^ re(]uir(‘d tx^tween the c.oncentrat c'd load and tin; 
point of bemding of the first pair of bars, thc‘ recpiinxl spacing 
being governed by the (*xternal shear at tin; point m. With 
?js-in round U-stirrups. 

_ 2 X 0.1104 X^OOO X H X 24.5 ^ . 

“ (48,300”- 5.67 X SOOf - 15,400 

It would be advisable' to use- round U-stirrups, sjjaced at 
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about 18 in., over the remaining portions of the girder to assist 
in securing unity of action of the two parts of the T-beam, as 
shown in Figs. 105 and 107. 

The bent bars are continued 66 in. beyond the center of the 
column; the straight bars should be continued for a distance 
beyond the support at least equal to 


10,400 
4 X 150 ^ 


18 in. 


Complete details for the typical bay d(\signed above are shown 
in Fig. 107. 


Design of a Ribbed Floor with Steel-tile Fillers 

199. Dead Loads. The weight of a ribbed fionr can be com- 
puted from the known concrete dimensions. The general form 
of the cross-section of the steel tiles must be known, since the 

WeKIHT of CONf’RKTK IN lliBBKl) FlOORS WITH 8tEKI,-TILE FiLLKHS 


Depth of joist below 
slab, in. 

Thickness of slab, 
in. 

Average wciight of 
floor, lb. per 
sq. ft. 

4 

2 

37 



44 

0 

2 

44 

1 

21 '2 

50 

8 

2 

50 



50 

10 

2 

56 


2>^ 

62 

12 

2 

02 


2H 

68 


3 

73 

14 

2 

73 


2H 

79 


3 

1 

85 
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taper of the sides and the chamfering of the upper corners affect 
the volume of concrete in the ril)s or joists. The cross-section 
can he ol)tained from th(* manufacturers’ catalogues. The aver- 
age values in the taV)le on pag<‘ 313 can lx; usc‘d for joists (or ribs) 
5 in. wide at the bottom and 24 in. on centers. Th(\se values 
assume; that the stee;! cores will be r(;mov(‘d. If p(‘rmanent cores 
an; used, from 1 to 2 lb. per sq. ft. should be added. 

The values given in this table do not in(;lud(' the weight of 
an extra floor finish, or th(‘ weight of a plastered ceiling below the 
fl(K)r. The former can be computed from tlie specified thickn(;ss 
of finish or typ(; of floor surface*. In (‘omputing design loads, 
an allowance of 10 lb. ])er sq. ft. is usually made; fe)r a plastered 
ceiling. An additie)nal alle)wane‘e efl* from 10 to 20 lb. per sq. 
ft. is made for the; we*ight e)f partitiems, whe*n the*se partitions aie; 
ne)t definitely loe*ate‘d e)n the* are*hite*e;t’s plans, oi* where there is 
a possibility e)f future* re‘arrangeme;nt of partitions, "llu* latte*r 
cemditie)!! is v(;ry ]ike*ly to eK*e*ur in builelings e)f the type*s to which 
ribbe;d-fle)e)r ce)nst rue*tie)n is adapte*ei. Whe*n de*finite*ly loe*ate*el 
partit/iems are; paralle*! with the* je)ists, a thie*ke‘r joist than the; nor- 
mal 5-in. joist is usually [)lace;d under these* partitions, or, if the; 
partitiem is located l)etwe'en two joists, be)th of these joists are; 
made thie*.ker than the others and the slal) thie'kness be*t ween tlu'in 
is alse) increase'd. The incn'ase*d slal) thickness is e)btaine‘d by 
using shalle)wer tiles in the e)ne i*o\v, or l)y lowering the tiles in 
tiiat row. 

200. Data for Design. A typical inte*rie)r pane*! of a he)tel floe)r 
is to be built as a ribbe*d floor, using re*me)vai)le' ste*el-tile* core*s. 
The joists are to be supporte'd at tiie ends e)n cone*rete girders, as 
shown in Fig. 108. The span e)f the girde*rs is 23 ft.-O in., and the 
distance ce;nter te) center of girde'rs is 18 ft.-O in. ^riie; live; le)ad 
is 60 lb. per sep ft., and allowance's for dead le)ads other than the; 
weight of the concrete are te) be made as follows: partitions, 10 lb. 
per sq. ft.; plastered ce»iling, 10 lb. per sep ft.; wood floen*, with 
sk'epers in cinder-concrete fill, 15 lb. per sq. ft. A 2000-lb. con- 
crete is to be used in the floor, and structural grade* deformed 
bars, for which/, = 18,000 p.s.i., are to be usc'd for reinfore*ement. 
It is requirc'd to design the pane*l. 
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201. Design of Joists. Computation of Moments and Shears, 
The joists are designed as regular eontiiuious T-beams, with a 
ilange width equal to the distance center to center of joists. In 
order to compute the weight of the floor, the depth of the joists 
below th(' slab and the thickness of the slab must be assumc'd. 
A combination of 8-in. joists and 2-in. slab will be tri(*d. The 
weight of the concrete per scpiare foot of floor is 50 lb., and tlui 
total load is 60 -f- 10 + 10 -j- 15 + 50 = 145 lb. per sq. ft. 
With 5-in. joists, spaced 25 in. on centc'rs. each joist su])i)orts 
‘^H2 = 2.08 sq. ft. of floor per foot of joist , and the total load on 
each joist is 145 X 2.08 = 302 lb. p(‘r lin. ft. Tlu' panel is fully 
continuous, and \ho effective span for moment is (Hiual to tlu* cI(*Mr 
distance bc'tween the st(‘ms of th(‘ gird(‘rs. If tlu‘ width of iho 
girder stems is assumed as 1 2 in., tlu* joist span is 18 — ^ 2 ^ = ] 7 

ft. The maximum moment is, thenTore, 

M = J ,2 X 302 X 17- X 12 = 87,300 mAh, 

In computing tlie maximum shear in tlu* joists, the effective* 
span can be tak(^n as tlu* ch^ar distance* b(*tween tlu* flanges of 
the girders which suj)])ort t he joists. If, as in Fig. 108, tlu* gird(*r- 
flange width is assumed as 18 in,, the (*ffe(*t ive si)an of the joists is 
18 “■ ^^2 = niaximum slu*ar is 

16.5 

V = 302 X 2 = 

Design for Shear, It is rath(*r diffi(*ult to place stirrups in 
narrow joists, such as are us<*d in this form of construction, hence 
the slu*aring unit str(*ss should lx* k(*pt below tlu* nuiximum allow- 
al)le vahie of 0.02 X 2000 = 40 p.s.i. Tlu* (*ff(‘ctive shearing 
widt h of a joist should lx* tak(*n as the width at t lu* bottom of tlu^ 
joist. If necessary, taper(*d tiles can Vx* used at tlu* (*nds of each 
row to increase tlu* shearing ar(*a, or d(*(*p(*r til(*s can be used to 
serve the same purpose. With 8-in. joists under a 2-in. slab, the 
effective depth is 10 - \}i = 8.75 in., which will allow for a 
minimum clear insulation under the bars of about in. 

If straight end tiles an^ used, the approximate maximum unit 
shearing stress is, 
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V 2492 

~ h'3d “ 5 X K X 8775 


65 p.s.i. 


This is greater than the; allowable stress, and tapered end tiles, 
or deeper tiles, mnst be used. It should be remembered that the 
stfiel area required decreases with an increas(> in the depth of the 
joist, and, in determining whether- to use tapered tiles or deepei- 
til(!S, l)oth the cost of the steel and t he cost of the concrete should 



V, 



Section A-A 


Plan 

Fkj. lOS. Details of ribbed floor with removable steel tiles. 


be consid(‘red. The cost of the forms can be omitted in the 
eornparison, beeaus(‘ this cost does not- vary materially. 

Tapen'd (nid pi(‘ees with a taper of 4 in. in a length of 36 in. 
will be used in this d(\sigii, mainly for the purpose of illustrating 
the effect on the dc^sign. The effective shearing width at th(^ 
end of the joist is 5 + 4 = 9 in., and th(^ approximate maximum 
unit shearing stn^ss is 


V 


2492 

9 X Js X 8.75 


36 p.s.i. 


which is l(\ss than the allowable stre.ss. At the beginning of the 
tapiM*, which is another critical section for sliear, the unit shearing 
stress is 


2492 - 3^12 X 302 
5 X Js X 8.75 


41 p.s.i. 


This is also satisfactory. 
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Computation of Steel Area. The approximate required area of 
steel reinforcement in each joist is 

^ M 87,300 

* Md - }it) ~ 18~000(’8 J5 - %) ~ 

Two ^-in. round bars furnish an area of 0.614 sq. in., and will bo 
selected temporarily. 

Investigation at Mid-span. It is necessary to review the joist 
at the center, in order to make sure that, the compression stress 
in the concrete is less than the allowable valiK' of 0.04 X 2000 = 
800 p.s.i. With n = 15, rf = 8.75 in., ,1* = 0 614 sq. in., h = 25 
in., and t = 2 in., the values of k and j as obtained from Diagram 
2 are 0.251 and 0.918, resp<‘etively. \'alues of /, and /, an? 
obtained from equations (23) and (18), as follows: 


87,300 


' (K614 X 0.918 X 8 75 
_ 17J00 X 0.251 _ . 

15(1-0.^51) 


= 17,700 p..s.i. 


Both of these stresses are satisfactory. 

Investigation at Suppoii. ()n(' bar in (^ach joist will be b(‘nt up 
at- about the qiiarter-j)oint of t.h(‘ si)aii, and continued across th(‘ 
support to the ])oint of infU^ction in th(‘ adjoining joist. This 
|)oint may be taken at a distance fi-om tla^ (»df];e of th(‘ stt^m of th(* 
girder equal to one-quarter of the ch^ar span of th(‘ joist. The 
remaining bar is continued straight tbrough the supi)ort t-o a 
point aV)out 20 bar diameters past the opposite* fa(*e of the st(*m 
of the girder. The joist at the* support is thus a doubly reinforced 
beam, with Ag = 0.614 sq. in., A's = 0.614 sq. in., 6 — 9 in., and 
d = 8.75 in. When tapered tiles are used at the ends of the rows 
and a T-beam shape is given to the supporting girder, the inves- 
tigation of the stresses in the concrete and in the steel at the end 
of the joist can be omitted. If it were desired to carry out this 
investigation, the method w^ould be the same as in Art. 197. 

Investigation of Bond Resistance. The critical section for bond 
in the negative reinforcement is at the edg(* of the flanges of the 



318 


REINFORCED CONCRETE BUILDINGS 


supporting girder. The unit bond stress at this section is 

_ 249 ^ . 

“ 2 X 1.964 X 14 X 8.75 


The allowable unit bond stress is 0.05 X 2000 = 100 p.s.i. 

202. Design of Girder. Computation of Loads. The loads 
which ar(i Ijrought to the girder from the joists are theoretically 
concentrated at the points whore the joists frame into the girder. 
They an^ spacc^d so closely, however, that they may be considered 
as uniformly distribut(^d throughout the length of the girder, with- 
out affecting mat(Tially the maximum moment in the girder. 
Each pair of adjoining joists, one on either side of the girder, 
t ransmits a load to iho girdt‘r (uiual to t -wi(‘e the end sh(‘ar of oiu^ 
joist,, or 2 X 2492 X 4984 lb. Since the joist s are 25 in. or 2.08 ft . 


on centivrs, tlu^ uniform load per foot of gird(*r is 


4984 

2^08 


2390 lb. 


To this must be add(*d the weight of tlu‘ girder and the floor and 
ceiling loads dii*(*ctly over and under tlu^ flange of th(‘ girdcM'. 
With an assum(‘d cr()ss-s(*ction as shown in Fig. 108, the weiglit of 
18 X 10 

tlie flange is X 150 = 18^ lb. per ft., and the weight of 

12 X 19 

the stem is . . . X 150 = 238 lb. per ft. The live load, thc^ 


ctaling load, and th(' weight of the flooring and partitions on tlu' 
18-in. flange width aiv (60 + 10 + 15 + 10)i8i2 = 142 lb. per 
lin. ft. Th(^ total load on tVie girder is, therefore, 2390 + 188 + 
238 + 142 = 2958 lb. pc'r ft. A value of 3000 lb. per ft. will be 
used, which will allow for the extra concrete in the tap(ir(‘d (Mids 
of the joists. 

Computation of Moment and Shear. The girder is continuous 
at both ends, so that with 18-in. columns, the effective span is 
23 — ^,^12 = 21.5 ft., and the maximum momemt is 


M = 3 12 X 3000 X (21.5)2 X 12 = 1,387,000 in.-lb 
The maximum shear is 


= 3000 X 


21.5 


32,250 lb. 


o 
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Design at Center. The girder is a T-shaped beam, but, because 
of the comparatively thick flange, the neutral axis will probably 
be in the flange and the girder must be designed for moment as a 
rectangular beam with a width equal to the width of the flange. 
For shear, the effective width 1/ is the width of the stem, or 12 in. 
W(^b reinforcement will be j)rovided as necessary, and the maxi- 
mum allowable unit shearing stress is 0.06 X 2000 = 120 p.s.i. 
The effective depth required for shear is 


d = 


V'jh' 


32,250 

i20"x Js >^12 


25.6 in., or 26 in. 


Allowing for two rows of bars, the overall depth must be 26 + 3 = 
29 in. and the depth bc'low the flang(‘ is 29 — 10 = 19 in., as 
assumed. With an (‘ffective depth of 26 in., tin* liaiige width 
r(‘(iuired for moimaii is 

, M 1,387,000 
' ~ K(l- ~ 139 X 26- ~ 


Th(^ asstinu'd width of 18 in. will lx* maintained, and no n'visions 
are n(‘cessai y. 

Assuming j = the aj)proximat(‘ re(iuir(‘d st(‘(‘l ar(‘a is 
M 1,387,000 

4 = = — = .1 39 so in 

fjd 18,000 X 0.875 X 26 ' 

Fight >bpin. round V)ars, with an ar(*a of 3.53 scp in. will lx* 
assumed. 

, . . 3.53 

Invcstigatiori at Ccjiier. Tin* act ual ste(‘l I’at lo p is 26 ^ 

0.0076, and the corresponding valiu's of k and j (Tabh^ 7) arc*, 
0,377 and 0.874, r(*sp(*ctiv(‘ly. 

Since kd = 0.377 X 26 = 9.81 in. is less than tin* flange thick- 
ness, the neutral axis is in the flange* and the n*ct.angular-lx*am 
formulas apply, as assum(‘d above*. The* actual compression 
stress in the concrete is 

_ 2M 2 X 1,387,000 

~ kj}}(P ~ 0^77 X 0.874 X 18 X 26- 


690 ]).s.i. 



320 


REINFORCED CONCRETE BUILDINGS 


This is well below the allowable value, as was to be expected, 
since the flange width furnished is 3 in. greater than required. 
The revised required steel area is 

1,387,000 _ 

“ 18,000 X 0.874 X 26 “ 


The assumed bars are satisfactory. 

Investigation at Support. Four bars will be bent up and con- 
tinued across the support to the point of inflection in the adjoining 
girder, which will be assumed at the quarter-point of the clear 
span of that girder. The other four bars will b(' run straight 
through the support for a distance of 1 ft. beyond the center of 
the column, which will be enough to form a proper splice with the 
straight bars from the adjoining span. The effective cross-sec- 
tion of th(' girder at the support is then a doubly reinforc^t^d rec- 
tangular beam, with 6 = 12 in., d = 26 in., d' = 3 in., = 3.53 


3.53 

sq. in., and A\ = = 1.76 sq. in. 


The moment at the sup- 


port is assumed the same as that at the center. The stresses in 
the concrete and in the st(*el are 755 and 17,300 p.s.i., which are 
less than the allowable values of 900 and 18,000 lb., res j)eo lively. 

Investigation of Bond Resistance. The critical s(‘ction for bond 
in the n(*gative-nioment st( (d is at the fac^e of the column, where 
the shear is 32,250 lb., and the sum of the perimeters of the bars is 
8 X 2.356 = 18.85 in. "Jlie unit bond stress is 


32,250 . 

“ “ 18.85 X H X 26 “ P’® '' 

This is well below^ the allow able value of 0.05 X 2000 = 100 p.s.i. 

Design of Web ReinforcemenL Resistance to diagonal tension 
stresses will be provided by bending up the four bars in pairs and 
by placing vertical stirrups in the proper positions. The com- 
putations are the same as for any uniformly loaded, continuous 
beam; a typical example is given in Art. 197. 

203. Detail Drawings. Each floor plan must show^ the number 
of ribs, or joists, in each panel, the number of rows of tiles, and the 
arrangement of the joists. All identical joists are given the same 
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mark, which consists of a numeral indicating the floor, the letter R 
or J indicating ribs or joists, and a following numeral which is the 
mark of identity. Thus, 1R22 would designate first-floor joist 
number 22. The outlines of the rows of tile are shown l>y dotted 
lines. Where there are several adjacent identical rows, forming 
identical joists, only the end rows and joists in the group are 
shown, and the numbers of rows and joists are j)laced on dimen- 
sion lines with arrows pointing to the boundaries of the group. 
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SECTION A-A 

-Method of (letuiliiiK ribbed floors witli eoncrete ^tirdeis. 


'riie depth of the stems of the joists and lh(' thickness of the slab 
are also givcsn on lh(! floor i)lan. Temperature steel, usually 
>i-in. round bars at 10 in. on centers, is ])laced in the slab at right 
angles to the joists; this is dc^tailed on the plan in tlui usual 
manner. 

A detail floor plan for the typical interior panel which was 
designed in the preceding articles is .shown in Fig. 109. The 
girders are marked on the plan in the usual manner. At least 
one typical cross-section through the joists and through the 
girders should be given on the drawing. The joists 1 J 16 between 
the columns of Fig. 109 are 7 in. wide at the bottom instead of 
5 in., in order to fill up the panel. It is always desirable to liave a 
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joist such as 1J16 between the columns, in order to stiffen the 
columns in this direction. In tall structures subject to wind pres- 
sure, a deeper beam would be used in place of the joist 1/16, in 
order to add to the rigidity of the entire structure. 

Ribbed-floor construction is also used in conjunction with struc- 
tural-steel beams in steel-frame buildings. In such constructions 
steel beams a and 6, Fig. 110, are placc^d between the columns, 
parallel to the floor joists, in addition to the beams c and d which 



Fkj. 110. — Mothoil of detailing rilj^hed floors with stool beams. 


support the joists, in order l-o furnish the necessary rigidity to the 
(‘iitii’t^ frame. It is then iie(H\ssary to giv(' on the floor plan the 
distaiu‘(^s from the (^dges of the rows of tiles nearest th(\s(' beams 
to the center liiu's of the beams, such as dimensions A and R, 
Fig. 110. If th(*se dimensions are 8 in. or less, no reinforcement is 
used in th(^ joist which is formed b(‘tween the web of the ste('I 
b(^am and tlu* adjac('nt; row of tiles. If one of the dimc^nsions is 
inor(‘ than 8 in. that joist will be nanfori'cd with at l(‘ast one bar. 
In th(‘ formcM’ cas(.‘, no joist mark is used, but if the joist is rein- 
forced a mark is given to it and it is lat-(‘r d(‘tailed as explained in 
the following paragraph. The preceding statc'inents also apply 
to joists or parts of joists which are parallel to and monolithic 
with a concrett' lieam or wall in a reinforced concrete structure. 

The dimensions of the joists, the reinforcement, and the num- 
ber of identical joists, are shown in a separate schedule', which is 
similar to the beam schedule in Fig. 138. The depth of the joists 
is listed as the depth of the stem below the slab ])lus the thickness 
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of the slab; the width is the width at the bottom. Thus, for 
the joist 1E17 in Fig. 109, the depth would be iiidieated as 8 + 2 
and the width as 5 in.; for the joists lJil6 the deplh would bi; 
8 + 2 and the width 7 in. A separate scheduh' is made for the 
girders, in whiel; are given the width and thickness of the flange, 
the width of the st(‘m, the overall depth, and the reinforcement. 
Bending details must be given for all bent bars, either on the 
drawings or on separate sheets. 

Design of a Ribbi:d Floor with Clay-tile Fili.ers 
204. Dead Loads. 'I’he dtiad weight of the floor includes the 
weight of the concrete in the joists and in the slab, and the w^c'ight 
of the tiles. The following table gives average w'eights of el;iy- 
tile-and-(a)ncrete floors in pounds p(u- scpiare ft)ot, for 4-in. ribs 
spaced 16 in. on C(uit<M‘s. 


WkIC.HTS op Ci.AY-TILE-AND-eONCRETE KiUBP!!) FLOORS 


Depth of joist below 
slab, in. 

Thickness of slab, 
in. 

Average wi‘ight of 
floor, 11). per 

S(I. ft. 

4 

2 

48 


■Di 

54 

(i 

2 

59 

(>4 

S 

2 

71 


2 4 

70 

10 

2 

80 


2 4 

80 


3 

92 

12 

2 

90 


24 

90 


3 

102 


The values given above do not include the weight of an extra 
floor finish or plastered ceiling. Allowances for these items and 
for partitions should be made in computing design loads, as 
explained in Art. 199. 
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206. Design of Joists. The general method of designing the 
joists is the same as that explained in Art. 201 for joists which are 
formed by the use of steel-tile cores. If the joists are 4 in. wide 
and the tiles 12 in. wide, the distance center to center of joists is 
16 in., and each joist supports {2 = 1-33 sq. ft. of floor per linear 
foot of joist. Both dead and live loads must be included in the 
computations for moment and shear. 

Because^ of the comparatively great strength of the walls of 
structural-clay tiles and the thorough bonding to the concrete 
which is obtained by the proje(!tions on the tile V)locks, part of the 
side walls can b(‘ assumed as an effcKttive part of the joists in 
resistyig l)ending and shearing stress(^s. As a usual rule, the 
effecitive width of the* joist is assumed as 1 in. or sometimes 13 >^ in. 
greater than the actual width of concret(^ betweem i\w surfaces of 
adjacent rows of tile. Thus, if 12-in. tile blocks are laid in rows 
which are 16 in. on centers, the normal width of th(‘ joist is 4 in., 
l)ut th(' width that would be used in the d(\sign of the joist is 5 or 
bi. Th(^ former valium is preferred by cons(u*vati\'e designers, 
but th(‘ latter has {)rov(‘d thoroughly saf(‘.' 

If the maximum unit shearing stress in a joist of given dimen- 
sions is greater than that allowable for concrete without web 
reinforcement, this stress may be reducc^d by placing one or more 
pieces of tile 8 in. in width at each end of each row, thus increasing 
the width of the joists at the point of maximum shear by 4 in. 
This is somewhat analogous to the use of tapc'red steel tiles in 
ribbed floors with ste(^l-tile fillers. 

206. Design of Girders. The method of designing the girders 
which support the joists is (exactly the same as that used in the 
design of similar members in ribbed floors with steel-tile fillers 
(sec Art. 202). The methods of detailing the joists and girders 
are also the same in the two types of construction. 

* The Joint Code states that, if the fillers are so phieed that the joints 
in alternate rows are staggered, the shells of the fillers in contact with the 
joists may be included in the calculations involving shear or negative bending 
moment; no other portions of the fillers may be included in the design 
calculations. 
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Design of Steel-joist Floors 

207. Dead Load. The dead load which is supported by each 
joist will vary, among other things, with the spacing of the joists. 
The load per foot on each joist is (‘qual to the load pei‘ sQuare foot 
multiplied by the spacing of joists in feet, plus the weight of the 
joist in pounds per linear foot. St)acings of from 1 to 2}i ft. are 
commonly used. Joist weights vary with the size of the joist 
from 5 to 10 lb. per lin. ft. The total dead load per square foot, 
exclusive of the weight of the joist, will include 2.6 lb. for the 2-in. 
concrete slab, from 5 to 15 lb. for an extia wearing surface, if 



V’uj. 111. Mf'tliod f)f aiichoriiJK ateel joists in concrete* walls. 


i(Mjuirod, 10 lb. for lath-aiid-plaster and from JO to 20 lb. 

for partitions, if such allowance is deenu'd ii(*(*(*ssaiy. 

208. Selection of Joists. Thii total load that can be carried 
safely by each joist will vary witli tlu* sjian of the joist and tlie 
dimensions of the joist section. Tht^ manufa(*tur(‘rs hav(‘ pnv 
pared tables, Kivinj? tlu* total load that th(‘ standard joist- s(‘ctions 
(;aii support with various spans. Tlu^st* tabl(*s also give tlu' total 
load per square foot, of floor that can lx* svqiportcxl liy (*a(*li joist 
for various spans and for spacings varying from 1 2 to 20 in. The 
tables are based usually on a unit tensile stress of 18,000 lb. per 
sq. in., and on a maximum deflection of J thesiian. Th(\y 

assume that adequate Jateral bracing or bridging will be furnished. 

The designer\s problem is, therefore, merely one of selection. 
When the total load per square foot is know% by consulting the 
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manufacturers’ tables, the designer can select several suitable 
combinations of joists and spacings, from which list the most 
economical combination is chosen. In computing the total load 
per square foot, the weight of the joist can V)e assumed a: aboiit 



5 lb. per scp ft. of floor an^a. This will simplify tlu^ computations 
witlu)ut appreciable effect on the ultimate^ r(‘sult. 

209. Bearing Details. Anchorage of joists at the bearings is a 
most important detail in steel-joist, construction. WIumh' the 



bearings are on masonry walls, short straight or bent %-in. rods 
are run through holes in the ends of the jojsts, as shown in Fig. 
Ill, and allowed to rest on the masonry. When the wall is 
carried up, the barjjiare embedded in the masonry, and serve as 
anchors to prevent displacement of the joists. The same bearing 
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anc^horage is used when the joists rest on concrete beams; the 
beams are built up to the floor level as the concrete topping is 
poured. 

For attaching joists to structural-steel beams, when welding 
is not specified, beam anchors are used. These are usually 14-in. 
rods, with a hook on one end. The hook is pla(‘(‘d through a hole 
in the end of the joist, as shown in Fig. 112, and the otlier imd is 
hammered down around the beam flang(\ When the bearing is 
on shelf or seat angles, bolted connections are used, for which 
proper holes are provided in the end-bearing plates and in the 
shelf or seat angles, as shown in Fig. 113. 

Flat-slab Floors 

210. Description of General Type. A flat -slab floor, as it s 
name implies, is one consisting of a reinfor(*ed concret(‘ floor rhih 
built monolithically with the columns and sup})orted dire(^tly by 
the columns without tlu‘ aid of beams and girders. rh(‘ slab may 
be of uniform thicknc'ss throughout the entire' floor aiea, or a part 
of it, symmetrical al)()ut the ('olurnn, may b(‘ made* sonu'what 
thicker than tlie r(‘st of th(‘ slab, tlu^ thickt'iK'd })ortion of tluj slab 
thus formed constituting what is known as a dro})|)ed {)anel, or 
drop (see Fig. 116), 

Dropped panels aic^ us(k 1 to n^diuH* tin* shearing stn'ss(*s in tlu^ 
slab within the an'a of thc^ drop. The incrc'ast* in tlu^ (*fT(*etlv(j 
slab thickness which is provided by the drop also diu'rc'asc's tlu; 
comprcission stress('s in the conen'te and rc*ducc*s the amount of 
steel which is i-(npiired over the column heads. In geiKU'al th(j 
use of dropped panels is not economical foi* live loads h'ss than 
150 lb. per sq. ft. Dropped panels are usually squares, the width 
benng approximately equal to one-third of thc' paiud length. The 
thickness of the drop varies in practice from 0.25^ to O.5O/2, in 
which t 2 is the thi(hn(^ss of the slab outside of the drop. The 
general pn^ference is for ratios approa(;hing the uppei- limit. 
When drops are used over intcirior columns they are normally 
used over the wall columns also. Such drops should have a width 
parallel to the wall ecpial to the corresponding width of thc intc*- 
rior-panel drops; at right angles to the wall they should project 
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beyond the center of the column a distance equal to one-half ol 
the corresponding total width of the interior drops. 

The columns in practically all cases flare out toward the top, 
forming a capital of a shape somewhat similar to an inverted 
truncated cone. This capital gives a wider support for the floor 
slab, which results in a decrease in the bending movement which 
the slab is called upon to resist, and a de(;rease in the shearing 
stress(\s around tlu^ p(irim(‘ter of the column, and tends toward a 
more rigid structure. The effective diamciter of the capital 
should be taken as the diameter of the circle at the point where a 
45-degri^e line from tlu^ base of the capital intersects the bottom 
of thx; slab or dro|)p(‘d pan(4. In ornamental caps, the 45-degree 
line must fall within the concr(‘te of the cap at all points. In 
practice, the efft'ctive diann^tcr c of the cap is usually equal to 

0.225Z, in which I is the avcTage span of th(^ panel. 

At the wall columns, a bracket is often used in place of a regular 
half-capital. The width of the bi*ack(*t is equal to the width of 
the column paralk'l to tin* wall; the slo[)ing sidc^ of the bracket 
forms an angle of 45 di'gretvs with th(‘ horizontal; the projection 
of the l)racket beyond the face of» the column is the same as, 
or soinewtiat l(\ss than, the pi’ojection of the interior-column 
ca|)ital. 

211. Advantages of Flat-slab Floors. Structurally, a flat- 
slab floor has many advantage's over the ordinary V)eam-and- 
girder floor. The most important of these' may be* enumerated 
as follows: 

1. For ordinary s])ans with heavy loads, under average' condi- 
tions, the flat-slab floor is more^ (‘ce)ne)mie*al than the beam-and- 
gird(?r floor. 

2. In a multi-stoi'ic'd l)uilding, the same' number of stories of a 
given clear lu'ight may be e)btained witli a smaller total building 
height, l)e(^ause of the smalle'r floe^r thickness. 

3. The slab formwork is much simplific'd. 

4. The flat-slab floor, owing to the lack of many sharp corners, 
is better able to resist ce)ntinu('d exposure to fire than the beam- 
and-girdcr floor. It has be'C'ii found by actual experience that 
the worst damage causc'd to reinforcc'd concrete by severe fires 
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has occurred at places where there may be spalling, that is, at 
exposed edges and sharp corners. 

5, Automatic sprinkler protection may be made more complete 
under a flat-slab floor since the nozzles may be placed well up near 
the under side of the slab without obstruction to the path of the 
spray. 

6. More light may be admitted into tlu‘ building if d(»sired, by 
placing the wall beams above th(‘ floor le\'(‘l, and thus allowing the 



Fks. 114. 


windows to be extended to the und(n’ side of the slab. The 
absence of deep bi^ams and girders also n^movtvs the obstruction 
to the passage of light within the building. 

7. Owing to the large numlier of smaller liars (extending in 
several directions over the entire aixia of the floor, the danger of 
sudden failure or collapse is less than in the b(‘am-and-girder tyjie 
of floor. The relatively large breadth of structure also mak(\s the 
effect of local variations in (he concretes less than would the 
case for narrow members like beams. 

8. The opportunity for inspi'cting the position of the reinforce- 
ment is excellent, and the conditions attending deposition and 
placing of the concrete are favorable to securing uniformity and 
soundness in the concrete. 
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212. Bending Moments in Flat-slab Floors. Figure 114 repre- 
sents a portion of a flat-slab floor including four column supports, 
the load on the floor being uniformly distributed. The full circles 
represent the column heads underneath the slab. It is evident 
that, considering any radial liiH^ from the column center, the 
curvature of the slab along this line will be convex upward for a 
certain distance, then concave upward, then convex upward again. 
This implies that at some point along each radial line there is a 

point of inflection where the radial 
bending moment changes from posi- 
tive to negative. The locus of all 
these points may be represented by 
the dotted approximate circles cen- 
ten^d about the column capitals. 

As the slab is loaded, deflection 
occurs. The point N at the mid- 
point of the panel, being the fai’thest 
away from the support, will defl(>ct- 
more than a point M , P, Q, or R mid- 
way Vx'tween any two adjacent col- 
umns. The points ilf, P, Q, R will 
then^fori* lx* high(*r than point N but lower than the supports, 
''rhis n'sults in a mgative moment along the line MQ at Af, 
and a positive moment at N. The condition is similar along 
line PR, 

'^rhe analysis of a flat-slab floor is a statically indeterminate 
probl(*m and the elastic properties of the slab and the relative 
stiffiu^ss of its various parts must be considered in determining 
accurately the moments and shears in the slab. An arbitrary but 
satisfactory method of obtaining the theoretical bending moments 
is t-o divide (‘ach panel into rectangular strips, a middle strip A 



(Fig. 115) with a width equal to 


h 

2 


and two equal column st rips B 


which occupy the outer portions of the panel. Similar strips A' 
and B' are assumed at right angles to those shown in Fig. 1 15. A 
system of imaginary beams is thus established and the load on the 
j>anel is traiisfern'd to the columns by these beams. 
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Consider strip A and tlie two strips B to form one wide but 
shallow continuous beam, rigidly supported at the four corners 
by the columns, and partially supported b(*tween the columns 
along the lines AB and CD by the perpendicular strips B'. In 
the Hisulting beam, negative moments exist along the lines AB 
and CD, and positive moments along the lin(‘ EF. Strips B are 
obviously stiffer than strip ^1, and hence both tlu' i)ositive and 
negative moments in strips B (combined) will b(‘ greater than 
those in strip A. 

It is a well-known fact that, in any continuous lK‘am, the sum 
of the maximum positive moment, in any span of the b('am and the 
average of the negative moments at the adjacent supports ar(^ 
(‘qual to th(‘ maximum moment in a corresponding simply sup- 
I)orted b(^am. In a paper entitled ‘^Statical Limiiations upon the 
Steel RcHpiirement in Reinfotced-Concrete Flat-slab Floors,” 
John R. Nichols' recommcmds that, in flat-slab analysis, the span 
of the cornvsponding simply supported beam be t aken as I — 
in which I is the panel length center to c('nt(n‘ of columns and c is 
the diameter of the capital. Thus, in Fig. 115. 

- |cy = - ly 

in which \v is the dead and live load on the slab, pin* unit, of an^a, 
W is the total load on one ])an(fl, I is tlie dist aiua' c(‘nt(‘r te c(aiter 
of columns parallel to th(‘ strips under considin-ation, h is th(^ 
distanc(^ c(*nt(‘r to c(‘nt(»r of columns p(‘rp(‘ndicular to the stni)s 
iind(‘r consideration, and c is the diameter of tlu^ column ca|)ital. 

The distribution of this total monnait to the x^^>^^itive- and 
negativi'-moment s(‘ctions EF and AB, r(\sp('ctively, must b(^ 
determined and tlnui the total positive* moment, in th(^ se(*tion 
EF and the negative moment in the s(*ction AB must l)e ax)por- 
tioned to the strips A and B. Me.ssrs H. M. Westergaard and 
W. A. Slater presented a solution of this jiroblem of distribution 
in a paper entitled Moments and Stresses in Slabs” which was 
published in the Proceedings of the American Concrete Institute, 
volume 17. The average percentages of the total moment 

^ Trims. Ain. Sec. C. K., vol. 77. 
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Mab + Mkf [equation (75)] which they recommend for each of the 
various moment sections are as follows: 


Column strips, negative moineut 48 per cent 

Column strips, positive moment 21 per cent 

Middle strip, negative moment 17 per cent 

Middle strip, positivfi moment 14 per cent 

Total 100 per cent 


The effect of a dropped panel is to stiffen the negative-moment; 
portion of the column strip. This causes an increase in the 
negative mom(‘nt in strip B and a corresponding decrease in the 
positivii mornc^nt at the middle of the strip. The use of four-way 
reinforcement (seei Art. 216) also stiffe'iis the negative-moment 
portions of the column strip and at the same time rc^duces the 
stiffn(‘ss of the negativ(‘-inom(‘nt j)ortions of the middle' strip. 
The negativevmoment coefficu'nts spe'cified for the' column strips 
arei there^fore gre'ater fe)r four-way syste'ms than for two-way 
systems, and the n(‘gative'-me)m(‘nt ce>e‘ffie*ients for the^ middle 
strips are smalle^r fe)r fe)ur-way than for two-way systems. 

The [iree^e'ding (^quatie)n can be applie'd te) the' determinatie)!! of 
rnome'Mts in sepiare j)ane'ls and in re'evtangular panels in whie*h the 
longeu* side* of t he^ panel is ne)t more than 1 .33 time's the she)rter 
side*. In re‘(*(angular paneds, se'parate* moments must obviemsly 
be e*omput-e*ei fe)r the* varie)us sectiejus of the* two rectangular direc- 
tions, using for I the le'iigth of t he* side of the* panel in the dire*edion 
paralle‘1 te) the* strip under consideratie)n. 

213. Moments in Interior Panels. Any theore'tical analysis, 
sue‘h as tlie one* e)utlined abe)ve, gives e)nly approximate results, 
l)e*cause' of the many assumptie)ns whie*h are lu'cessary. d'e'sts 
e)f full-size*d pane'ls show that the ae*tual stre‘sses in the* steel are* 
le'ss than would be* e)bt, aim'd from the usual rectangular-l)eam 
e*eiuatie)ns with inomemts as indicated in the preceding article. 
By ce)mparing the stre'sses dcte*rmined by a sound theoj-etical 
analysis with tliose* obt aim'd by actual te'sts, mome^nt coefficients 
can be' obtained which will give ratie)nal and safe re\sults. This 
process has resulte*d in the development of flat-slab rcigulations 
which are a part of practically all municipal building codes and 
technical socie't v standards. 
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In addition to specifying moment coefficients, these codes give 
minimum requirements for slab thickness, cap and drop dimen- 
sions, and column sizes. They specify the arrangement of the 
reinforcement, and outline the method of computing stresses due 
to shear and bending. The formulas and methods of one code 
may differ from those of another, but there is sufficient similarity 
b('tween them so that the designer who is familiar with the appli- 


Moments in Interior Panet^s — STAN i>AKn Code 


Strip 

Moments in slabs 
without drops 

Moments in slabs 
with drops 

Negative 

1 

j Positive 1 

i 

Negative 

Positiv»‘ 

Slabs with two-way reinforcement 

Column strip 


■fO.22.Ifo 

-O.SOAfn 

4-0.20A/0 

Middle; strip 

-O.lGil/o 

4-O.lGMo 

-O.lGA/o 

-f0.15Af« 

Slabs with four-way reinforcement 

Column strip 

-0.50M,, 

■f0.20Afo 

-0.54;l/o 

+().10A/,. 

Middle strip 

-O.lOil/o 

40.20M,, 

-O.OSA/o 

+0. lOM. 


cation of the provisions of one code has little difficulty in following 
those of any other (*od(\ 

The cod(‘ which is to gov(*rn a ]>art i(*ular d(‘sign depcuids lai’g(^ly 
on the lo(*ation of the proposed structure. lh-acth»ally cveiy city 
of any size has its own flat-slab regulations which form a part 
of the com})lete building code. The provisions of thes(‘ n^gula- 
tions must be adhered to (or exceeded) if th(^ d(\sign is to be 
approved by the building departme^nt. In th(‘ absence of a 
governing muiiicij)al eodc^, any r(‘Cogniz('d code may be followed. 

The recommendations of tlie Joint Codti (1936) are givcm in 
Appendix C. ’ These recommendations apply to flat-slal) floors in 
which there are three or more rows of panels in (*ach direction and 
in which the length of any one panel is not greater than 1.33 times 
the width of the panel. In this Ck)de, the total moment Mah + 
Mkf (Fig. 115) is specified as somc^what h'ss than the value given 

iThe Standard Building Coinniittoe is proposing (1940) several minor 
changes in Plat Slab Regulations. 
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in the equation on page 332, and the distribution varies slightly 
from the percentages tabulated in Art. 212. For convenience in 
specifying moment coefficients and to simplify the subsequent 
detailing of the reinforcement, it is desirable to consider two 
adjoining column strips in adjacent panels as one band. This 
band is centen'd about ihe column line and has a width equal to 



Section C-C 
Fm. 110. 


oruvhalf of the panel width. In all of the following discussions, 
any n^fereiiee to the column strip” will imply the comliiiH^d 
strips or band described above, as indicate^d in Fig. 116. 

The momiMit distribution for interior paneds, as given in the 
Joint Code, is as follows: 

Ijct Mo = Mah + M kf (Fig. 115) in foot-pounds. 

W = total load on the panel, including the weight of the 
drop, in pounds. 

I = span of the strip under consideration, center to 
center of columns, in feet. 
c = diameter of tlu' column capital in feet. 
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/ 2c\2 

Mo = 0.09TFZ^1 — — j (general case) (a) 

Mo = 0.065Pri (special case, c = 0.225/.J (fc) 

Coefficients of F’l! for the specific case in which Mo = 0.065IF/ 
[equation (b)] are given in Appendix C. Moment coefficients by 
bands for four-way reinforcement (see Art. 216) are also given in 
Appendix C. 

214. Moments in Exterior Panels. In wall panels, the strips 
which are perpendicular to the wall are analogous to the end spans 
of a beam which is conlinuous over a number of supports. In 
such a beam, if the spans are all equal, the load uniform, and if 
tlu‘ ends of the beam rest freely on the end supports, the maxi- 
mum positive moment in the end spans is greatcn* tlian in the 
intermediate spans; the negative^ moment at the se(‘ond support is 
great-(‘r than the negative moment at. any otluu* interior support; 
lh(‘ moment/ at the fi?*st suppoi't is <*(iual to zero. If the ends of 
th(‘ beam are restrained inst('ad of bt‘ing freely supportcid, 
moments arc' inducc'd at tlu*. end supports, and the maximum 
j)ositive moments in the* end spans as well as the* m^gative moment 
at the second support are also affect(*d. Th(^ latter two values 
will normally be greater than the corresponding moments in a 
typical int(*rior span. 

In flat-slab construction, the restraint which is offend at the 
(*nd supports may vary considerably. I'he wall panels may rest 
fr(*ely on brick walls, they may be built monolithicall}" with the 
wall columns and with marginal l)eams (wall beams) along the 
outer edge of tlu^ paru'ls which an; capable; of r(*sisting torsional 
stresses, or they may be built monolithically with the columns 
but without the rigid marginal beams. Obviously, the monjent 
co(;ffic,ients for sections parallel to the wall (strips perpendicular 
to the wall) would differ materially for th(;se various conditions. 
Most flat-slab regulations do not take the condition of end 
restraint into consideration, but specify merely the coefficients 
that shall be used for the moment sections in all exterior panels. 

The coefficients specified in the Joint Code are as follows: In 
wall panels and other panels in which the slab is non-continuous 



336 


REINFORCED CONCRETE BUILDINGS 


at one edge, the maximum positive moments on the principal 
design sections parallel to the discontinuous edge (strips perpen- 
dicular to that edge) shall be increased 25 per cent over those 
specified for interior panels. At the wall or discontinuous edge 
the negative moment in the column strip shall be taken as not 
less than 90 per cent and in the middle strip not less than 662,3 
per cent of the corresponding momc^nts specified for a normal 
interior panel. A tabulation of the resulting coefficients is given 
in Appendix C. 

The value of c which shall be used in computing Mo for the 
strips perpendicular to the wall in exterior panels is defined in 
Appendix C. Since brackets are normally used at exterior col- 
umns, and since the sloping face of these brackets usually projects 
beyond the columns a sufficient amount to make the distance from 
the center of tluj column to thc.^ extremity of the bracket equal to 
one-half of th<^ diamet(ir of the interior-column capital, the valiu's 
of c, and hence Mo, for the ext^cnior-panel strips })erpendicular to 
the wall are gt^m'rally the same as for an int(‘rior panel. The 
moments at the various s(M*tions of these sti'ips can therefore 
usually l;)e obtained by multiplyiirg th(', momcaits at the cornv 
sponding sections in the interior panel by the percentages given 
in the preceding paragraph. 

The moments to be used in the design of the middle strip paral- 
lel to the wall in an exterior panel are tlu^ same as for the corre- 
sponding sections in an interior panel. The moments to be used 
in the design of the half column strip adjacent and parallel to the 
wall depend upon the relative size of the marginal or wall beam. 
If the depth of this beam is 1 times the thickm^ss of the slab, 
or less, the moments in the half column strip, both positive and 
negative, are taken as one-half of the corresponding moments 
specified for a typical interior-panel column strip; but if the depth 
of the marginal beam is greater than l times the depth of th(^ 
slab, the moments in the half column st rip are one-cpiarter of the 
interior-panel moments. In the lattc^r (*ase the comparative 
stiffness of the marginal beam relieves the half column strip of 
some of its load and thus reduces the monu'iits in this strip. 
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According to the Joint Code, the marginal beam must then be 
designed to carry one-quarter of the total live load and dead load 
on the panel, in addition to the load directly superimposed on it. 
Where the depth of the marginal beam is IJ 2 times the slab 
thickness, or less, the beam need be designed only for the super- 
imposed load (i.c., the wall load). 

216. Thickness of Slab. In order to prevent undue deflection, 
certain limitations are placed on the minimum slab thickness that 
can be used in a given floor panel. Inasmuch as the actual deflec- 
tion of a flat slab cannot be computed with any appreciable degree 
of accuracy, these limitations were developed from a study of the 
observed deflections in actual structures. The Joint Code 
specifies that, for a 2()00-lb. concrete, the slab thickness (not 
including the thickness of tlu? drop) shall in no (^as(' be less than 
332 longer dimension of the panel for floor slabs, and not 

less than 34 0 of the sam(‘ dinu'iision for roof slabs. If the con- 
crete has an ultimate compn^ssion stnaigth /'^ gn^jUer than 2000 
lb. per sq. in., these limiting thicknesses may be reduced by multi- 
plying by the factor 

The codes also giv(» formulas for the minimum thickn(\ss of 
slab which is rcHiuircnl in order to keep the unit compression 
stress in the concrete within the specified limit. These formulas 
are derived hy analyzing the negative-moment section of th(‘ 
column strip as an ordinary rc*ctangular Ixaiin. The Joint Code 
formulas for minimum total slab thicknesses (exclusive of the 
thickiK'ss of the drop) for 2000-lb. concretes are as follows: 

For slabs without drops, 

1 - lAi^lVw' + 1 ” 

For slabs with drops, 

h = QmWw' + 1 

in which w' is the uniformly distributed dead and live load in 
]x)unds per squaie foot, U is the thickness in inches of a slab with- 


= 0.038^ 




338 


REINFORCED CONCRETE BUILDINGS 


out drops, h is the thickness in inches of the slab beyond the drop 
in panels with drops, and I is the panel length center to center of 
columns on the long side of the panel, in feet. For concretes with 
an ultimate compressive strength fc greater than 2000 lb. pei* 
sq. in., the values of i as given in these e(iuations may be reduced 

^j2(m 


i)y multiplying by the factor 


Nr: 


216. Methods of Reinforcing Flat-slab Floors. There are, in 
the main, four different methods or systems of reinforcing the 
slab in this type of floor: (1) Two-way system, (2) four-way system, 
(3) three-way system, (4) circumferential system. 

In the two-way system small bars are placed parallel to the 
linens of columns over the (entire an^a of the floor at small intervals. 
The maximum spacing allowabki varies in th(^ different codes 
and specifi(;ations, but is seldom greater than one and one-half 
times the thickne^ss of the slab, or greater than 12 in. 

The four-way system consists of two main bands of steel 
running parallel to the lines of columns, each band cenk^red about, 
the column lines, and two diagonal bands of sufficient width to 
fill up th(' floor an^a kift imcovcuvd by the dirc'ct bands. In 
some cas(\s short l)ars are placed near tlu^ top of the slab at right 
angles to the dirc^ct bands ov('r the middle j^ortion of the band 
to resist the negative moment ov(u* that pcullon; these latter 
bars constitute what ai*e known as the acuoss-direct bands. 

The tlinuvway system involves a special arrangement of col- 
umns, such that tlu^ lines connecting their cenUu* lines form a 
series of ecpiilateral t.riangles. The reinforcement then follows 
the sides of thes(^ triangles, eacdi band being cemteu'ed about one 
of th(^ i)an(4 sides. The thr(»e-way system is p('culiarly adapted to 
s\ich structures as car ba ns, garage's, etc., on account of the large 
radius of curvature permit-U'd by the arrangement of columns. 

In the circumferenitial system, radial steel emanating from the 
column head, and cireaimfe^rential steel in the form of concentric; 
rings symmetrical about the column head are used. Concentric; 
rings are also placed about the mid-point of the slab, and about 
the mid-points of the four edges of each panel. The three-way, 
four-way, and circumferential systems are not in such gcmeral use 
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(b)- Middle Strip, Slabs with Drop 
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(c)- Column Strip, Slabs without Drops Note .Not lessfhan%fOf 

all bars to be bent as 
shown in (cJ and (d) 

0.25 U 0.3c (mtn.) 

0.25I-T0.3c(min.)\*' 0.251 1 I 0.251 ^a2Sl-t-0.3c(mm.)_ 


- 20 diameters of Bar, - - 4 

or 72 in minimum * 




Cd ) - Column Strip, Slabs with Drops 

Fig. 117. — Joint Code specifications for placing reinforcement in two-way flat 
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as the two-way system, since the last is simpler in design and 
construction and has proved to be thoroughly satisfactory. 

In both the two-way and four-way systems, the area of steel 
required at each section is obtained from the equation = 
Asfajdj in which is the moment specified for the particular 
section under consideration and d is the distance from the com- 
pression face to the center of the tension steel (the effective depth) 



Fig. 118 . — Spocificatiuns for placing roinfor<^oint*iit in four-way flat slabs with 

drops. 

at the section. Part of the positive-moment reinforcement is 
bent up to furnish part or all of tlie negative-moment steel, in 
accordance with the provisions of the governing code. In Appen- 
dix C, Rule 5 and Talile E apply to the placing of the reinforce- 
ment; these specificat ions (for two-way and four-way panels) an^ 
illustrated grafihically in Figs. 117 and 118. The application of 
these specifications to a definite two-wa\^ design is illustrated in 
Arts. 219 and 220. The determination of the effective area of the 
reinforcement in diagonal bands in four-way panels is explained 
in Rule 3(d); moment coefficients by bands are given in Table C, 
Appendix C. 
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217. Factors to Be Considered in the Design of Flat-slab 
Buildings. Flat-slab floors are ordinarily designed to carry only 
a uniform load over the entire surface, the assumption being that 
no breaks in the continuity occur. Where heavy concentrated 
loads are to be sustained in addition to the uniform load, beams 
should be introduced in such positions as will enable them to carry 
the weight of the concentrations. Where opiuiings in the slab 
occur, they should be framed by beams which will have the effect 
of restoring continuity to the slab. These beams should be 
desigru^d to carry a portion of the floor load in addition to any 
conc(uitrat('d loads that may rest upon them. 

The columns should lie designed to provide for bending stresses 
such as might be caus(‘d by uneiiually loaded })anels. This is 
(\sj)ecially important in the exterior columns where, lioth the' dead 
and live loads (^ause continual l>ending, and where the direct 
loads are relatively small. The int(‘rior roof cohunns arc not 
likely to be^ubj(‘ct(‘d to such eccentric loading, and the ratio of 
thi‘ possible bending str(‘ss to the direct load stress decrease's as 
th(^ numl)er of floors to be supporti'd incr(‘as(‘s. Heuice, bending 
in the interior columns is not so important as in the (‘xteu’ior 
columns. It should lie investigated, how’(‘\’(‘r, (‘specially in th(^ 
U|)p(‘r stories. The amount of b(*nding mom(‘nt to be assurni'd is 
usually stak'd in th(‘ various regulations govc'rning flat-slab 
d('sign. One method of analysis is outlin(‘d in Art. 224 for inte- 
rior columns and in Art. 225 for exterioi- columns. The siiacing 
of columns is govern(‘d ])y ])ractically the same fac'.tors as in the 
(\as(* of th(‘ b(‘am-and-gird('r tyjH'. 

To provide jiropc*!’ drainage, a slight pitch may be given to the 
roof slab without any change* in the th(*oretical computatif)ns. 
Sudden change's in slope, oi* steps, on the other hand, require 
special attention. 

It should be* remc'mbered at all times that careful compliance 
with the building code pertaining to the place of construction is 
not only necessary to the acceptance of the design, but is also 
conducive to safety. As in all other types of construction, fail- 
ures of flat-slab buildings have occurred. The causes of such fail- 
ures may in most cases be tracaid to one or more of the following: 
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1. Strong commercial competition leading to the tendency to 
use thinner sections than good design dictates, especially in the 
absence of good building codes. 

2. Faulty construction, such as poor mixing of concrete, inac- 
curate placing of the steel, too early removal of forms, or placing 
of concrete in freezing weather without adequate precaution. 

3. Overloading of the floors beyond the load allowed in the 
design. 

4. Faulty design, due to a lack of knowledge on the part of the. 
designer. 

The first essential of a safe and economical design is the removal 
of all agencies such as ani stated abovc^, that might lead to failure, 
or on the othcn- hand, to needless waste. 

Design of a Flat-st.ab Building 

218. Data and Specifications. The mc^thod of design of flat- 
slab floors and otlier details involved in a reinforced concn^te 
building are illustrat'd in the following articles which contain 
a complete d(^sign of a building 66 by 105 ft. in plan, consisting 
of two upper stories and a l)asement. The height of the upper 
stories, floor to floor, is 12 ft.-O in. and that of the bas('inent is 
10 ft.-O in. Th(' floor plan is shown in Fig. 130. Tlw live load 
to b(* su])|)orted by the flo(>rs is 200 lb. per sq. ft., and b}" tVu* roof 
40 lb. p(‘r sq. ft. An additional load of 40 lb. per sci[. ft. is to 
be consid(M-(*d in the dead wi'ight of the roof, to provide for a 
cinder concix'te fill and for the roof covering. Ade(iuat(' drainage* 
will be provided by inclining the exterior slabs in the short, direc- 
tion of the building and by varying the tliickness of the sui’facing 
over the middle panel. A 2500-lb. concrete will be* used for all 
of the (‘onst.ruction except the footings, for which a 2000-lb. 
conen'te will be assumed. The Joint Code (Appendixes B and C) 
will lie used in tin? design of the floor and roof slabs, bc^ams, col- 
umns, and footings. Structural grade steel will be used in all 
beams and slabs, and intermediate grade steel in the columns and 
footings. 

219. Design of Interior Floor Panel. Slab. Table A, Appen- 
dix C. Two-w'ay reinforcement with dropped panel. Assuming 
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ti. = 8 in., the weight of the slab is 100 lb. per sq. ft. The total 
load on the slab = w' = 300 lb. per sq. ft. 


V2OO6 




2 000 

2500 


0.93(0.02 X 22\/300 + 1) = 7.98 in. 


X 0.375 X 22 = 7.68 in. 


The assumed thickness of 8 in. is satisfactory. 

Capital. Metal cap forms will b(‘ used, standard diamc^ti'rs 
being multiples of 6 in. Th(‘ usual diametc'r c of cap is a|)proxi- 
mately ecpial to 0.225 times the avc'rage span of tlie panel. 


0.225 X 21.5 X 12 === 58 in. Use 5 ft.-O in. 


Drop. Table A, Appendix C. The minimum allowable thick- 
ness (^i) through the dropped pan(*l is 1.25^2 and tfu' maximum 
1 .5^2- The upper limit is usually pn'feri’ed, since t h(‘ gr(‘ater 1 hick- 
ness reduces the amount of stca^l reciuin^d at t in* column h(‘ad and 
adds to the shearing resistance at the perimett*r of the capital. 

i, = 1.5 X 8 = 12 in. 

?>, = 0.35 X 22 X 12 = 92.4 in. 

Hu' drop])('d panel will be mad(‘ 4 in. thicker than tln^ rcanainder 
of the slab, and 7 ft . -9 in. s(piar(‘. 

Shearing Stressefi. Rule 1, Appendix ('. ^Fhe unit slu'aring 

/ V \ 1 . 

stress [v = , 1 on a vertical s(‘ction — 1;^ in. (= (l\) from 

\ 2 

the edge of the capital, and parallel with it, shall not oxeood 

0.03/'c = 75 p.s.i. 

ti — 1} 2 = 

5 ft.-O in. + 2 X 103^2 ^ ^U-9 in. = 6.75 ft. 

The total load on the panel = 300 X 21 X 22 -h 3^12 X 160 X 
(7.75)2 = 141,600 lb. 

At the section described above, 
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TT y (6 75)^ 

V = 141,600 - 350 X = 129,100 lb. 

129,100 

" “ % X (tt X 6.75 X 12rx 10;5 “ 

The unit shearing stress on a vertical section U — 1}^ in. 
(= J2) from the (^Ige of the dropped panel, and parallel with it, 
shall not exceed 0.03/'c = 75 p.s.i. 

(2 — = 6K in. 

7 ft.-O in. + 2 X 6V2 in. = 8 ft.-lO in. = 8.83 ft. 
y = [(21 X 22) - (8.83)2] X 300 = 115,200 lb. 

115,200 ^ . 

Js X (4 X 8.83 X 12) X 6.5 

The assumed dimcmsions of the capital and drop need no revision. 

Bending Moments. Table B, Appendix C. Since the panel is 
nearly sejuare, moments and steel areas will be computed for the 
long dire(^tion and the same steel will be placed in the short 
direction. W = 141,600 lb.; I = 22.0 ft.; c = 5.0 ft. 


( 2c\2 

Mn = 0.00B^/( 1 - -J = 0.09 X 141,600 

X 22.0^1 - | y 22^)y = 201,700 ft.-lb. = 2,420,000 in.-lb. 

('Olurnn strip, positive M = +0.20 X 2,420,000 

= +484,000 in.-lb. 

Column strij), negative* M = —0.50 X 2,420,000 

= -1,210,000 in.-lb. 

Middle strip, positive M = +0.15 X 2,420,000 

= +363,000 in.-lb. 

Middle strip, negative M = —0.15 X 2,420,000 

= -363,000 in.-lb. 


.0 Y _ 

i.i)) - 


201,700 11.-11). = 2,420,000 iu.-lb. 


Slerl Areas. In computing steel areas requin^d, for those 
moment sections in which bars are placed in two directions (f.e., 
th(' positive'-moment section of the middle stri}) and the negative- 
moment s(‘(‘tion of the column strip) the governing row will be 
assumed as that row which is farthest from the tension face of the 
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slab. This removes all restrictions as to the order of placing th(» 
steel in the two directions. Values of j are obtained from Tabh^ 6, 
Appendix D. = 18,000; f, = 0.40 X 2500 = 1000 p.s.i. for 

positive-moment sections, and 0.45 X 2500 = 1125 p.s.i. for 
negative-moment sections; n == 12. Etiiiation (5), page 56, is 
used to compute th(> steel areas requir('d at each of the 
moment sections. Bars which are parallel to a si'Ction (/.c., ix'i- 
pc'iidicular to the strip under consideration) ol)viously cannot Ix' 
considered effec^tive at that section. 

Column Strip, Positive-moment Section. Assuming ^'s-in. 
bars and clear insulation, d = 8 — \} i^ = i 6 in. 

A - — 484,000 

~ 18,000 X 0.867 X 6.03 “ 

Fifteen round bars furnish 4.61 sq. in. 

Column Strip, Negative-moment Seition. Assuming •''»s“in. 
bars and *^'4-iii. clear insulation, d = 12 lb! f(i = lO-'^^i^ in. 

“ 18,000 X 6^857 X 10.31 “ 

Twenty-five round bars furnish 7.68 sq. in. 

According to Table E, Appendix (-, not- l(\ss than four-tenths of 
the steel recpiiix'd in the positive-inonu'iit section of the column 
strip shall be straight bars. The nunaining bars (in any e\'ent 
not less than four-tenths of the total st(*el) may b(‘ Ix'iit up to 
reinforce the negativcvmoment s(‘Ction at either (aid of th(‘ paru*!. 
Hence at (iach negative-momcait s(a*t.ion a total of 18 bars is 
furnished from the two adjacent jKisitivi'-momtait scu't-ions. 
Seven straight bars in t he top of the slab over th(‘ column h(‘ad an* 
sufficient to compk^te the steed area rexjuin^d at th(^ negative- 
moment section (see Fig. 119). 

Middle Strip, Positive-moment Sec^tton. Assuming 
bars and clear insulation, d = 8 — IJ2 = 6j'2 in. 

, 163,000 . 

18,606 X 6.867 X 6.5 

Eighteen J^-in. round bars furnish 3.54 sq. in. 
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Middle Strip, Negative-moment Section. Assuming 
bars and %-in. clear insulation, d = 8 — 1 = 7 in. 


363,000 

18,000 X 0.857 X 7 


= 3.36 sq. in. 


According to Table E not less than five-tenths of the steel 
riKiuired in the jiositive-moment seeiion of the iniddh' strip must 



Fi(i. 119. — Ai raiiKeineiit of reinforcoment in floor slab. 


})o bent up at both ends so as' to reinforce the two adjacent 
negative-moment sections. Bending nine of the 18 bars required 
in the ])ositive-moment section provides a total of 18 bars in each 
negativ(vmoment section, which is more than ample in the present 
case.’ 

Fiber Slrcfis in Concrete. The critical section is in the negative- 
monK'iit- portion of the column strip. Ac(H)rding to Rule 3(c), 
Appendix C, the effective width of the column-head section, for 

’ Since the area required at both the positive- and negative-moment 
sectitins of the middle strip are approximately the same {M — 0.1 6Mo for 
each), the negative-moment steel could be furnished by bending all of the 
positive-moment steel at one end only, placing the bars so that alternate 
bars are bent up at alternate ends. The bent-up portion of each bar 
would continue into the adjacent panel to the point of inflection, and the 
other end of the bar would be placed at a point 0.325Z from the center of 
the panel, as required by Table K. While a strict interpretation of the 
Joint (lode will not permit this detail, many designers prefer it to that 
shown in the text above. 1'he main advantages are: (1) the bent bars are 
shorter and hence easier to handle, (2) no loose straight bars are used. 
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compression, shall be taken as the width of the dropped panel, 
93 in. 


P = 


25 X 0.3068 


93 X 10.31 


= 0.0080 


From Table 7, Appendix D, k = 0.353 and j = 0.882. 

2 X 1,210,000 

^ ^ 0.353 X 0.882 X 93 X^To.Sl)^ “ P-®-’’* 

The allowable stress = 0.45 X 2500 = 1125 p.s.i. 

220. Design of Exterior Floor Panel. A eomparison of Tables 
B and C, Appendix C, shows that the eolvinin strip lu'gaiive 
moment at the wall is 90 pen* cent of that- sjxnnfienl for the interior 
panel; the eolumn strip positive moment in the exterior paiu‘l and 
the middle strip positive moment in that panel tuv ('ae.h 125 per 
cent of the corresponding interior-iiaiu'l moments; tlu' middh^ 
strip negative moment at the wall is 662^ per cent of that sp(nnfi<‘d 
for the interior panel. Hence tin* steel areas reciiiired at the 
various sections in the exterior pantd (for bands pcvrjxnidicular to 
the wall) may be obtairu'd by multiplying the corrc'sponding inte- 
rior-panel required areas by thc^ above perccnitages, as follows: 

Middle Strip, Positive-moment Section. 

A, = 1.25 X 3.58 = 4.48 sq. in. 

Twenty-three 3 2 ~hi. round bars furnish 4.51 sep in. 

Middle Strip, Negative-moment Section at Wall, 

As = 0.667 X 3.36 = 2.24 sq. in. 

Eleven } 2 -in. round bars furnish 2.16 sep in. 

Column Strip, Positive-moment Section. 

As = 1.25 X 4.48 = 5.60 sq. in. 

Nineteen I’ound bars furnish 5.83 sq. in. 

Column Strip, N cgativc-momeni Section at Wall. 

As — 0.9 X 7.60 = 6.84 sq. in. 


Twenty-three ysAn. round bars furnish 7.06 s(p in. 

♦The maximum stress at the center of the column is Kn^ater than the 
average stress by about 20 per cent. 
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221. Arrangement of Reinforcement. The proposed method 
of placing and bending the steel so as to furnish the necessary 
areas at the various sections in both the interior and exterior 
panels is shown diagram matically in Fig. 119.^ The points at 
which the bars arc bent and the percentages of bars which may or 
must be b(mt are obtained from Table E, Appendix C. The 
provisions of thes(^ ruU^s are illustrated graphically in Fig. 117. 
According to Rule 4(c), Appendix (., the maximum allow^able 
spacing of bars is IJ^ X 8 = 12 in. The minimum spacing 
is governed by the necessity of allowing space for the concrete to 
be deposited convenic^ntly and eff(‘ctively. A minimum spacing 
of about 3 in. centc^r to center of l)ars should be maintained if 
possible. Bars less than ! <2 in. in dianuder are difficult to handle 
l)ecause of their lack of stiffness, and bars greater than % in. in 
diameter cannot l)e bent in places 

The coinpUde steel schedule for the slab ninforcement is shown 
in Fig. 135. The location of the bands is shown in Fig. 130. In 
making up the {)lacing plan shown in Fig. 130, bars running in one 
direction have been d(‘signat.ed by the letter P and those in the 
ot her direction by the letter M, * The additional straight bars in 
the to]) ovx'f th(' column h(*ads are designated by the letter T. 
All bands in which the number, size, and bevnding details of the 
l)ars are id(*ntical are mark(*d with the same number following the 
letter, '^riie total number of identical bands is obtained by 
counting the similarly marked bands in Fig. 130. 

222. Design of Roof Slab. The design of the interior and 
exteri(/r paiuds of tin? roof slab is carrit'd out in a manner similar 
to that us('d in the design of tlu' floor slab. The total load on the 
roof in(*lud(\s the Vwv load (40 lb. per sci. ft.), the w(‘ight of the 
roofing material (40 lb. per sq. ft.), and the dead weight of the slab 
itstdf. The thickness of slab beyond the drop is 6)4 in. and the 
total thickiu'ss through the dropped panel is 9) t in. The diam- 
eter of the capital is 5 ft.-O in., and the drop is 7 ft.-9 in. square in 
plan. The unit slu^aring stress on a vertical section at a distance 
ti — 1)2 hi. from the capital is 43 lb. per sq. in. and the corre- 
sponding stn'ss at a distance (» — l^‘l in. from the edge of the 

' Soo h1«o foolTioto 1, ]). 34t). 
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dropped panel is 36 lb. per sq. in. At the eoliimn-lu\ad se(‘tion 
the fiber stress in the concrete is 758 lb. per sq. in. 

The number of ji-in. round bars recjuired in the various sec- 
tions of the slab, and the proposed method of placing and bending 
the bars so as to furnish the recpiired steel areas at all se(‘tions are 
shown diagrammatieally in Fig. 120. The complete bending 
details are shown in Fig. 136. The band dc'signations are shown 
in the left half of Fig. 130. It ha'^ been assumed, for simplicity, 



that the stairAvay and elevator shaft openings do not e.vtend 
through the roof. 

223. Design of Interior Columns. Tlie interior columns are 
to be made of 2500-lb. concrete*, with r(*inforc(*ment of iuivr- 
mediate grade steel. They are to be round, with spirals, and 
designed in accordance witli tlu* Joint Code s|K*cifications. 
The fundamental principles involved in tin* d(*sign an* (!X])lain(*d 
in Art. 134. In flat-slab construction the* columns are an impor- 
tant facitor in adding to the rigidity of the slab, and most (*odes 
spe(*ify a minimum column size g!’eat(*r than the usual minimum 
for beam-and-girder floors. Ordinarily a minimum overall 
dimension of one-fifteenth of the averages span of tlie panel is 
considered satisfactory. In the pn^sent (^ase ,1(5 X 21.5 X 12 = 
17.2 or 18 in. will be taken as the minimum size. 

According to the Joint Code, values of may vary from 0.01 
to 0.08 for columns with spirals, but values greater than 0.02 to 
0.025 are normally inadvisable because of the crowding of the 
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Steel which occurs just above the floor line where the bars are 
spliced by lapping. In general, greater overall economy is 
obtained by the use of the smaller values of Steel ratios 
approaching the maximum may be necessary, however, in heavily 
loaded columns, in order to keep the size of the columns within 
reasonable limits. In some cases architectural limitations may 
require a smaller column with the resulting greater steel ratio. 
Metal column forms, which are generally used for round columns, 
are available in multiples of 2 in., and column sizes should be 
selected acc.ordingly. 

Th(i following table gives a summary of the loads (to the nearest 
thousand pounds) which arc carried in each tier of columns. The 
weights of the columns were takcm from Table 10. The sizes of 
th(^ columns and the reinforcement reciuired to support these 
loads were ol)tain(^d from Table 8, and spiral details from Table 
13. The excess strcuigth of the top column cannot be avoided, 
since the minimum size columns and the minimum percentage of 
r(uiiforc(^m(ait hav(> b(‘en used. The exc(\ss strength of the inter- 
mediatt^ column is required to provide for bending stresses, as 
shown by the invc^stigation in Art. 224. 


Interior Columns, Deston for Direct Loat) Only 



Lo:i(l 

from 

Amount 

of 

IojkI. 

lb. 

Diameter 
ami area 
of column 

Vertical 

burs 

Spirals 
(Tabic 13) 

Load 
carried 
by con- 
crete, 
lb. 

Load 
carried 
by .steel, 

lb. 

Total* 

load, 

lb. 

Top 

Ifoof 

C'oluinn 

(■apital 

Total 

75,000 

3,0(K) 

2.000 

80.0(K) 

18 in. 

255 .s(i. in. 

i 

2.(>6 sq. in. 
p„ = 0.0104 

^h«/»- 2V4 in. 

143,000 

42,000 

185,000 

IntoriniHiiatR 

Floor 
j (’’olumii 
j (^ipital 

1 Total 

142,000 

1 4. OIK) 

j 2,(KH) 

i 228,000 

22 in. 

380 sq. in. 

lO'?.i0 
4.42 sq. in. 
Vo - O.Ollfi 

?i0-2 in. 

214,000 

’ 71,000 

285,000 


Uoor 

Column 

Capital 

Total 

142,000 
i 5,000 

j 2,000 

: 377,000 

20 in. 

531 .sq. in 

i 

! 

j 10-7h,^ 

0 01 aq. in. 
j Pu ^ 0.0113 

i 

in. 

200,000 

06,000 

1 

305.000 
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The bars in the basement and first-floor columns are extended 
2 ft.-3 in. above the first- and second-floor levels, respectively, in 
order to lap with the bars in the columns next above. A lap of 
32 diameters is required by the Code when fc is less than 3000 
p.s.i. In order to prevent too sharp a bend in the bars at the top 
of any column in getting them within the area of the column next 
above, wherever possible the diameters of two successive tiers of 
columns should not vary by more than about 6 in. The bend in 
each bar is usually made in a height of about 18 in., and the 
maximum slope of the bend is then 3 in. in 18 in., which is the 
maximum permitted by the Code. 

224. Investigation for Bending Stresses. Bending stresses 
due to unequally loaded panels are not apt to affect the design of 
the interior columns, except possibly in the upper tiers. This is 
becaus(i the bending is usually (caused by the live load only, and 
so the maximum unit stress due to bending is in most cases less 
than the allowable increase in fiber stress as con, pared with the 
stress permitted when no bending is considered. 

The method of investigation for bending is explained in C/ha]). 


V; the average stress due to dire(*t‘load 


extreme fiber stress din^ to bending 




is added to the 


in order to obtain the* 


maximum combined str(*ss /.. The alle>wable unit e*e)ml)ined 
stress as specifi(*d in the Joint Code for both spiral and lied 
columns is given in the equation 


fc = M 


ec 

ix^ 


,1 + c - 


,£C 

R^/ 


ill which /a = average permissible stress on an equivalent axially 
loaded plain concrete column {i.e., based on the 
area of the transformed section of the actual 
reinforced concrete column), 

/„ = — for spiral columns and 0.8 of this 
•" 1 + (n - l)p, 

value for tied columns. 


or 
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bers in flexure 


e = eccentricity of the resultant load J\I on the column 

(-» 

c = distance from the gravity axis of the column cross- 
section to the extreme compression fiber (i.e., to 
the most highly stressed face of the column). 

Ji = least radius of gyration of the column section. 

C = ratio of fa to the permissible fiber stress for mem- 

- md 

Values of f may be taken directly from Diagrams 7 to 10 for 
spiral columns and from Diagrams 11 and 12 for tied columns, 
these diagrams being based on the preceding equation. 

With unequally loaded panels, the amount of bending moment 
transferred to th(‘ interior columns depends upon the relative 
stiffness of the slab on l)oth sides of the columns and of that of the 
columns themselves. It is recommended that a moment^ of 
j i qW il shall be divided between the columns immediately above 
and below any floor, in direct proportion to their stiffness factors 


Rvalues of 


where W i = the total live load on one panel. 


’ I'ho recoin nif'nded nionicnt of ^ 40 h is based on the following analysis: 
Due to live load only, the negative moment in a column strip, for two-way 
slabs with drops and with c — 0.225/, is ().325iri/. This unbalanced mo- 
ment (assuming liv(' load to be place<l only on one side of the columns under 
consideration) is resisted by the slab on the unloaded side and the columns 
above and below th(‘ floor, more or l(‘ss in direct proportion to the stiffness 


factors 



of these members. 


Assuming that the stiffness factor of tln^ 


slab is one-third of the sum of the stiffmvss factors of the two columns, the 
moment to l>e resisted by the two columns is X 0.()32i5ITi/ = 0.0244 Wil 
or approximately lioWiL 

In the investigation of the exterior columns (see Art. 225), since there 
is no slab beyoiul tin* wall the entin^ negative moment in the column strip 
at the wall is resisted by the two columns. This moment is 0.029 H 7, or 
approximately, /• Here the full load (dead plus live) on the panel is 

used, because both the dead and live loads are unbalanced loads. The 
total moment of '‘if 1V7 is distributed to the columns in direct proportion 
to the stiffness factors. 
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I = the average span of the panel, / = the moment of inertia of 
the column, and h = its unsupported height. 

In flat-slab construction, the unsupported height of a column is 
equal to the distance from the floor to the bottom of the capital. 
The moment of inertia of the column is equal to the sum of the 
moment of inertia of the overall cross-section of the column and 
(n — 1) times that of the longitudinal stcnd. The longitudinal 
steel is placed directly inside of the spirals, making the diameter 
of the circle on which the steel is placed ecjual to the diametcvr out 
to out of spirals, less two diamx'ters of spiral and one diameter of 
the longitudinal bars. With 13 *2 in. insulation to tlu^ spirals, as 
required by the Joint Code, this steel-circle diameter will vary 
from 4J4 to 534 iii* k*ss than the overall diameter of the (‘olumn. 
The moment of inertia of the steel may be taken from Tabh', 11 
which is based on a steel-circle diameter 5 in. less than the overall 
column diameter. 

The maximum combined stress occurs only when the paruJs at 
the floor line under consid(‘i'a<ion are uiu^qually loaded, with a full 
live load on alternate panels and no load on the remaining panels. 
A full live load is assumc'd on all floors above' th(^ oiu' c,onsid('r(‘d. 
In the investigation for the combiiK'd stn'ss at the t.()[) of any 
(column, the total dirc'ct load is eepial to tlu* load in the i)i'ec(*ding 
tables (the full load) minus the weight of the column and minus 
one-half of a live panel load. 

Th(^ tables on page 354 contain a summary of (^omi)iit-ations 
which are nec(\ssary to de'termine' th(' unit st-r(*ss(‘s due to Ix'nding 
and direct stress in the interior columns. Diagrams 13 to 15 
would give essentially the same results. 

For the roof, 

M = 340 X 40 X 21 X 22 X 21.5 X 12 = 110,000 in.-ll). 

For the other floors, 

M == ^ioX 200 X 21 X 22 X 21.5 X 12 = 596,000 in.-lb. 

In the present case, the investigation for bending and direct 
stress shows that no revision of the original columns, as designed 
for direct load only, is necessary. It should be noted, however. 
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that in the original selection, some excess strength was inten- 
tionally provided in the intermediate column. The amount 
there provided is shown to be more than is necessary for bending; 
but the minimum percentage of steel, approximately, has been 
used, and subsequent investigation indicated that a 20-in. 
column (the next smaller standard size) would require more 
than 3 per cent of steel in order to keep the combined stress 
within the allowable limits. The design as shown in the accom- 
panying tables is therefore satisfactory. 


Interior Columns. Computation of Moments of Inertia 
AND Stiffness Factors 


Column 

1 

h 

(Tal)l(‘ 10), 
in.** 

(n - 1)7. 
(Table 11), 
ill.-* 

1 = /j, “f (w - 1)7«, 

in.* 

1 

K 

in. 

1 

I 

h 

Top 

5,150 

615 

5,765 1 

112 

51.5 

Int(Tm(i(liat(^ 

11,499 

1,752 

13,251 

112 

118.1 

Base m cut 

i 22,432 

3,040 

26,072 

90 

290.0 


Interior Columns. Computation of Stresses Due to Bendin<» 

and Direct Load 





N 



/r 



fr 

( 'oluinn 

Point 

At, 

Hq.in. 

(effec- 

tive), 

lb. 

(direct) , 
p.M.i. 

M, 

in.-lb. 

(bend- 

ing), 

p.s.i. 

Jr 

(total). 

e 

d 

(allow- 
able) . 
I).s.i. 


'IVip 


tiS.OOO 

230 

1 10 , 000 

18(i 

425 

0 . 007 

sot) 

I'op 

Hottotii 

284.2 

80,000 


181.000 

283 

5<i4 

0. 120 

820 


1’op 


178,000 



415 

415,000 

345 

700 

0.100 

810 


Holtoiii 

428 . ir 

228.000 

531 

173,000 

143 

074 

0.034 

720 


Top 


320,000 

540 

423,000 

211 

757 ’ 

0.050 

7.50 

Liisetiietit 

Bottom 

r>07 . 1 

1 

1 

377.000 

i 

030 

0 

0 

030 

0 



226. Design cf Exterior Columns. The exterior columns 
are to be made of 2500-11). concrete, with longitudinal bars of 
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intermediate grade steel. They are to be rectangular in section, 
and the longitudinal bars are to be tied together b^'' means of 
ties spaced 12 in, on centers, the diameter of tie being in. for 
the upper two tiers and } 2 in. for the lower tier, in accordance 
with the rule suggested in Art. 111. 

In addition to the load from the floors, the exterior columns 
must support the weight of the walls enclosing tht^ story next 
above. In estimating the weight of th(‘ ('iiclosurc^ walls, the 



wall beams and brick spandr(*ls undc'rneath the windows ar(‘ 
assumed 12 in. thick, the spandrel 2 ft.-6 in. deep, and th(j wall 
beam 2 ft.-O in. deep. The brick parapet wall at the roof is 
assumed 12 in. thick and 3 ft.-6 in. deep. The weight of windows, 
including sash, is taken as 8 lb. per sq. ft. The weight of the 
brick masonry is assumed as 140 lb. pcT cu. ft. The general 
arrangement of a typical wall panel is shown in Fig. 121. 

Bending stresses should always be considered in the design of 
the exterior columns, especially in the upper tiers. The direct 
loads on these columns are comparatively small and the bending 
moments due to unsymmetrical loading are large since both 
live load and dead load act together in causing these moments. 
According to footnote 1, page 352, the wall columns in flat-slbb 
(‘onstruction shall be designed to resist a bending moment from 
the slab of in which W is the total load (dead and live) 
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on one panel and I is the average span of the panel. In the pres- 
ent design, at the first- and second-floor levels, W = 141,600 lb., 
I = 21.5 ft., and 

M = >15(141,600 X 21.5 X 12) = 1,042,000 in.-lb. 

At the roof level, W = 75,300 lb., and 

M = ^5(75,300 X 21.5 X 12) = 555,000 in.-lb. 


Countermomcaits due* to the weight of tlu^ structure that pro- 
jc^cts beyond the column center lines and counte^rmoments due 
to the eccentricity of one column with respect to the column 
bcuieath may be deducted from the value of and the 

resulting reduced moment is then divided between the two 
(columns immediately above and below a given floor line in pro- 

/T\ 


j)ortion to the stiff n(*ss factors 



of th(^se columns. 


Inasmuch as bending stresses constitute a large proportion of 
the total stresses in exterior columns, particularly in the upper 
tiers, it is of no use to design the, columns first for direct load 
only. The general procedure is to assume column sizes and 
reinforcement, compute the combined extreme fiber stresses, 
including bending, and then revise the assumed sizes if necessary. 
Where the concrete is to be left exposed on the exterior face, the 
dimension along that face should be the same for all tiers of 
columns and of sufficient amount to give a satisfactory archi- 
tectural appearance to the face. If this dimension is too small, 
the building will appear to be unstable or insecure. If it is too 
large, the building will appear squatty and the design will be 
needlessly uneconomical. An elevation drawn to scale, as in 
Fig. 127, will show whether or not an assumed face dimension is 
satisfactory. Better architectural appearance is obtained by 
allowing the columns to project 2 in. or more beyond the face of 
the wall. In the present case, a column width of 22 in. is 
selected. The minimum required dimension of 18 in. (see Art. 
223) will be maintained in the direction perpendicular to the 
wall. Steel ratios may vary from 0.01 to 0.04. As stated 
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before, the smaller ratios of reinforcement result in more satis- 
factory designs. The column dimensions and steel areas ulti- 
mately selected for trial are shown in the table on page 358. 

The countermoment at the top of the intermediate column 
is equal to the product of the wall load and the distance from the 
center of the wall beam to the center of the column. In the 
design under consideration, the wail beams are set back 2 in. 
from the faces of the columns, as shown in Fig. 122. At the top 



Fi<}. 122. 

of the basement columns the count('rmoment due to column 
eccentricity is equal to the load on the intermediate^, column 
multiplied by the distance between the column centers, which is 
H(20 - 18) = 1 in. 

Tables on pages 358 and 359 contain a summary of the* design. 
Diagrams 17 and 18 have been us(»d in computation of stn^sses 
(see also Chap. V). Figure 122 illustrates the terms us(*d in the 
determination of moments of inertia. In com|)uting th(> stress 
at the top of the basement column, the value of d' was assumed 
as the distance from the face of the column parallel to the wall 
to the center of the three bars parallel to that face, z.c., 2!'2 in. 
(see Fig. 123). Though not theoretically (correct because of the 
two bars along the other sides of the columns, it simplifies the 
computations without introducing any appreciable (*rror. 

The allowable stress, where bending is includc^d, is computed 
from the same formula as for the interior columns (Art. 224)^ 
except that the value of is 0.8 of the value used for the interior 
columns, in accordance with the specifi(;ations of the Joint Code, 
as explained in Art. 111. Actually, the allowable stresses were 
taken from Diagram 1 1 . The apparent excess strength of the toj) 
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and intermediate columns cannot be avoided, inasmuch as the 
minimum column size, and practically the minimum steel ratio, 
have been used. 

The complete column details are shown in Fig. 123. 


Top 



l8*o\/€rcill 



Sp. ^2" !<2*^Sp.@ J " 


(a)' INTERIOR COLUMNS 



5-/V 6-r^ 

Ties: 2%lh Ties: Zn1hl%4> Ties : 

/2 c.A?c. l2'*c.ioc, p l2c.ioc. 

(b)- EXTERIOR COLUMNS 

Fig. 123. — Details of columns. 


Exterior Columns. Computation of Load.s 


1 

('oluinli ! 

lifMid 

.\inonnt 

Size of 

\'ertieal 

i At, 1 

j ,r 

1 

from 

of load, lb. 

column, in. 

Htcel 

1 .“(i. m. ! 

I.._ 



Roof 

38,000 

22 X 18 

0-1 0 


1 

'Fop 

Purapi-tt 

14,000 

Ag — 390 8 ( 1 . in. 

At = 4.71 sq. in. 

447.8 

1 0.139 


Column* 

7,000 


p., « 0.0119 

1 



Total 

59,000 






Floor 

71,000 





Intermediate 

Wall 

12,000 

22 X 18 

0-10 

447.8 

0.139 


Column 

.5.000 

Ag 390 nq. in. 

At = 4,71 .sq, in. 


1 


Total 

147,000 


p.j = 0.0119 




Floor 

71,000 






W^ill 

12,000 

22 X 20 

8-1 in. sq. 

528.0 

0.125 

Basement 

Column 

4 . 000 

Afl * 440 sq. in. 

A» = 8.00 sq. in. 




total 

234,000 


p.j - 0.0182 




♦ This value inchulea the weight of the column above the roof (see Fig. 121). The weight 
of the bracket in each tier has been neglected, since it varies only from about 300 lb. for the 
baaement column to 500 lb. for the top column. 

t This value includes the weight of the stem of the wall beam. 
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EbcTBMOB Columns. Computation op Values of r 

n 


Column 

ii 

(n — 1) It - 
n(A.x% 

7 = /c -f (n - 1)7,, 

h, 

1 

i 

in.* 

in.* 

in.* 

in. 

h 

Top 

10,700 

2,190 

12,81K) 

112 

115.0 

Intermediate 

10,700 

2,190 

12,890 

112 

115.0 

Bascnneiit 

14,670 

3,710* 

18,380 

91 

202.0 


* Here At is the area of six bars, since the / of the other two bars is zero. 


Exterior Columns. Computation op Stresses 





Counter- 





1 

. m 

/. 

Column 

point 

N, lb. 

moment 

Me, 

Hair/ - Me, 
in.-lb. 

M 

column. 

e 

a 

nvo 

1 

K 

actual. 

allow- 

able. 




in.-lb. 


in.-lb. 




p.H.i. 

p.s.i. 


Top 

.54,0(K) 

14,000 

541,000 

541,000 

0.556 


4.62 

693 

POO 

Top 

Bottom 

59,000 

12,000 

1.030.(MM) 

515,000 

0.484 

0.143 

4.04 

653 

880 











Top 

142.000 



615,000 

0.201 


1.89 

680 

750 

Intermediate 

Bottom 

147,000 

171,000* 

871,000 

316.000 

0.119 

* 0.143 

1 

1.47 

548 

695 











Top 

230,000 



555,000 

0 121 

0.218| 

1.37 

716 

720 

Basement 

1 



1 



1 

,, ! 





Bottom 

234, 0(X) 



0 

Taken by concrete (Table 9) - 

r- 










198, (M)0 lb. 







Taken by steel (Table 9) - 











102,0001b. 




j 



Total 


- 300,000 lb 


• 171,000 = 147.000 X 1 + 12.000 X 2. 


226. Design of Interior-column Footings. The interior- 
column footings are to be square, and reinforced in two directions. 
They will be made of 2000-lb. concrete, with intermediate grade 
steel. The allowable soil pressure is 2 tons per sq. ft. 

The interior basement column is a 26-in. round column, with 
a total load of 377,000 lb. According to Art. 151, in the design 
of the footing the round column must be replaced with a square 
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column of the same area^ The equivalent square has a side 
dimension equal to V^531 = 23 in. = 1.92 ft. The footing 
design from this point on is similar to the one in Art. 154. Only 
the essential computations are shown here. 

The bearing area required is 


377,000 + 30,000 
4000 


= 102 sq. ft. 


A base 10 ft.-3 in. square (area == 105 sq. ft.) is selected. The 
377 000 

net upward pressure is — = 3590 11). per sq. ft. 

lUo 


M = 3590 X 10.25 X X 25 = 3,840,000 in.-lb. 

[“■"3,840,0'^^ _i,.- 

^ \i0.25 X 12 X 131 

Assume that, for shear, an effective depth of 20 in. will be ade- 
quate. The width of the critical section for shear is then 
23 + 2 X 20 = 63 in., and 

y ,, ^ 2.5 X 3590 = 69,600 lb. 


The allowable unit shear is CO p.s.i.; hence, 


Therefore, 


60 


69,500 _ 
63 X 0.9 X d 


d = 20.4 in. 


The avssumed value of 20 in. may be considered satisfactory, in 
view of the many assumptions that ar(^ involved in the com- 
putations. The total thickness of the footing is then 24 in., 
and the weight 31,500 lb. The revised bearing area required is 
102.1 sq. ft., and no change in the side dimensions is necessary. 


A. 


0.85 X 3,840,000 q . • 

20,006 X 0.9 X 20 “ 
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The allowable unit bond stress is 0.056 X 2000 == 112 p.s.i., 
and the maximum shear to be used in the equation for unit 
bond stress is 0.85 X 3590 X 10.25 X 4.16 = 130,000 lb. 


2o (required) 


130,000 . . 

112 X 0.9 X 20 "" 


Twenty-six J'4-in. round bars are selected; .1.^ = 11.48 sq. in., 
and 2o = 61.2 in. The spacing of the bars is about 5^4 in., 
which is satisfactory. 

Ten %”in. round dow(4s will be placed in the footing. The 
dowels must project into and above the footing a distance of 
30 diameters. The length of ih(; dowels is thei’efore 60 X Js = 
52 in. = 4 ft. -4 in. 

A ped(\stal 6 in. thick is required to furnish, with the footing, 
26 in. of embedment plus 4 in. of insulation for the dowels. 
The pedesl^al will be made 38 in. scpiare (area 1444 stj. in.) which 
will furnish a 6-in. projection beyond the 26-in. round column. 

'^rhe unit stress on the gross area of the pedestal is ^ ~ 

p.s.i., which is well below the allowable value of 0.25 X 2000 
= 500 p.s.i. (Art. 153). The actual loaded area of the pedestal 
TT X 262 


4 

377,000 


531 


- = 531 sq. in., and the unit stress on this area is 
= 708 p.s.i. The allowable unit stress (Art. 153) is 


Tn = 0.25 X 2000 


Y1444 __ 

\ 531 


700 p.s.i. 


The slight excess stress (approximately 1 per cent) can be 
disregarded. 

The complete details of the footing are shown in Fig. 124. 

227. Design of Exterior-column Footings. p]ach exterior- 
column footing will consist of a solid block, njctangular in plan 
and reinforced in two directions. A 2000-lb. concrete will be 
used, with intermediate grade reinforcing steel. The basement 
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column is 22 X 20 in., and the total load on this column is 




Flu. 124.- Details of iiiterior-eolumri footing. 

The bearinp; area required is 

234,000 + 18,000 


4000 


= 63 sq. ft. 


A base 7 ft. -6 in. by 8 ft.-6 in. (area = 63.8 sq. ft.) is selected. 
, 234 000 

I he net upward pressure is q ~ = 3670 lb. per sq. ft. 

Uo.o 

In the short direetion (see Fig. 125a), 

M..,. = 3670 X 8.5 X -^^12 X 17.5 = 1,590,000 in.-lb. 

In the long direction, 

= 3670 X 7.5 X -*9 ,2 X 20 = 1,830,000 in.-lb. 

/r,8 3o;oob 

^ \90 X 131 12.5 in. 
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Assume that, for shear, an effective depth of 16 in. will be 
adequate. The width of the critical section ah (Fig. I25h) is 


C 



then 20 + 2 X 16 = 52 in. = 4.33 ft., and ac is 22 + 2 X 16 
= 54 in. = 4.5 ft. 

Vai, = 3670^^1 X 7.5 + X Jg) = 46,0()0 Ih. 

F.„ = 3670^--^' ^ — X 10 = 35,400 lb. 

The depth requin^d for shear will tlKuefore obviously be gov- 
erned by the critical section ah; hence, since the allowable; unit 
sheear is 60 j>»s.i., 

46,000 

“ 52 X 0.9 X d 

Therefore, 

d = 16.3 in. 

The assumed effective deqith of 16 in. will be considered satis- 
factory. The total thickness e)f the footing is then 20 in., and 
the weight 16,000 lb. The revised required bearing area is 
62.5 sq. ft., and no change in the assumed dimensions can be 
made if the usual practice of using 3-in. multiples for the lengths 
of the sides is followed. 
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In the long direction, 


A. 


0.85 X 1,830,000 

20 ^ 0:9 'xl 6 " ® **■ 


In the short direction, 


As 


0.85 X 1,500,000 
20,000 X 0.9 X 10 


Subsequent investigations for bond stresses (see Art. 150) 
show that twenty-four H-m. round bars are required in each 
direction, furnishing an area of 7.76 sq. in. and a total perimeter 
of 47.2 in. Since the two sides of the footing arc so nearly equal, 
the bars in each band can be spaced uniformly over the entire 
width of the footing, with about 4 in. insulation at the sides of the 
band. The requirements for placing the short bars, as given in 
Art. 148, would not materially alter this a!*rangement. 

Eight 1-in. square dow^els, 5 ft.-O in. long, are required in each 
footing. A pedestal 14 in. deep is necessary in order to furnish, 
with the available^ footing thicknOss, the necessary 2 ft-6 in, 
embedment, with 4 in. insulation at the bottom. 44ie size of the 
p(*destal vvill be 30 X 28 in., which will allow^ a 4-in. projection 
on all sides of tlu* coluir.n. The average unit (compression on the 

234,000 


gross area of tluc p(*destal is 


on the loaded area is 


30 X 28 
234,000 


280 p.s.i., and the stress 


22 X 20 
value of the latter stress is 


= 530 p.s.i. The allow^ablc 


O ' 

Ta = 0.25 X 2m)yl 


30 X 28 
22 X 20 


= 615 p.s.i. 


Complete details of the footing are shown in Fig. 126. 

228. Design of Wall Beams. With the proposed framing as 
shown in Figs. 127 and 130, the unsupported spans of the end wall 
beams are 18 ft.-9 in. and 17 ft.-9 in., while those of the inter- 
mediate wall beams are 20 ft.-2 in. and 19 ft.-2 in. for the short 
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and long sides of the building, respectively. Since it is desirable 
to keep the depth of the wall beams constant throughout the 
building on account of architectural appearance, it is first neces- 
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The maximum shear occurs in the first- and second-floor inter- 
mediate beams along the short side of the building. According 
to Tables I), Appendix C, a marginal beam which has a depth 
greater than 1 times the minimum slab thickness shall be 
designed to (;arry, in addition to the load superimposed directly 
upon it, a uniformly distributer! load eepial to at least oncM^uarter 
of the total live and dead load for which the adjacent panel is 
de\sign(^d. The total load on the wall beam per linear foot is 
therefore^, 

Brick sill = 2.5 X 1 X 140 = 350 lb. 

Windows = 7.5 X 8 = 60 

Stem of beam, assumed = 165 

Floor load = ^4 X 300 X 21 = 1575 

2150 lb. 

20.17 

V = 2150 X = 21,600 lb. 

A 

, s 21,600 __ 

d (forshoar) = 

The maximum momerit. occurs in the end spans on the short 
side of the building. These* l)eams aie* ce)ntinuous over one sup- 
pe)rt emly and are eie^signeri fen* a me)merit of J 

M = j JO X 2150 X (18.75)' X 12 = 907,000 in.-lb. 

Sinere the beams are, in effect, T-be*ams with the tee em e)ne* 
side only, the effective* width of flange, according te) the Je)int 
(k)de (se*e Art. 85), is 

h = » 1*2 X 18.75 X 12 + 12 = 30.75 in. 

On ae*e*ount e)f the relatively thick flange, it is apparent that 
the ne'utral axis will undoubte*dly be in the flange. With this 
assumptie)!!, the* l)eam must be designed as a rectangular be^am 
30.75 in. wide, and the reejuired depth is obtaiiie^d from eepiation 
(6), Art. 47. 

j N r 907,0()0 ^ ^ . 

d (lor moment) = \i73“ x 3(r75 ^ 

In order to give a desired architectural appearance, a total 
height of 21 in. is adopte^d for all of the wall beams. The effec- 
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tive depth at the center of the beam, allowing for one row of steel 
with 3 in. insulation, is 18 in., and with the proposed arrangement 
of the steel (Fig. 133) the effective depth at the support is 19 in. 
The weight of the stem per foot is Hum 165 lb., as assumed. 

229 . Design of LA and L-2. Since it has been determined 
above that a cross-section of 12 by 21 in. is satisfactory for 
all wall beams, it is now merely necessary to dc'termine the 
area of steel required for each beam and to provide for shearing 
stresses. Assuming j = 0.9, for the end beam L-1, 

_907,000 _ ^ . • 

~ 18, 000 X 0.9 X 18 “ "1. 


Four 1-in. round 1)ars furnish 3.14 stj. in. 

Before investigating this heain over the support (first interior 
support) it is neee.ssary to det(“rinin(‘ tiie amount of stei'l r<>()iiired 
in tl>e intermediate beam. In L-2, 


M = H 2 X 2150 X (20.17)- X 12 = 874,00(1 in.-lh. 
874,000 


A. = 


18,000 X 0.9 X 18 


= 3.04 srp in. 


Four 1-in. round bars are sc'leeted. 

Two bars from each beam are bcuit up to provide for the nc^ga- 
tive monu'nt at the supports. Allowing 2 in. of insulation above 
the center of the sUh'I at the top of the Ix'am,' the effecitlve di'pth 
at the support is 19 in. 


d 


19 


= 0.158 


np = np' = 12 X 


3. 14 
12 X 19 


0.165 


From Diagrams 5 and 6, A: = 0.372 and j — 0.866. At the fiist 
inti'rior support, 


/.= 


_ _M7,000 
3.14 X 0.866“ X 19 
17,500 X 0.372 ^ 
12(1 - 0.372) 


= 17,500 p.s.i. 
865 p.s.i. 


both of which are satisfa(!tory. 

' Since the top steel is protcxaed also b}' the brick sill, 2 in. of insulation 
is ample at the top of the beam. 
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llie maximum unit bond stress is 


21,600 

4 xlTli X % X 19 


104 p.sj. 


The points at whieh the two bars (50 per cent of the steel) 
may b(^ bent up are obtained from Diagram 1. In LA the bars 
may be bent 0.18 X 18.75 = 3.4 fi,. from the edge of the column, 
and they are actually b(‘nt 3.33 ft. from the column. In L-2, the 
bars may b(‘ bent 0.21 X 20.17 = 4.25 ft. from the edge of the 
column, and they ar(» Ix^nt 4.25 ft. from the column. 

Assuming th(‘ point of infle(*tion to b(' from the edge of 
the column, in L-2 tlu* l)ent bars must roiivh th(» toj) not closcn* 
to the edg(‘ of tin* su|)t)ort than X ^ 4 X 20.17 = 2.5 ft. The 
actual distance as shown in Fig. 133 is 2 ft. >11 in., which is satis- 
factory. Th(^ bent bars are continued along the top into the 
adjactent span to th(‘ point of inflection. Th(» straight bars are 
continued 2 ft, >6 in. beyond the c(mter of th(' column. 

Since only two bars ar(‘ Ixuit up in (‘ach b(‘am, and these at 
onv j)lac(*, their st-rcuigth is disn^garded in ])roviding for diagonal 
t(‘nsion; stirrups are ])lac(‘d at suitable int(u*vals to furnish all of 
the w(‘b str(*ngth nec(‘ssary. In L-2, tlu^ distance Xi from the 
edge of the column is 




20.17 
2 ■ 


50 X 12 X Js X 18.0 
2150 


5.7 ft. 


At the support, V' = V — Vc ~ 21,600 — 50 X 12 X Js X 
19 = 11,600 lb. With ^^ in. round U-stirruyjs, and /v = 18,000 
p.s.i., 

^ 2 X 0.1 104 X 18,000 X J g X 19 _ 


Two feet from the edge of the column, V' = 11,600 — 2 X 
2150 = 7300 lb., and 


5 


5.6 


11,600 
^ 7300 


8.9 in. 


Four feet from the edge of the column, V' = 7300 — 2 X 2150 = 
3000 lb., and 
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s = 5.6 X 


11,600 

3000 


21.6 in. 


The maximum allowable spacing = 0.5 X 19 = 9.5 in. The 
first stirrup will be placed 2 in. from the edge of the column; the 
remainder spaced 5 at 5 in. and 5 at 8 in. 

In L-1, 


Xi = 


18.75 
2 “ 


50 X 12 X % X 18.0 
2150 


5.0 ft. 


IS 75 

At the support, V' = ^ X 2150 - 50 X 12 X % X 19 = 

10,200 lb., and 

2 X 0.1104 X 18,000 X % X 19 _ . 

* To, 200 ~ 


Two feet from the support, V' = 10,200 — 2 X 2150 - 5900 Jb., 
arid 


6.5 X 10,200 
5900 


1 1 .2 in. 


first stirrup will be placed 2 in. from the edge of 1.h(* (*olumn; 
1 he remainder will b(‘ s])Meed 5 at 5 in. and 4 at 8 in. I'his main- 
tains th(^ same spac'iiig as in tlui adjoining beam L-2, butiisiis two 
less stirrups. 

The ar(?as of steel ixKpiired in the other wall beams, floor and 
roof, and thc' arrangement of th(^ wc‘b n'inforcciinent ar(‘ detcn- 
mined in a mann(*r similar to tin* abov(*. ''rhe n\sults are indi- 
cated in Fig. 138. Ilie roof wall b(‘ams ar(^ made th(^ sann^ 
depth as those at. the s(‘cond-floor lev(‘l for architectural reasons. 
In investigating the b(*ams on the long side of the building it 
should b(^ borne in mind that the first interior supports of the 
line are designed for a moment of while at the other 

interior supports a 3^12 coefficient is used. The end supports 
at the corners of the building are arbitrarily reinforced for nega- 
tive moment by bending up one-half of the longitudinal steel 
in the end beams. The necjessary steel details are shown in Figs. 
138 and 139. 
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230. Design of Stairway Slab. The stairway, which extends 
from the basement to the second-floor level, is located as shown 
in Fig. 130. The opening made by the stair well and the future 
elevator shaft is framed by a series of beams as shown. In 
order to keep the thickness of the stair slab down to a reasonable 
minimum, beam is placed at the edge of the floor-level 
landing slab. The stair slab is designed as a simple slab with 
a span equal to the horizontal distance from the middle of beam 
B-9 to the middle of the wall support of the intermediate landing 
slab. As stated in Art. 218, a 2500-lb. concrete is used and 
/, = 18,000 p.s.i. 

The dead load on the stair slab is made up of th(^ weight of th(i 
intermediate landing slab, th(^ weight of the inclined slab, and 
the weight of th(^ treads. For. purposes of computation it is 
sufficiently accurate to assume that this total dead load is uni- 
formly distribuU^i over the horizontal span. The live load is 
assumf^l as 100 lb. per sq. ft. of horizontal surface (see Art. 193). 

The* widths of the stair slabs and landing slabs as shown in 
Fig. 132 will prove* satisfactory in the ordinary building of this 
size. The wadtli of each trcMxd, exclusive of the nosing, is made 
in. and tlu* rise* about in. I'hc'se values satisfy th(^ 
rules for conv(‘ni(*nt climbing (Art. 193) and also give a uniform 
rise of all treads bet w'e(ai landing slabs. 

Allowing 6-in. b(*aring on th(‘ brick exterior w^ill, the horizontal 
si)an of the stair slab is 12 ft.-l in. The total length of slab 
between supports is + (7.66)- H- 3.83 = 13.5 ft. Assum- 
ing t h<* w'(uglii- of th(‘ slat) as 72 lb, per sq. ft., thc^ total load on a 
1-ft. strip of slab is 


7.19 X 10.25 

1 reads = 9 X ^aa X 150 = 350 lb. 

2 X 144 

Slab = 13.5 X 72 = 970 

lave load = 12 X 100 = 1200 

Total = ^6 lb. 
M = }hX 2520 X 12.1 X 12 == 45,800 in.-lb. 


^ / 45,800 

^ ~ \ 173 X 12 


4.7 in. 



DESIGN OF A FLAT-SLAB BUILDING 


371 


An effective depth of 4^ in. is selected; with 1-in. insulation the 
total slab thickness is 5H in. and the weight is 72 lb. per sq. ft. 
as assumed. 

, 45,800 

“ 18,000 X 0.867 X 475 ~ width. 

This area is furnished by 32-in. scjuare bars, 4}4 in. center to 
c('nter. One H-^n. square bar, 3 ft.-8 in. long, is placed under 
(^ach tread at right angles to the main reinforc ement, as shown in 
Fig. 132.1 

The floor-level landing slab is madc^ 8 in. thick, and e^ ery 
other bar of the stair-slab reinforcement is continued across this 
slab. Two 3^^-in. square bars 10 ft.-O in. long are placed in the 
intermediate landing slab, at right angles to the* main reinforce- 
ment, in order to assist in distributing th(' load on that slab and 
to provide for temperature stresses. Negative-moment stresses 
in the stair slabs across beams B-9 are provided for by means 
of short bent bars placed in the top of the slabs at these points 
as shown in Fig. 132. 

231. Design of Beams Framing Stair Wall (see Figs. 128 and 
130). Beam B-9, This beam supports a uniform load along its 
(‘ntire length, (H)nsisting of one-half of th(‘ stairway-slab load and 
oiHvhalf of the floor-l(*vel landing-slab load in addition to its own 
weight. The span of the b(^arn is 9 ft-.-6 in., the distance? center to 
center of beams i^-6 and B-7. The beam is designed as a T-beam 
with the tee on one side only; this is neci^ssary because of the 
break between the up and down stair slabs at the landing. 

Beam B-6. This beam is a simply supported rectangular beam, 
the load on which consists of tbe w(‘ight of a 4-in. hollow tile 
partition and the concentrated load from B-9 in addition to its 
own weight. 

^ The detailing shown in Fig. 132 assumes that the stairway slab will 
be poured with the structural frame. A more widely used method of con- 
struction places the stair slab after the main structure has been completed. 
In such cases, recesses must be left in the beams B-9 and in the brick wall 
in order to furnish support for the future stair slabs, and dowels must be 
placed in the beams B-9 so as to project into the stair slabs when they are 
poured. 
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Beam S-8. This beam carries the concentrated load from 
B-6, one-half of the load from the landing slab, and the weight 
of a 4-in. hollow tile partition in addition to its own weight. 
B-8 has been placed at the edge of the column strip. This 
fact, together with the improbability of having the full live load 
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230 lb. per ft 
160 
410 

25%Panel Load 1575 

Fic;. 128 .- Loaditifc diaKraiiiH for bpains frainiiiK stair well. 


on the portion of the floor near f^-8, justifies the assumption that 
no floor load is supported by Due to the open shaft on 

one side of the beam at the point of maximum moment, it must 
be designed as a T-beam with the tee on one side only. In 

^ Since beam B-S and the slab adjacent to it are poured at the same time 
they cannot act independently of each other. A more conservative design 
would assume that a part of the adjacent slab load is supported by BS. 
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order to illustrate the method of design where such irregular 
loads are involved, the design of BS is included below. 

The loads on the beam (see Figs. 128 and 130) are as follows: 
Uniform load over entire length of beam 

Partition = 20 X 11.5 = 230 lb. per lin. ft. 

Weight of beam = 180 lb. per lin. ft. 

Total = 410 lb. per lin. ft. 

Additional uniform load from stairway landing slab, 

)/2 X 3.5 X 200 = 350 11). per lin. ft. 


Concentrated load from B-6 = 8570 lb. 

(9.42)2 2P 

8570 X 9.42 + 350 X — + 410 X j 

R,. = — — = 8900 lb. 

J/L 

74 = 11,580 lb. 

The point of zero sh(‘ar, which locates the point of inaximuin 
moHK'nt, occurs under th(‘ concentrated load. Th(‘ maximum 
moment is 

M = fsoOO X 11.5 - 410 X X 12 = 900,000 in.-lb. 


According to the .loint Code, th(‘ (‘ffective width of flange^ is 
equal to 10 + H 2 X 21 X 12 = 31 in. Because of the relatively 
large thickness of the* flange it is nnisonable to assiiun^ that) th(‘ 
iKUitral axis is in the flange, in which case the equations for 
rectangular beams apply. 


d = 


4 . 


900,000 
31 X 173 


12.9 in. 


An effective depth of 14 in. will be used, in ord(‘r to avoid inter- 
ference with the bars in 


11,580 _ 
150 XJ4 X 14 


6.3 in. 


A width of stem of 10 in. will be used, in order to give a reasonable 
amount of resistance to torsional stresses. With 3 in. of insula- 



374 


REINFORCED CONCREJTE BUILDINGS 


tion, to provid(t for two rows of bars, the t otal height of the b(!am 
is 17 in. and the weight per foot is 180 lb., as assumed. 

, 900,000 

~ 18,660 X 0.875 X 14 

Four 1-in. squaro bars are selected (4.0 sq. in.). With np = 

12 X ~ 0.011 and ^ = ^4 ~ Diagram 2 shows 

that the neutral axis is in the flange, so that, from Tabl(» 7 with 
4.0 

p ~ s/ ~ 0.0092, j = 0.876, and the revised sb'el area 

required is 4.06 s(i. in. The, four 1-in. l)ars may be considered 
satisfactory. 

Since this l)eam is poured monolithicall.y with the beams 
supporting it, th('re will exist some negative moment at the 
supports. The amount of this bending moment is depemdent 
upon too many factors to permit of an accurate determination. 
In order to provide for the stresses of iK^gative moment, one-half 
of the ste(4 is b(uit up and hooki^d over the support. Adequate 
bond resistance is furnished by the'two deformed bars remaining. 
The point;S at which this steel may be Ix^nt up may best be found 
by detcTmining th(' points where the b(*nding moment is one-half 
of the maximum, by means of an ecpiation involving the distances 
X from the supports to these points. For tlu^ left end of the 
b(>am as shown in Fig. 128, this equation is as follows: 

8900a; - 410_ = 37,500 

iU 

X = 4.7 ft. 

The two bars on this side are bent up 4 ft. -6 in. from the cent(*r 
of B-5. A similar equation for the right end of the beam locates 
the point wluu-e the bending moment is 37,500 ft.-Ib., at a dis- 
tance of 3.7 ft. from the cent(»r of B-7. The two bars are bent 
up 3 ft.-6 in. from that point. 

Since only two bars are bent up, and since these are bent 
at a single point, they will not be depended upon for diagonal 
tension resistance, and vertical stirrups will be used wherever 
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A'eb reinforcement is required. In computing the spacing of 
stirrups, it is assumed that the concrc'te can take care of the shear 
up to a unit value of 50 p.s.i. The total shear that the concrete 
can resist is, therefore, 

F. = 50 X 10 X X 14 = 0140 lb. 

The stirrups will be design(‘d to resist all of tlu' shear in excess of 
this amount. 

With round U-stirrups, the maxinuini siaieing whicli 

can be u.sed at th(' left support (.see Fig. 128) is obtained from 
ecpiation (14), Art. 78. 

_ 2 X 0.0491 X 18,000 X h X 14 „ , . 

~ 8900 -Tl 40 “ 


The distance from the left support to th(' s(‘etion where th(' unit 
, . 8900 - 6140 

shear is 50 p.s.i. is n ~ ~ nut-ximum allow- 


able spacing of stirrups is 0.5 X 14 = 7 in. Th(‘ first stirrup 
will be placed 2 in. from the edge of b(‘am 7^-5, th('n 11 at 7 in. 

The maximum spacing which can Ix^ used at the right support 
(near B-7) is 


2 X 0.0491 X 18,000 X % X 14 
11,5^ - 6140 


Thv distance' from the' right suppeirt te) the^ se*ction wheue t,ho 

. . 11,580 - 6140 ^ ^ ^ ^ 

unit slmar IS 50 p.s.i. IS = /.Iff. J wo fe^ct Ireim 

* 350 + 410 

B-7 the maximum allowable' spae*ing is 

2 X 0.0491 X 18,000 X M X 14 
® “ ri,58d -“6r40'-”2(.350 + 410)' “ 

Four feet from B-7, s = 9.0 in. The first stirrup will l)e^ plae^e'd 
2 in. from the edge of B-7, then 4 at 4 in., 4 at 5 in., and 5 at 7 in. 

Beam B-5. In addition to supporting the concentration from 
beam B-8 and its own weight, beam B-5 must l>e designe^d to 
support the partition as shown and the required proportion of the^ 
floor load. The beam is a T-beam, with the tee on one side only. 
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Beam B-7, This beam supports loads as stated for 5-5, and, 
in addition, the concentrated load from 5-9. It is a T-beam, 
with the tee on one side only. 

The complete framing details of the stairway beams are shown 
in Fig. 134, and the required steel details in Figs. 138 and 139, 
232. Detail Drawings. Assembled drawings showing essential 
details of a building similar to the one designed in the preceding 
articles are shown in Figs. 140 and 141. Figure references on the 
assembled drawings refer to figures in this text, from which 
figures the necessary details may be noted. 
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PARTIAL CROSS SECTION 
SECTION X-X 
Showing Column Steel 
Fig. 131. 
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DETAIL OF STAIRWAY 
SECTION Y-Y 
Fig. 132. 
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Flo 140 Detail** of a flat-sl ib builriing 
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Fig. 141 . — Details of a flat-slab building. 






CHAFrEll IX 


RETAINING WALLS 

233. Introductory. A pile of earth, cinders, or other material 
possessing more or loss frictional stal)ility, will, when dei)osited 
loosely in an unrestrain(‘d position, assume a definite slope, tlu^ 
st(*epness of which depcaids upon the internal friction of tlie 
material and other conditions, such as moisture' content, etc. A 
mound of earth whose sides are permitted to assume* this natural 
slope will, wdien the)re)Ughly cornpacte'd, maintain its e)wn inte'grity, 
and support exte*rnal le)ads to a maximum amount whie*h de^peaids, 

ame)ng other things, upon the* 
he'aring epialities of the soil. 

In (Migine‘e*ring construction it 
freapie'ntly be*comes ne‘ce\ssary to 
pre'vent the sides of such a pilej 
of e*arth fre>m assuming this nat- 
ural sle)pe. Such a conditie)n 
occurs whe'ii the widtli e)f a cut 
or e*ml)ankment is limite*d enthe^r by re*strictie)ns of economy or 
right of owne*rship. The me)st comme)n examples of the latter 
limitation are found in railway and highway ce)nstruction where 
the width of the right of way is fixed. In such cases it is essential 
that the earth be held in pe)sition by means e)f a wall capable of 
resisting the lateral pressure caused by the conditions of restraint. 

A wall whose express |)urpose is to hold in position a bank of 
earth or similar material is termed a retaining wall. The first 
step toward tlie design of a retaining wall is to determine its 
location. If the w all is to run along a fixed property line, such as 
a highway or a railroad, this provides definite placing. As is 
often the case, the amount of land available for the construction 

of a given cut or fill may be unlimited, but the cost of cutting 
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or filling sufficiently to allow the natural slope of the earth to 
obtain may be excessive. Wherever it is found that a retaining 
wall of the necessary height and section is cheaper than the 
additional cut or fill that it replaces, economy favors the con- 
struction. In Fig. 142, the wall replaces the shaded volume of 
fill. A few trials will show at what point the wall should be 
placed to obtain the minimum cost. Rough designs of the 
required wall sections are sufficient for making comparisons of 
costs for various positions of the wall. 

234. Types of Retaining Walls. Masonry retaining walls may 
beHivided intoTwo gtineni^^ (1)( the gravity wall, wliich 

retains the bank of earth entirely by its own weight; (2j the 
reinforced concrete wall, which utilizes the weight of tlie c;arth 
behind it in resisting the overturning moment of the retained 
material. In this latt(;r class are includ(‘d tlui^uintih'vcir wall, 
a type of construction consisting of a vertical arm supported upon 
a horizontal base slab, the vertical arm acting as a fn^e cantilever 
in overcoming the pressure from the eartli; and the countc^rfort 
wall, the vertical slab of which is anchored or tied to the bas(^ 
slab by means of countc^rforts or buttr(‘sses — triangular (?ross 
walls extending from the top of the v(^rti(‘al slal) to tlu‘ (‘xtrtanc^ 
point of the base slab at regular intervals throughout th(» length 
of the wall. The vertical slab of th(‘ nnnforced walls may b(* 
placed at the front, at the rear, or at any point along thi^ l)as(^ 
slab, the exact location depcuiding upon limitations of economy 
and construction. Where conditions permit, a tof^ i^xtcuision 
of from }4 to }il will produce a more economic^al d(^sign than 
would result if the vertical arm were placed at the front edge of 
the base slab. Paaswelb proves that for a given lo(;ation of th(^ 
resultant pressure, the most economical width of base occurs 
when the vertical arm is placed over the assumcul point of 
application of the resultant pressure. 

The back of a gravity-type wall may he vertical, or may slope? 
toward or away from the filling. The most economical section 
is obtained w’hen the back slopes toward the filling. On account 

^ Paaswell, Retaining Walla," p. 82. 
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of difficulties of construction, however, the use of this section is 
restricted to comparatively isolated cases where unusual founda- 
tion conditions exist. In cold localities, where there is danger 
of upheaval by frost, economy may well be sacrificed to security, 
and the back be given a slight batter forward. Where this 
batter is of an appreciable amount, added stability may be 
obtained hy constructing the back as a series of steps, thus 
utilizing more fully the relieving weight of the earth directly 
over the base of th(i wall. 

The section of wall to be chosen will be determined by a con- 
sideration of economy, ease of construction, foundation require- 
ments, and other fax^tors imposed by existing conditions. In 
comparing the relative economy of gravity walls and reinforce^d 
concrete walls, the added cost of construction in the case of the 
latter must be included. A careful study of the different types 
leads to the conclusion that unless affected by unusual conditions, 
the gravity type^ will prove most economical for low walls, the 
cantilever type for walls of medium heught, and the counterfort 
type for the higher walls. The critical height, or height of 
separation betwe(Mi th(^ various tyjK^s, is not clearly defined, since 
it d(*pends upon too many economic as well as constructive con- 
ditions. In general it is found to be uneconomical to use the 
counterfort construction for walls that are less than 18 ft. in 
h(;ight. 

236. Conditions of Loading. There are three general condi- 
tions of loading that n(*ed consideration: (1) walls with no 
surcharge, th(» top surface of the fill being horizontal and level 
with the top of the wall; (2) walls with an inclined surcharge, 
the top surface' of the fill ('xte*nding upward and back from the 
top of the back of the wall; (3) walls with a horizontal surcharge 
extending some distance above the top of the w^all. 

The angle of inclination d in Cavse 2 is usually taken as the 
angle of repose <l> of the retained material. For ordinary condi- 
tions, this may be assumed as 33 degrees 42 minutes, which 
corresponds to a slope of 1^ 2‘1- 

Case 3 inchules loadings in which the actual surface of earth 
does not extend abov(' the top of the wall, but supports an 
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heel of the wall. The effect of the loaded surcharge may be 
neglected where the edge of the distributed load or structure is at 
a distance from the vertical line through the back edge of the 
heel of the wall equal to hy the height of the wall. For inter- 
mediate positions th(^ equivalent uniform surcharge load is to be 
taken as prox)ortional. For example, for a track with the edge 

of the distributed load at a distance ^ from the vertical line 

through the back edge of the he(‘l of the wall, the equivalent 
uniform surcharge load is one-half of the normal distributed load 
distributed over th(^ filling. Figure 143 explains the distribution. 
Th(‘ height of surchage loading will be equal to the load per 
linear foot divided by bw (h = 14 ft. for a single-track railway). 
Where the edge of the distributed load cannot come nearer to 
th(' vertical line through th(i l)ack edge of the heel of the wall 
than h — Xy the equivalent uniformly distributed load in terms 
of the height is 


The terms of this equation are explained in Fig. 143. 

236. Determination of Earth Thrust. TIk' first esscuitial in 
any design is the d(4c*rmination of the force to be resisted. Th(‘ 
jirincipal force governing the dimensions of a n^taining wall is 
the pressun* exerted by the ndained material in its attempt to 
assume its natural slope*. In order fully to determine th(^ pres- 
sure of tlu* filling against the wall, the* resultant must be known 
in amount, in line of action, and in point of application. 

Many tlu'ories have Ix'en advanctHl which lead to a purely 
acad(*inic d(*t(*rmination of earth tlirust. These mathematical 
discussions of the action of (*arth masses premise an ideal, 
incompr(‘ssibl(*, homogeneous material, without cohesion, possess- 
ing frictional n'sistance between its particles, and of indefinite 
extent in the mass. Such a fill is rarely found in practice. The 
degree of (‘xactness of the thrust as determined by any of the 
theoretical methods will depend upon the difference between 
the actual conditions and the theoretical 
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While refinements in the theory of earth pressure are, therefore, 
unwarranted from a practical standpoint, such academic* thrust 
determinations, when modified in accordance with the conclu* 
sions drawn from actual tests and the results of engineering 
experience, may become the basis for a rational working formula. 
The subcommittee of the American liaihvay hjigineering 
Association on Design of Plain and Reinforc(*d Retaining Walls 
and Abutments, in its rc'port of 1917, comments upon earth 
pressures as follows: “Actual tests on an extensive* scale will be 
required to produce any results of real vahu*. No such tests 
have yet been made, and in the absence of such definite infor- 
mation as they might be exi)ected to j)r()du(‘e, and believing tliat 
the intelligent use of th(*or(‘tical formulas l(*ads to economic^al 
and proper design, this committee* tlu'refore re'comrnends that 
Rankine^s formulas, which conside*!* that the filling is a granidar 
mass of indefinite (*xt(*nt, without colu*sion, be* used in the* 
designing of retaining walls.^' 

Rankine\s devc'loprnent of (‘arth pressure, wiiich starts out 
with an infinit(*simal prism and leads to an (‘Xi)r(*ssion for tli(^ 
thrust of the* entire* (*arth mass upon a given surface*, l(*ads to thei 
gen(*ral equation, 


P = C X 


wfir 

2 


m) 


in which F is the total thrust upon the back of the* wall, w the* 
weight e)f the (*arth pe*r cubic foe)t, Ih the* height of the* enirth 
e*oluinn in fe(*t, and C a constant d(*i)(*nding upon the angle of 
ineiination of the back of the* wall, the conditions of loading, 
and tlie physical properti(*s of the earth fill. The original 
development by Rankine includ'*s fejrmulas for vcn'tical walls 
only. This the*ory has been expanele*el by Kei^chum* to include 
w’alls leaning away frenn the filling and w alls leianing te^warel the^ 
filling. These latter equatieins, in aeldition te) the* original 
vertical w all expre*ssions, are* given in the re*])ort of the Ce)mmitte<* 
mentioned above, in substantially the form shown in Fig. 144. 


* Ketchum, “Walls, Bins, and Grain Ekivators.” 
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WALLS LEANING TOWARD FILLING 


Honzoni-al Surcharge Sloping Su'^charge 



Loaded Surcharge 



P.lwh^Ho P-lwh^k^ P=:^wh(h*Ph>)ko 



Fig. 14 1 rormiilas for oarth prosauros on retaining walls. 
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The amount of the pressure on any given horizontal strip 1 ft. 
in height at a distance x ft. below the surface of the earth is 
given by the equation 

Pi = Cwx, (77) 

The pressure distribution along the back of the wall for Cases 



Fi(i. 145. 



1 and 2 of Art. 235 is shown in Fig. 145a, and for Case 3 in 
Fig. 1456. 

In determining foundation pressures in a wall of a cross-section 
as shown in Fig. 146, the earth fill vertically abov(‘ the base slab is 
considered as a resisting pressure equivalent to the same weight of 
masonry, and the total overturning pressure is the total earth 
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thrust on a vertical plane at the heel of the wall. The height 
CD is thenjfore used in equation (70) for determining the earth 
thrust. This applies also to walls of gravity section in which 
the back slopes away from the fill. In d(‘t(»rmining the bending 
moiiHiiit on the vertical arm AH (Fig. 140), the total thrust is due 
to a column of earth of a height (;qual to AB, 

237. Line of Action and Point of Application of Earth Pressure. 
The line of action of the total thrust ui)on a wall with a vertical 
back exposed to th(i action of the (^artli is parallel to the top sur- 
face of the filling. In a wall whose back slopes away from the 
fill the total thrust upon a vertical plane through the heel of the 
wall acts parallel to th(^ top surface of the earth. For walls lean- 
ing toward the filling, the resultant pressure P will be horizontal 
for a wall without surcharge or with a horizontal loaded sur- 
charge, and will make an angles X with the horizontal for a wall 
witli a sloping sur(‘harg(\ The valiums of X will vary from the angl(» 
of sur(4iarg(‘, wh(u*(‘ the wall is vertical, to zero, when^ Rankine\s 
th(iory shows that the resultant pressure is horizontal. Values 
of X are given in Fig. 144. 

For walls with no surcharge, or ar sloping surcharge, the point of 
application of the total earth thrust is usually assuiiK'd at a point 
in tlie plane against which the earth is acting and at a distance 
of oiu'-third its h(4ght, measured from the bas(^ of the plan(\ For 
walls with a load(*d surcharge, the point of application is taken 
at th(^ center of gravity of the pn^ssure quadrilat(‘ral shown in 
Fig. 1456. The location of the* point of a])plication of the resul- 
tant thrust for the various conditions of loading is giv(‘n in 
Fig. 144. 

238. Factors Affecting the Design. Following a del(a*miiiat ion 
of the eartlds thrust, an investigation must be made of all 
possible inod(\s of failure, and each eleiiKMit of the construction 
so proportioned as to make such failures impossible. A gravity 
type of wall may fail by sliding along the plane of the base, by 
overturning, or by s(4tlement at the toe, caused by crushing of 
the soil there. An (‘xtreim* case of this will also cause over- 
turning. A n'inforced concrete wall may fail in any of the ways 
mentioned al)ove. In addition, any of the thin sections which 



OVERTCHNING, Clil SUING, AND SLIDING 


399 


together furnish the necessary strength and rigidity might 
yield in a manner similar to a corresponding (‘lement in other 
constructions. 

239. Overturning and Crushing. WIkmi the overturning 
inonu'nt Py (l^ig- 1*^7) beconu's equal to llu* stability moment 
Wg, the wall is at the point of incipient ov('rtiirning. This con- 
dition exists when the resultant of the 
ov(‘rl liming and resisting loads passes 
through the toe of the wall. As long as 
the* resultant load falls within the* base*, 
tlu* wall is safe against overturning. The* 
de‘sirable* location of the ])oint of intersee*- 
tiein of the re‘sultant load and the base* 
ele*pe*nels upon a consideration e)f femnda- 
tion pressiuvs. 

In Fig. 148a, let E ivju’esent the re‘sult- 
ant of the total e'arth pre*ssure and the* 
ivsisting we*ight on a 1-ft. strip of \\all, and 
l(‘t F r(*pre*se*nt its ve*rtical e‘e)m})e)ne*nt. 

The point of inte*rse*ction of E with 
the* base* of the wall is leK*ate*d by the* distance a. Under 
th(*se* ceinelitienis the* column of e*arth diree'tly uneler the base* 

sustains an e*cce*ntric load F at a elistane*e* e)f 2 from the* 

gra\ity axis of the* column. Ajiplications eif the* principle*s of 
flexure* and direct str(*ss as e)utline*d in ('ha]). V le*ael to the* 
g(‘n(*ral (*xpre*ssion for the* value*s of />i anel the* unit pre*ssure*s at 
the teie* and h(*e*l of the wall, re*spe*ctive*ly, as fedlows: 



N 

7>i = (4/ — Oa)-jj (78) 

y, = (6« - 2Z)| (79) 


Examinatiein of (‘quations (78) and (79) shows that uniform soil 

I 

pre*ssure* eiccurs eady whe*n a = i.c,, whe*n ne) e‘ce*e*ntrie‘ity 



400 


RETAINING WALLS 


of load exists. For this condition, pi = P2 = ^ ideal 

foundation design demands a uniform distribution of upward 
pressure, the desired location of the point of intersection of the 
resultant E with the base is at the middle of the base. The 



Resuffani’ in middle ihird 

Pi =(41-^'^)^ 

Pl=(^o-il)-p 

Res ulhrrt af edge of middle third 



Flo. 148. Formulus for pressures under foundations of retaining walls. 

economics of retaining walls, however, usually forbids the ful- 
filment of this condition. Further examination of the equations 
indicates that when the intersection occurs within the middle 
third of the base, compression exists over the entire foundation — 
the footing is bearing 011 the soil along its entire length. If a is 

less than tension exists at the heel — the footing is not bearing 
o 
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on the soil along its entire length. If the construction is such 
that this tension cannot be provided for, the entire load will have 
to be resisted by the compression under the forward portion of 
the wall, that is, over a distance 3a from the toe (see Fig. 148c). 
The expression for the unit pressure at the toe under this condi- 
tion becomes 


2F 

o'-sr. w 

A larger toe pressure results from tlie use of equation (80) than 
would be the case if equation (78) 
were api)licable. 

Analysis of the above discus- 
sion k^ads to the conclusion that, 
since it is economically undesir- 
able under ordinary conditions 
to proportion the wall so as to 
cause a uniform distribution of 
the pressure on the foundation 
bed, a satisfactory d(‘sign r(\sults 
when the line of action of tln^ 
resultant pressure' on IIk' founda- 
tion b(‘d int('rsects the ])as(* at any ])oint within the middle third, 
provided the safe bearing pn'ssurc' of the foundation material is 
not exceeded. When the wall rc'sts upon a compressible material 
wher(* settlement may be expected, the resultant thrust E should 
strike at the middle or back of the middle of the base so that th(^ 
wall will settle toward tlu* filling. Where the wall rests on solid 
rock, or is carried on pik's, the resultant thrust E may strike 
slightly outside tlie middle third, provided the wall is sufficuaitly 
safe against overturning, and also provided the maximum allow- 
able pressure is not exceeded. 

The requirements of foundation pressures, therefore, require 
the wall to be safe against incipient overturning; a wall pro- 
portioned to distribute properly the load over the foundation will 
furnish a factor of safety, against the tendency to topple over, 
greater than 1. To allow^ for obvious exigencies, this condition 
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should always be investigated and a suitable factor of safety 
applied. Since the wall is designed for the greatest load that is 
anticipated, this factor need not be large. A value of 2 is satis- 
factory for ordinary design. An expression for the overturning 
safety factor may be derived as follows: 

In Fig. 149, let F = vertical component of resultant E, 

Pji ~ horizontal component of earth thrust. 

I = length of base. 

n = factor of safety against overturning. 

a = distance from toe to point of intersection 
of resultant with base. 

In the triangles MNQ and MSVy 

f _ 

b - a Ph 
F _ 1 

Pii X / - a 


Multiplying each side by 6, 
Fh 

Pu Xi 


= n 


(81) 


An approximate value for n may be found by substituting for 
h in the above equation its near equivalent “• 


/ 

I — 2(1 


m 


240. Sliding. In order to prevent sliding of the wall along ll\(‘ 
base, the frictional resistance of the base against the foundation 
material must be greater than the horizontal component of the 
thrust on the back of the wall. The frictional resistance of the 
l)ase is equal to the resisting weight multiplied by the coefficient 
of friction of the masonry on the soil. The coefficient of friction 
of masonry on dry clay varies from 0.5 to 0.6; on wet clay 0.33; 
on sand 0.4; on gravel 0.6. A factor of safety of 13 ^ is usually 
considered satisfactory. 
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In case an adverse condition of sliding exists, the base may be 
widened, thus increasing the weight of the wall; narrow shallow 
trencht?s may be dug in the foundation, forming projections which 
will materially increase the resistance to sliding; the base may be 
inclined upward toward the toe; or the forward portion of the 
trench may be filled with masonry so that the wall butts directly 
against the original earth. Figure 150 illustrates the principles 
inA’olved in sliding resistance. 

241. Details of Construction. The front of the wall is usually 
built with a batter of from 1 2 1 »>• 12 in. A <'oping, projects 



(.a) ib) ic) 


yui. ir>(). . 

ing a short distance beyond the wall, adds to th(' an^hitectural 
appearance and, to a certain extent, prote(*ts the masonry in th(‘ 
l)ody of the wall from drii)ping w ater. The bas(^ of the founda- 
tion shoidd be a sufficient distance below the surface of the 
ground to insure against the dangers of action by frost, a mini- 
mum of 2 } 2 ft. being sufficient in ordinary climates. Expansion 
joints should be provided at intervals along the wall, preferal)ly 
not farther apart than 30 ft. In tlie reinforced walls where 
cracks w^ould not only be unsightly but also detrimental to the 
integrity of the wall, additional steel should be placed at right 
angles to the main reinforcement to provide for tempei’ature and 
shrinkage stresses. An amount varying from 0.1 to 0.33 per cent 
of the cross-section area is usually specified. Proper drainage of 
tlie fill behind the w^all may be effected by inserting 4-in. drain 
tiles tlirough the wall near the bottom at intervals of 10 to 15 ft., 
and piling crushed stone, graved, or other coarse material around 
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these ^'weep holes at the back. At least one drain should be 
provided for each pocket formed by counterforts. 

242* Application of Fundamental Principles. It should be 
remembered that^ ‘‘no theoretical formulas can be more than 
an aid to the judgment of the experienced designer. The main 
value of such formulas is in obtaining economical proportions, 
in obtaining a proper distribution of the stresses, and in making 
experience already gained more valuable.” A careful study 
should be made of the conditions in the design of each wall and 
modifications of the above discussion made wherever required 
by the peculiarities of the problem und(T consideration. 

The foregoing fundamental considerations will be elaborated 
upon, and the additional computations required to proportion 
properly the elements composing the various types of reinforced 
concrete walls will be explained in the following typical designs. 

243. Design of Gravity Wall. A gravity wall 16 ft.-O in. high 
is to sustain a bank of earth with a loaded horizontal surcliargc^ 
equivalent to 4 ft. of filling above the top of the wall. The safe 
l)(»aring pressure on th(' clay foundation bed is 2 tons per sq. ft. 
The weight of tlu^ retained fill is 100 lb. p(‘r cu. ft., and the angle 
of repose 33 degrees 42 minutes. Determine the required section 
of wall. 

The ordinary procedure in the d(\sign of a gravity-type wall is 
to select a tentative section, the dimensions of which are governed 
by the judgnuiiit and experience of the designer. This tentative 
section is then analyzed in accordance with the principles out- 
lined above, and modifications in the assumed dimensions made 
where necessary. 

In the present case, the tentative dimensions are shown in 
Fig. 151. Investigation must be made with and without the por- 
tion of sur(^harg(' directly over the base included in the resisting 
weight W^. Assuming that the former condition obtains, the 
analysis is as follows: 

From P"ig. 144, the total pressure per foot of wall against the 
vertical plane through the heel of the wall is 


* Report of Committee on Masonry, BulL A.R.E.A., February, 1917. 
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P = \wHh + 2h') X 

A 1 + sni ^ 

= ^ X 100 X 16(16 + 8) (0.286) 


5500 lb. 


The distance of the point of application of P above the bottom 
of the plane is 


_ + 3/j'A 

^ “ 3(/t T2h') 


16= + 3 X 4 X 16 


3(16 + 8) 


= 6.24 ft. 


Fi = - 


8.5 + 1.5 


X 13 X 150 = 9750 lb. 


Wi = 9.5 X 3 X 150 = 4280 lb. 

W 3 = ^ X 7.0 X 100 = 7350 lb. 


W = 21,380 11). 

By taking m()jnerit.s about the toe of tlj(? wall, tli(» point of 
application of tlie total resisting load W is found to be 5.05 ft. 
from that point. 

The resultant of P and IT = 22,100 11). and int(U\s(‘(*ts the base 
3.44 ft. from the toe, or 0.27 ft. inside the forward (^dge of ih(^ 
middle third. 

21 380 

p, = (4 X 9.5 - 6 X 3 44)--!..; - = 4100 lb. per sq. ft. 

9 . 5 *^ 

21 380 

= (6 X 3.44 — 2 X 9.5) ~~ 2 

9.5 


Investigation of the same section, assuming that the surcharge 
directly over the base is not included in the resisting load Wzy 
shows that the total load W = 18,580 lb., and its point of applica- 
tion is 4.90 ft. from the toe of the wall. The point of application 
of the resultant of P and W is 3.05 ft. from the toe. This is but 
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0.12 ft. outside the middle third, and will be assumed satis- 
factory. The toe pressure for this case is, 

2 X 18,580 

Pi = 3 x 3 05 ~ 

For the latter loading condition, which is the most severe 
condition, the overturning moment is 

5500 X 6.24 = 34,300 ft.-lb. 
and the resisting moment is 


18,580 X 4.90 = 91,200 ft.-lb. 

. . 91,200 „ 

The factor of safety against overturning = qj — 2.66 

o4,»jUU 


The force producing sliding == 5500 lb., and the force resisting 
sliding, assuming the coefficient of friction as 0.5, is 


0.5 X 18,580 = 9290 lb. 


The factor of safety against sliding 


9290 

5500 


1.69 


244. Design of Cantilever Wall. Design a reinforced concrete 
wall of the cantilever type 18 ft.-O in. in height, to rc^tain a bank 
of earth with a surcharge whose slope is II 2 - I- The wall is to be 
placed along the easement line, beyond which no encroachnn^nt 
is permissible. The soil is a firm clay with an allowal)l(i pr^^ssure 
of 3* 2 tons per sq. ft. The weight of the r(*tained fill is 100 lb. 
I)er cu. ft. The allowable unit stresses are as follows: /r = 800, 
= 16,000, u = 100, V = 40, and n = 15. The coefficient of 
friction between the conen^tfr base and the subsoil equals 0.5. 

Owing to the condition, an Iv-.shaped wall with a vertical face 
is necessary. The tentative dimensions ar(‘ shown in. Fig. 152. 

The overturning pn^ssure on a vertical plane through the heel 
of the wall, from Fig. 144, is 


p = 1 - oos <t> X w(h + h'Y 

= 1^ X 0.832 X 100 X (26.6)2 = 29,500 lb. 


and its point of application is — == 8.9 ft. from the base of 
the plane. 
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The total relieving weight consisting of the weight of the 
wall and the earth directly over the base, is found as in the pre- 
ceding example to be 34,200 lb., and its point of application 7.2 
ft. from the front face of the wall. The resultant of P and Wj 
found graphically, is 56,000 lb. and its point of intersection with 
the base is 5.03 ft. from the toe, or 414 in. inside the forward 
edge of the middle third. 

50,000 

Pi = (4 X 14 - 6 X 5.03) X - 6600 lb. per sq. ft. 

14 “ 

50,000 

P2 = (6 X 5.03 - 2 X 14) X - = 

14 “ 

560 11). p(‘r 8(1. ft. 

Th(‘ factor of safety against overturning, 
by equation (81), Art . 239, (‘quals 

-2 .33 

Cli 7.2 - 5.03 

In order to furnish a sliding safety factor of 
1^2) Ihe friction force recjuired equals 25,000 
X 1)2 = 37,500 lb. The force furnislied by X 
the friction on tlu^ base equals 0.5 X 50,000 = 

25,000 lb. Assuming that the concrete is 
poured directly against the original earth in 
front, the sliding r(‘sistance furnished by the earth at the toe 
is 3 X 7000 = 21,000 lb. The total resistance is 46,000 lb., 
winch is ample. 

Vertical Arm. P'igure 153 represents the force acting on this 
member. 



P = X 100 X 15^ = 9360 Jb. 

P„ = 9360 X 0.832 = 7800 lb. 

= 7800 X 5 X 12 = 468,000 in.-lb. 

, riesTioo” 

^ ~ >146.7 X 12 “ 

=Ph = 7800 lb. 
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Fiq. — Details of cantilever wail. 
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The total relieving weight TT, consisting of the weight of the 
wall and the earth directly over the base, is found as in the pre- 
ceding example to be 34,200 lb., and its point of application 7.2 
ft. from the front face of the wall. The resultant of P and IT, 
found graphically, is 56,000 lb. and its point of intersection with 
the base is 5.03 ft. from the toe, or 41^ in. inside the forward 
edge of the middle third. 


7>i = (4 X 14 - 6 X 5.03) X 


50,000 


IH = (6 X 5.03 - 2 X 14) X 


14 *' 

50,000 
14*' 

560 11). per sq. ft. 


6600 lb. per sq. ft. 


The factor of safety against overturning, 
by equation (81), Art. 239, equals 


AB 

CB 


7.2 

7.2-5.03 


= 3.3 



Fig. 153. 


In order to furnish a sliding safety factor of 
132) fhe friction force required equals 25,000 
X l}i = 37,500 lb. The force furnished by 
th(^ friction on the base equals 0.5 X 50,000 = 

25,000 lb. Assuming that the concrete is 
poured directly against the original earth in 
front, the sliding resistance furnished by the earth at the toe 
is 3 X 7000 = 21,000 lb. The total resistance is 46,000 lb., 
which is ample. 

Vertical Ann,, Figure 153 represents the force acting on this 
member. 


q CQO 2 

p = X 100 X 15 = 9360 lb. 

Ph = 9360 X 0.832 = 7800 lb. 

= 7800 X 5 X 12 = 468,000 in.-lb. 

, rTesiowT 

146.7 X 12 “ 

=^Ph = 7800 lb. 
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d = 


7800 

7 

40 X 12 X g 


18.6 in. 


The thickne.s.s of 30 in. selected gives a value of d = 27 in., 
allowing 3 in. insulation. A smaller value of d would require 
excessive reinforcement, which would add greatly to the cost of 
handling and placing. Assuming j = 0.875, 


"" 167)00 X 0^75 X 27 ‘ 

54-in. round deformed bars 4 in. center to center are selected. 

With this arrangement, p = = 0.0041, and from Table 

4 X -^7 

5, j — 0.902. The revised required steel area = 1.20 sq. in. per 
ft. of wall, and the 4-in. spacing is satisfactory. 


u 


7800 

124 X 2.356 X 0.9 X 27 


45 p.s.i. 


The bars must continue into the base a distance beyond the top 
of the base slab sufficient to develop their strength in bond, or 


16^000 3 

4 X Too ^ '4 


= 30 in. 


Investigation must be mad(‘ of the depth and area of steel 
required at intermediate yilanes in the height of the vertical arm. 
This may be accomplished by considering the wall above the 
plane in question as a free cantilever and analyzing in a manner 
similar to that followed above for tlie entire vertical arm. The 
actual effective dc'pth furnished at the plane should be used in 
solving for the steel area. Tlie depth required at any section 
should be less than that furnished. 

On account of the decreasing pressure, the number of bars 
required pen- foot of wall at any horizontal plane decreases as the 
top of the vertical arm is approachc^d. Therefore, alternate bars 
may be discontinut'd a safe distance beyond the points of theo- 
retical cut-off. The points at which these bars are no longer 
required may b(\st be found by computing the steel area required 
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at two or more intermediate heights, and plotting required steel 
areas against height of vertical arm. In the present case, every 
other bar is discontinued at a distance of 4 ft. from the top of the 
base slab, and every other remaining bar is cut off at a point 8 
ft. from the top of the base slab, both of these being well above 
the theoretical points of cut-off. This arrangement gives a 
spacing of 16 in. for the bars near the top of the wall. This 
represents practically the maxi- 
mum spacing desirable for these 
bars. 

Base Slab, Figure 154 repre- 
sents the forces acting on the 
base slab. The maximum mo- 
ment occurs along the plane 
B^Bj and is (‘qual to the differ- 
(uic(‘ in moments of the upward 
foundation pressure and the 
downward load from th(‘ filling 
above the portion of th(‘ base 
slab behind t he plane B-^B. ''I'he 
vertical component of the result- 
ant earth pressure' on the wall, 
assumed as uniformly distributed over the rear portion of 
the base slab, should also be included in computing the down- 
ward moment. The total downward load of the filling and base 
slab itself to the rear of B-B is 

± 2'^ ® X 11.5 X 100 + 3 X 11.5 X 150 = 28,000 II). 

Its point of application is 6.1 ft. from B, The vertical component 
of the thrust F = 29,500 X 0.554 = 16,100 lb., and is assumed as 
uniformly distributed over the base slab to the rear of plane B-B. 

The total upward pressure from the foundation (see Fig. 154) 
is 



560 + 5530 


X 11.5 = 35,000 lb. 


9 
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and its center of gravity is 


11.5(5530 + 2 X 560) 
3(5530“+ 560) 


4.2 ft. from B 


Mb-b = 28,000 X 6.1 + 16,100 X 5.75 - 35,000 X 4.2 

= 116,700 ft.-lb., or 1,400,000 in.-lb. 

Vb-b = 28,000 + 16,100 - 35,000 = 9100 lb. 

, , / i,4007)00 „„ „ . 

a for moment = \ y ^ ^ = 28.2 m. 

d for shear = 


Allowing? 3 in. for insulation, the effective depth of the assumed 
section is 33 in. A smalh^r value would require excessive steel. 


A. 


1,400,000 

16,000 X 0.857 X 33 


= 3.0 sq. in. per ft. of wall. 


This is furnished by 1-in. square deformed bars 4 in. center to 
center, ’ 


9100 


u — 


X 4 X Jh X 33 
16,000 


= 26 p.s.i. 




4 X 100 


X I = 40 in. 


A hook on the wall end of each bar provides for the deficiency 
in length of enibedinent. 

Since the downward moment is greater than the upward 
moment, the t(*nsion fa(H^ is uppermost, and the steel must 
be |)la(^ed along that face. Alternate bars in the base slab could 
be discontinued as outliiUHl in the design of the vertical slab. 

In the vertical slab the principal tenqx'rature reinforcement 
is horizontal, and most of it is placed along the exposed face. On 
the front face, 3 2 ’in. round horizontal bars, 12 in. center to center 

^ This amount of steel is rather large for efiieient handling. A more 
satisfac’tory design vvoidd resvdt by increasing the thickness of the base 
slab so that the spaci’ig of the 1-in. square bars could be increased to approxi- 
mately 6 in. 
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vertically, are used, and wired to round vertical bars 

36 in. center to center. On the rear face, HAn, round hori- 
zontal bars 24 in. center to center are wired to the main slab 
reinforcement. 

In tli(^ base slab, J 2 ’bi. round bars are wired to the main 
reinforcing steel, and placed 12 in. center to center to prevent 
the formation of cracks which would permit si^epage of water into 
the slab, with the resulting damage to the reinforcing bars. 

245. Design of Counterfort Wall. Design a reinforced con- 
crete wall of the counterfort type, 24 ft.-O in. in height, to support 
an earth fill, the upper surface of whi<^h is horizontal and level 
with the top of the wall. The weight of the filling is 100 lb. per 
cu. ft., and the angle of repose 33 degrees 42 minutes (slope 
The allowable pressure on the soil is 2 tons per sq. ft., 
and tlie coefficient of friction between the base and the subsoil is 
0.4. A spacing of 10 ft. for the counterforts for vvalls of medium 
heiglit will usually be economical. The ordinary range' of coun- 
t(‘rfort s])ficing is from 8 ft, for the low vvalls to 12 ft. for the* higher 
walls. The thickness of count(*rfort vari(*s from 12 to 18 in. In 
th(‘ |)resent case a thickness of 18 inland a. spacing of 10 ft. will be 
us('d. The remaining dimensions are assumed as shown in Fig. 
155. In estimating foundation j)ressures, a length of wall of 
10 ft. is consi(l(*r(*(l to allow for the effect of the counterfort. 
Allowable unit stresses are as follows: /» = 650, fa == 16,000, 
u = 100, V = 40, and n = 15. 

From Fig. 1 14, F = 0.143 X 100 X X 10 = 82,500 lb. 

;// = ' ;i' X 24 = 8 ft. 

As in the preceding designs. 


VFi = 10 X 1 X 22 X 150 = 33,000 lb. 

IF 2 = 2 X 11 X 10 X 150 = 33,000 lb. 

W 3 = } i X 7 X 22 X 1.5 X 150 = 17,300 lb. 

Wi = }i X 7 X 22 X 1.5 X 100 = 11,600 lb. 

H's = 7 X 8.5 X 22 X 100 = 131,000 lb. 


W 


225,900 lb. 
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The point of application of the total resisting weight W is found 
by taking moments about the toe of the base slab to be at a dis- 
tance of 6.64 ft. from the toe. The resultant pressure on the 
base is 


\/(225, 900)2 + (82,500)2 = 240,000 lb. 

and its point of intersection with the base is determined analyt- 
ieally as follows: In Fig. 156 let x b(^ the horizontal distance 



from the line of action of IF to the point where? the resultant E 
intersects the base. Th(?n, by similar triangl(?s. 


X 


X _ 1^ 

y~W 
82,M0_X 8 
225,9()0 


2.93 ft. 


The distance a = 6.64 — 2.93 = 3.71 ft. The resultant 
pressure on the base inters(;cts the base 0.04 ft. inside the? middle 
third. 


1 , 225,900 

px = Yq(4 X 11 - 6 X 3.71)-||^ 

1 225,900 

p, = y^(6 X 3.71 - 2 X 11)-^^- 


4050 lb. per sq. ft. 
50 lb. per sq. ft. 


11 
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The factor of safety against overturning is 

225,900 X 6 .64 ^ 

82,500 X 8 

The factor of safety against sliding, including in the sliding 
resistance the resistance offered by the soil in front of the 12-in. 
key wall shown in Fig. 1 55, is 

225,900 X 0.4 + 10 X 4000 , 

“sW 

Vertical Slab. The vertical slab is designed as a simple slab 
supported by the counterforts. The thickness of slab required 
is governed by the pressure at the top of the base slab. For a 
horizontal strip of vertical slab 12 in. high, 22 ft. down from the 
top of the wall, the pressure per linear foot, from equation (77), 
Art. 23(), is 


Pi 


wxC = tv2: 


(1 — sin <!>) 
(1 + sin (t>) 


100 X 22 X 0.286 = 630 lb. 


The maximum bending moment in the strip, assuming the 
length as the cl(*ar distance between counterforts, is 


M = Ks X 630 X '8"5" X 12 = 68,400 in.-lb. 


d = 
V = 
d = 


S 

\ 107.7 


68,400 


= 7.3 in. 


107.7 X 12 
J 2 X 630 X 8.5 = 2680 lb. 
2680 

40 X 77x12 “ ^ * 


The thickiK'ss of 12 in. adopted, furnishing an effective depth 
of 9 in., is satisfactory. A thinner section would be impractical 
because of the difficulty in placing the concrete in the forms 


With K 


68,400 
12 X 9“ 


70.5, Table 6 gives j = 0.895. 


A. = 


68,400 

l e’doo X 0 895 X 9 


0.53 sq. in. per ft. 
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Oiie-half-inch square bars, 5.5 in. center to center, are selected. 


ii 


2680 


2 X 


12 

5.5 


X 0.895 X 9 


76 p.s.i. 


A similar investigation for strips of the vertical arm at heights 
of 18, 12, and 6 ft. give spacings of ^ 2 '‘^n, square bars required 
of 7, 12, and 24 in., respectively. The bars are placed as shown 
in Fig. 155. 

Heel Slab, The rear j)ortion of the base slab is designed 
as a simple beam supported by the countc'rforts. The load on the 
slab is equal to the difft^rence between the upward soil pressure 
and the downward load from the earth above it. The load dis- 
tribution is shown in Fig. 157. The slab is analyzed in strips 2 
ft. wide. The strengthening action of its monolithic constmction 
fully warrants such a procedure. The strip at the heel is sub- 
jected to a resultant load ])er foot of 


(2200 + 300) X 2 - X 2 = 4170 lb. 

M = } X 4170 X 8.5- X 12 = 453,000 in.-lb. 


V = 4170 X Y 


17,700 lb. 


The depth required is governed in this (rtise by the shear. 

-i«xrx24 — 

Allowing 3 in. of insulation for the stc(4, an efTectivt! depth of 21 
in. is furni.shed and the assumed slab thickness is satisfactory. 


A. = 7.X 


453,000 


= 0.75 sq. in. per ft. 


2 16,000 X 0.9 X 21 

Five-eighths-inch round bars 5 in. center to center furnish the 


necessary area. 

u — 


_J7,7(K) 

1.964 X mx U X 2l 


= 101 p..s.i. 
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With d(!formed bars, the allowable bond stress is 100 p.s.i. 


0.3068 
^ “ 5 X 21 


0.0029 


From Table 7, j = 0.914 and the revised steel area = 0.74 
sq. in. per ft. 

Since the downward load exceeds the upward pressure, the 
steel at the heel must be placed near the bottom of the slab. 



The point where the upward prt'ssure becomt^s equal to the 
downward load is at a distance of x ft. from the heel, when? 

a: = (2500 - 50) X V^ tooo = 6.75 ft. 

The heel-slab steel in front of this point is reciuirc'd in the top of 
tlu* slal). In the present case, the top steel is oinittcHl, sin(?(? 
th(‘ point of inflection is ai)proximately under the rear face of the? 
vertical slab. 

Following an investigation of the other strips along the heel 
slab, the reinforcement is placed as shown in Fig. 155. 

Toe Slab. The toe slal) is designed as a free cantilever with 
a length of 3 ft.-O in. The moment in the cantilever is due to 
an upward load as represented by the trapezoid of pressure 
underneath (Fig. 157) and a downward load equal to the weight 
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of the toe slab itself. The resultant moment equals 183,800 
in.-lb., and the resultant shear 9600 lb. With an effective depth 
of 20 in., the unit shear is 


9600 

12 X X 20 


45 p.s.i. 


which may be considered satisfactory. 




183,800 

16,000 X 0.9 "x 20 


0.64 sq. in. per ft. 


To satisfy requirenu^nts of bond, ^.s-in. round defornu^d bars 
are spaced at 4} 2 in. center to center, and every fourth bar 
continued to the heel of the wall to furnish transverse reinforce- 
ment in the heel slab. 


9600 

^ ~ “ 12 7 " 

1.964 X X ^ X 20 
4.5 8 


- 103 p.s.i. 


Counterfort. The moment in the counterfort is due to the 
])ressur(‘ of the earth 011 the vertical slab over a length of wall 
equal to the distance (*(‘nter to center of counterforts. 


P = 0.143 X 100 X 222 X 10 = 69,300 lb. 
y = }i X 22 = 7.33 ft. 

M = 69,300 X 7.33 X 12 = 6,110,000 in.-lb. 

The effective depth of the counterfort is the j)erpendicular 
distance from the point A (Fig. 165) to the reinforcing steel. 


22 

2^H 
6,110,000 


d-SX -^22^+7 X 12 - 3 - 88 in. 


- r^OOii x 0.9^88 * 


Five 1-in. square deformed bars are used. 


p = 777 ^^ 7 ; = 0.0032 


u = 


18 X 88 
69,300 


4 X 6 X Js X 88 


j = 0.912 
43 p.s.i. 


A. = 4.77 
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The effective depth to be used in determining the unit shear on 
the base of the counterfort is equal to the horizontal distance 
from A (Pig. 155) to the reinforcing steel; Le,, 


d = (8 X 12) - 3 = 93 in. 
69,300 


V = 


18 X li X 93 


= 46 p.s.i. 


This value of the unit shear is satisfactory because horizontal 
bars are provided to anchor the vertical slab and the counter- 
fort together. These bars serve the added function of web 
reinforcement. 

P\)llowing an investigation of the moment and shear at heights 
of 6, 12, and 18 ft., the bars are bent into the counterfort in pairs 
as shown in Fig. 155, and anchored to the vortical-slab steel. 

To provide for the pull of the vertical slab, horizontal J^-in. 
square bars are placed in pairs in the counterfort, one on either 
side, so arranged as to hook over the vertical-slab reinfor(;(unent 
and extend to the rc'ar of the counterfort. Theses bars are so 
spaced as to engage (‘very other bar in the vertical slab. The 
amount of pull at the base of the, vertical slab per foot of height is 

0.286 X 100 X 22 X 8.5 = 5360 lb. 

The area of steel required per foot of height is 


536 0 

16,000 


0.334 sq. in. 


The J^-in. square bars, 11 in. center to center, furnish 0.56 
sq. in. Similar investigations at various heights show that the 
arrangement described above is satisfactory. Vertical ji-in. 
square bars are placed at intervals in th(' counterfort and anchored 
to the base-slab reinforcement as shown in Fig. 155. 

The main reinforcing bars must extend into the base slab a 
distance equal to 




16,000 
4 X 100 


X 1 = 40 in. 


A key w^all 1 ft.-6 in. deep and 2 ft.-O in. wide is constructed 
under the heel of the wall to provide the necessary embedment. 
The main bars are hooked as a further precaution. 
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In the above design the vertical slab and rear portion of the 
base slab have been assumed as simply supported and no pro- 
vision made for continuity over the supports (the counterforts). 
Some designers prefer to consider these portions as partially 
or fully continuous, and to provide for the negative moment at 
the supports by bending every second or third bar to the opposite 
face of the slab. Where such an assumption is made, a moment 
coefficient of Ko or }{2 may, of course, be used. 

To provide for the negative moment, some bars may be bent 
to the opposite face at the counterforts, or additional straight 
bars may be placed in that face across the counterforts. The 
length of such bars should be from 0.5 to 0.6 of the spacing of 
counterforts. In the higher walls some provision should be made 
for continuity even though the slabs are designed Jis simply 
supported. 
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ARCHES 

246. Advantages and Forms of Reinforcement. An arch with 
a parabolic axis and loaded with a fixed uniform load would 
require no steel reinforcement, for the line of pressure would 
coincide with the axis of the arch, no moment would be produced 
in any section, and the stresses would be wholly compressiv(\ 
In the principal adaptation of the concrete arch, namely the 
concrete arch bridge, the live load is not fixed, and the most 
desiraVjle form of arch departs considc^rably from the parabola. 
Providf^d the ratio of live load to dead load is so small that under 
no loading conditions the line* of the resultant pressure departs 
from the middh* third, compressive stresses only exist. Often, 
however, in order to accomplish this result without the use of 
reinforcement, rather heavy sections are rcHjuired. With the us(‘ 
of steel reinforcem(»nt it is not necessary to keep the line of pres- 
sure within the middle third as the stec^l can care for t(msile 
stresses just as in a reinforced concrete^ beam. 

As in all concrete members whos(^ main stress is compression, 
there is no theor(»ti(^al economy in the use of the reinforcement. 
With the lin(^ of {)ressure within the middle third, the stress in tin* 
st(H>l is compression and the w^orking values low. Even when 
the line of pr(?ssure is outside the middles third, the tensile stress 
is usually not great, as the conipr(«sive stress in the concrete 
on the other side of the section is the governing factor. As in 
(columns, the use of the reinforcement makes the arch a more 
secure and n^liable structure and aids in preventing cracks due to 
settlement. 

The forms of reinforcement vary. The smaller arches are now 
generally constructed with ordinary reinforcing bars on both 
sides, these bars being usually tied together in some manner in 

order to be more effective in aiding the concrete in resisting the 

422 
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compression. Some of the earlier arches used wire netting as 
reinforcement and some of the so-called system^’ types use 
certain forms of structural steel. A few of the larger arches of the 
present day are built with heavy structural steel reinforcement, 
or a combination of structural steel and ordinary reinforcing bars. 

247. The Curve of the Intrados. The form of the curve of the 
intrados (see Fig. 158) is one of the main considerations in the 
design. This curve is usually circular, multi-centered, ellipti(‘al 
or parabolic. The multi-centered arch is ])erha])s the most 



common, as it gives a pleasing apix^arance and geiavrally an 
economical design. It is usually either three (Huitercul or five 
centered. The three-centered arch ordinarily gives tlui morc^ 
('conomic design, but the five-centered arch has more grac('ful 
lines and is oftcai necessary on account of clearance^ recpiinum'ids. 
Th(' formulas for th(‘ radii when tin* si)an and rise are known an* 
as follows (see Fig. 159): 

+ ^ 

2 // 

1 BEl+ED^ 

2 ED cos 6 1 — BE sin d\ 

1 AF^ + F IF 

2 ’ FBcm idi +I 2 ) - If sin (?i + la) 

.r 

R] „ 

+jJe^ 

H2 

248. Spandrels. The space Ix^tween the back of the arch 
(the curve of the extrados) and the roadway is known as the 


R. = 
R, = 

sm 61 = 

1 

sm 2^2 == 
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spandrel. This space may be entirely filled with earth which is 
retained by side walls supported by the arch ring. This type of 
construction is known as the filled spandrel arch. The spandrel 
space may, on the other hand, be left more or less open, and the 
roadway supported on a series of transverse or longitudinal walls 
or on a complete superstructure of columns, girders, beams, and 
slabs. This is known as open spandrel construction. With filled 

C A spandrels, the side walls may be 
of the gravity type or they may 
be reinforced and tied together 
with cross walls. Solid filling 
increases the dead load, but open 
spandrel construction requires a 
much larger amount of form 
work. For short span arches 
and for arches where the ratio of 
rise to span is small, the filled 
spandrel type will usually be 
found to be the more economical. 

'249. Loads. The principal 
load on an arch ring is the dead 
load, which consists of the 
weight of the arch ring itself, the 
spandrel construction, and the 
roadway. With open spandrel 
construction the dead loads (except that of the ring itself) and 
t,heir points of application are definitely known. In such cases 
it is usual to assume the weight of the arch ring as concentrated 
at the point of application of the superimposed loads. While in 
filled arches the pressure from the filling is really inclined, it is on 
the side of safety to neglect the horizontal component of the 
inclined force and design for the vertical loads only. Except 
in arches of comparatively high rise, the error is not great. 

The depth of filling at the crown depends on the type of load 
which the arch is to sustain. For highway bridges it is rarely 
advisal)le to use less than 1 ft. below the pavement, while for 
railroad bridges not less than 2 ft. below the ballast should be used 
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in order to distribute the load uniformly and absorb the shocks 
from rapidly mo\ung traffic. 

The weight of the earth filling is taken as either 100 or 120 lb. 
per cu. ft. The latter value is generally used where it is probable 



that at times the filling may be thoroughly saturated with 
water. Ballast is assimied to weigh 120 lb. per cu. ft. and pave- 
ment (except wood block) and concrete 150 lb. per cu. ft. 

The live load used in a design should be the greatest that is 
likely to come upon the structure. For railroad bridges of 100-ft. 




X Floor 6lab 
Floor Beam 


Sidewalk 
Bracked 
Half Seciion af Crown 






Rib 


Half Section A -A 
Fkj. IGl. 


span or less, the weight of the locomotive properly distributed 
should furnish the basis for design. For longer spans a some- 
what lighter load should be used. Where the filling is sufficient 
thoroughly to distribute the load, an equivalent uniform live 
load may be used. For highway bridges the same live loads are 
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used as for the design of slab, beam, and girder bridges (see 
Chap. XI) except that in filled arches no allowance for impact 
need be made. 

260. The Arch Ring. The arch ring may have a width equal 
or nearly so to that of the roadway it supports, or a series of 
narrow rings or ribs may be constructed on which the roadway 
is supported. The former type is known as the barrel type and is 
illustrated in Fig. 160. The latter is known as the ribbed type 



6pan, feet 

Fi<!, 1(>2. 


and is illustrated by Fig. 161. The former is always used with 
filled spandrtd construction. It is usual to make such a design 
for a section of arch 1 ft. in width as in the design of slabs rein- 
forci'd in one direction only. The weight of roadway, fill, and 
arcli ring may be assumed concentrated at a number of selected 
points, without any great error. In the ribbed type, two ribs 
give the more simple design, and should preferably be used 
(‘xcept for very wide bridges. 

261. Crown Thickness. Various empirical formulas have been 
j)roposed for determining a trial thickness of arch ring at the 
crown. These dep<Mid upon the span, the rise, and the loads to 
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be sustained. They give variable results, and none of them 
seems to fit a great variety of conditions. In flat airches the 
temperature and arch shortening stresses are of great importance, 
and no formula so far developed, to the authors^ knowledge, 
gives sufficiently definite consideration to these factors. Figures 
1()2 and 163, taken from an article by Joseph P. Schwada in the 
Engineering News of Nov. 9, 1916, seem to give as satisfactory 
a final thickness as any other method. It should be noted that 
these curves are for barrel arches for definite unit stresses and 


Weight of Ballast and Track 200 Ib.persq.ft 
Dirt Fill 2-0" ^ 


g 36 Uniform Live Load*. Eauiva lent to 
-g Coopers E 50 reduceol through Mof fill 

.E 32 and ballast 
^ f-« 600 p.s.i 



loads, and are based on a temperature variation of ±20 (l(‘g. 
Fahrenheit. Allowance must be made for other unit stresstss, 
loads, and ranges of temperature. 

262. Analysis of the Arch by the Elastic Theory. Let Fig. 16)4 
represent a curved beam, the curvature of the beam being small 
in proportion to its depth, so that the length of all filxus may 
be considered equal. Assuming ah as fixed and considering an 
elementary length As, the plane dCy in deflecting, rotates through 
an angle A<t> to the position d'c'. The change in length of a fiber 
at a distance e from the neutral axis is eA0. The deformation 
eA<t> f fl EAsI 


per unit length is then 
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and 


A0 


ilfAif 
El ‘ 


In the rotation of bending, it is assumed that each small block 
successively changes, beginning from the left end. In Fig. 165, in 
which the curved line 1-0 represents the neutral axis from the 




center of any eloinent As to the crown, from similar triangles 
1-0-3 and O-4-o', since rA<^ is practically perpendicular to r, 
rA0 Ay 

■ = — so t hat Ay = xA<|>; and since for a positive or clockwise 

r X 

rotation Ay is negative, substituting the value of A0, 

M xAs 
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Similarly, 


Aj* = 


MyAs 

^Wl 


A concrete arch with fixed ends is statically indeterminate since 
there are six unknown quantities, three at each support, namely 
the vertical and horizontal components of the reaction and the 
t)ending moment. Since the ends are fixed, at the ends Ax = 0, 
= 0, and A0 = 0. By considering tlu' arch cut at the CTown, 
the thrust, shear, and moment at that point may determined. 


a/ 


Mo C ^0 

4/- 


Kkj. 1(>0. 



and these l)eiiig known, (*ach half of th(‘ arch b(‘comes statically 
determinate. 

With the origin of coordinates at tlie crown C (Fig. lOO), the 
horizontal movement of C due to bending bears the same relation 
to each cantilever. "Phen, from th(^ theory developcHl aV)()ve, 


or 



X A MyAs ^ u MyAs 

^~Er ^ El 


(83) 


The changes in Ay arc* eciual and in tlu* same direction, so that 


X aMxAs ^uMxAs 


(84) 


Also the changes in direction of the tangent to the axis at C 
are equal but opposite in direction, hence, 

X aMAs ^bMAs 

cTeI ^ 


( 85 ) 
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Denotiag Xc-^ Xc-^ ^ '%Mk, dividing the 

arch ring into divisions such that As is a constant/ and eliminating 
the constant E, 


M 

II 

1 

M 

(80) 

II 

W 

XMhj 

(87) 

St- 

1 

M 

(88) 


Considering the left half of the arch as a free body (Fig. 167), 
for any section Mq tends to produce counter-clockwise rotation, 
which will be taken as positive. Similarly Fo is always positive. 



Ho produces compression and acts' towards the exit section at the 
crown. Hence for any section 

Ml = Mo + Hoy + VoX — niL (89) 

where m is tlu* biaiding moment at the section due to the external 
loads. 


* If the arch is divided so that is a constant, the equation for //o, Fo, 
and Mo are 



In this case all ys arc measured downward from the axis through the crown 
and are considered as negative; n equals the number of divisions in one-half 
of the arch. 
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Similarly for the right half 

Mr = Afo + Hay — Vai — (90) 

Substituting in equations (8(5), (87), and (88), and combining 
the terms 

2i/oX^ + - XT 

2 FoXf - XT + ^T = « (« 2 ) 

2//„xf + 2 m„X7 - St - Xt = « 

Considering the application of load on the left half of tlu Mrch 
only, the terms containing mu disappear. Combining equations 
(Ul ) and (98), 


For t(*mj)(‘nitur(’ clianges 


and 

For arch shortening 


— ^ 

" ■'"as 2i«iy ■ (ij/n 



n 


M = Mo f Ihy 


I Cain 

Ih ■ 7/)q 


The graphical method of dividing the half axis into divisions so that 

is constant is shown in the accompanying figure. AH is drawn eciual to 
one-half the arch axis. The curvt* CD is then drawn through points whose? 
ordinates are I and whose abscissas an? the corr(?sponding distan(?es along the 
ar(?h axis m(?asured from the? springing. A length AE is then assumed, a 
perpendi(;ular FG erected at its center, and the lines AG and GE drawn. 
Starting from Ej lines are drawn parallel alternately to AG and GE. Only 
two or three trials are usually necessary to divide* the axis into the re(piir(?d 
number of tlivisions. For most arches ten elivisions are suflfici(?nt. The base 
of each triangle thus formed (;orresponds to .s and its altitude to /. Sin(?e 

all the triangle^s are similar, ^ is con.stant throughout. The cent(?r of all 

th(?se divisions is now located on a drawing of the arch axis and their coordi- 
nates with the crown as the origin determined. 
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Mo = 


Xt - 2»-Xf 


If the origin of coordinates^ is shifted so that^y = 0, equations 


(94) and (95) IxM'oine 


‘ This position niay bo dotormiiiod as follows: 

I^t //' = distance from axis at crown to axis taken so that - 0 

y,. = distance from axis at crown to any division point 
y — corresponding distance from new axis to the same division point 


Tlierefore, 


y = Vr - y 


XT-Xf-» 
Xt - Xf 


and since y' is a constant 
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m 

(98) 

2X7 

Equation (97) will give tho samo value of //n as equation (94) while 

WoXl 

the value of Mo from equation (98) is different by = Hoy' 

Xj 

from that determined from equation (95). In the general expres- 
sion for moment at any section, M = Mo + Hoy + FoX — m, 
the sum of the first two terms is the same whichever position of 
the axis is taken as a basis for the summations. 

The ordinate y when measured upward from the axis is taken as 
positive, when measured downward as negative. 

For temperature st resses, Ax is equal to the change in U'ngth 

of the half span = wheu'e to = the (coefficient for 1 d(»g. of 

temperature change, t the number of degrees of temperature 
cliange, and I the span. Then, from equation (83), 


XMiy ^ 

T * E 


0)tl 

Y 


Also, since A<j() = 0, 


X 


M, 

I 


= 0 


Inhere being no external loads, m — 0, and from symmetry 
Vo = 0; hence, M = Mo + Hoy. Substituting the value of 
M in the above equations. 


MoX^j + = 


U)tl 


As 


and 


Mo^j + ^ 0 ^^ = 0 
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But with 


and 



Ho = ± 


<j)tl 


Mo = 0 






M = H,y 


m 


( 100 ) 


A thrust throughout the arch producing an average stress 
on the (concrete ecjual to Ca p.s.i. would shorten the arch span 

Cal 

an amount equal to “ if the arch and the abutments were 

not fixed. Since the abutments are fixed, and the arch cannot 
shorten, there is a tensile stress developed. The action is similai* 
to that of a fall in temperature. The resulting Ho may be found 

by substituting ^ for o)tl of equation (99). Tliere results 


and similarly 


Ho - 


M 





( 101 ) 


263. Approximate Methods of Analysis. Since the form and 
dimensions of an arch must be assumed before any calculations 
are made, it frecpumtly happens that the first assumptions do 
not give an (H*.onomical design, and all the calculat.ions must lx* 
repc^ated. A complet(‘ analysis is a long and tedious opc^ration 
and it is desirable to have a method for more nearly determining 
the dimensions in advance so that the final stresses will lx* (ilosci 
to the desired values. Victor A. Cochranef has developed a 
series of approximate equations for determining stresses in an 
arch ring, which give values veiy close to those obtained by the 
exact method. While the authors^ experience with these equa- 


+ for a fall in tempt^rature 
— for a rise m tcinporature. 

Proc.j Engiiu'crs’ Socioty of Western Ptiiinsylvania, vol. 32, p. 647. 



TABLE OFFORMUUS FOR THRUSTS AND MOMENtS AT CROWN AND SPRINGING SECTIONS OF ARCHES 


435 



TEUPERATVJRE (l.I3-t^r)T^ 

(falu op t®) Mc«-(S15-IEEU54.1.o4 ) ^ Ms.Mc»HTc 
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tions seems to indicate that the results obtained by their use are 
slightly smaller than those obtained by exact analysis, they are 
sufficiently accurate to warrant their use in preliminary calcu- 
lations, and in less important structures might serve as a basis 
for the final designs. Some of the equations developed by 



Mr. Cochrarie are given on page 435. The following notation is 
us('d (see Fig. 168). 

I = span of arch axis in feet. 
h = rise of arch axis in feet. 

. h 

r = nse ratio j* 

y = ordinate of arch axis, the abscissa of which is cl. 
tS = length of half axis, measured along axis from crown to 
springing. 

Sx = distance along axis from crown to a given section whose 
abscissa is cl = x. 

to = thickness of arch rib at crown. 

te = thickness of arch rib at springing. 

tx = thickness of arch rib at point whose abscissa is x. 

u, = ratio of thickness of springing to thickness at crown 
Iq 

Me = moment at crown in foot-pounds. 

Tc = thrust at crown in pounds. 

Af. == moment at springing in foot-pounds. 
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Ta = thrust at springing in pounds. 

Tmj == coefficient for wl for thrust at crown corresponding to 
maximum positive moment at crown. 

Ttm ^ coefficient for wl for thrust at crown corresponding to 
maximum negative moment at crown. 

V* = approximate dead-load vertical end reaction, or one-half 
dead weight of span in pounds. 

Wc = weight of arch at crown, plus average weight of super- 
structure at crown, in pounds per linear foot of span. 
w = live load in pounds per linear foot of span (not necessarily 
the same for all positions of the live load), 
o) = coefficient of linear expansion due to temperature 
changes. 

t = change in temperature in degrees Fahrenh(at. 

E = modulus of elasticity of concrete in pounds per square* 
foot. 

/(, = moment of inertia of arch rib at crown in biquadratic feet. 
fa = average diret’t stress throughout arch in pounds per 
squares foot. 

fac = direct stress at crown section in pounds per square foot. 

For open spandrel arches. 


y = o 

(102) 

and 


8/’ 

tiui 0 = T C ■ 

i) + or 

(103) 

I'or filled spandni archers, 


4r^ 

^ 1 + 3r ■ 

(104) 

and 


4r 

tan ^ . • (1 + 7.5r) 

1 + or 

(105) 


If the half axis is divided into 10 equal sections, the ratio of 
the depth of the arch at the center of each section to the depth at 
the crown is given in the following table. 
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Thicknesses of Typical Arches 


Vahios of u^, 


value oi V 

1.50 

1.75 

2.00 

2.25 

2.50 

2.75 

3.00 

3.25 


1.000 

1.000 

1.000 

l.(K)0 

1.000 

1.000 

1.000 

1.000 

0.05 

1.007 

1.000 

1.005 

1.004 

1.003 

1.002 

1.001 

1.000 

0.15 

1.021 

1.018 

1.015 

1.012 

1 .009 

1.000 

1.003 

1.000 

0.25 

1.035 

1.030 

1.025 

1.020 

1.015 

1.010 

1.005 

1.000 

0.35 

1 .049 

1.042 

1.035 

1.028 

1.023 

1.021 

1.023 

1.030 

0.45 

1 .003 

1.054 

1.048 

1.048 

1.057 

1.070 

1.083 

1.101 

0.55 

1.077 

1.072 

1.085 

1 . 105 

1.133 

1 . 165 

1.193 

1 . 231 

0.05 

1 .095 

1.125 

1.108 

1.215 

1.209 

1.328 

1.385 

1.455 

0.75 

1.145 

1.223 

1.311 

1.403 

1.508 

1.025 

1.737 

1 . 865 

0.85 

1 .245 

1.393 

1.547 

1.700 

1.802 

2.025 

2.185 

2.355 

0.95 

1.400 

1.021 

1.837 

2.055 

2.277 

2.495 

2.709 

2.932 

1.00 

1.500 

1.750 

2.000 

2.250 

2.500 

2.750 

3.000 

3 . 250 


Thv valii(‘ of .s, the h^ngtli of the half axis, may Ix' detc^rimiuxl 
by scaling from the drawing or it may hi) taken by inti^rpola- 
tioii from th(‘ following tabk*: 

Lengths ok the Half Arch Axis ».s in Terms ok the Span Length 1 


Kinds of airluNS 


Values of j for rise-ratio r — 


1 

1 

0.10 

0.15 

0.20 

0.25 

0.30 

Op<Mi spandrel arches 

FIIUmI spaudnd arches 

0.513 

0.515 

0 . 629 
0.534 

1 

0.551 

0.559 

0 . 577 

0.W)7 


The formulas for moment, thrusts, and average stresses arc 
given on page 435. 

264. Form of Arch Axis. It is the usual practice to make the 
arch axis conform to the dead-load equilibrium polygon through 
the crown and the springing. The positive live-load moments 
(those producing compression in the upper fiber) are greater 
than the negative live-load moments at both the crown and 
springing sections. At certain sections in the haunch the 
negative live-load moments will be the greater. If the axis is 
made to conform to the equilibrium polygon for dead load plus 
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one-half live load over the whole span, the total maximum 
positive and negative moments due to live load and dead load 
will be equal. Unless however, the ratio of live to dead load is 
unusually large, there will be little difference between such an 
axis and the one conforming to the dead-load equilibrium polygon. 

The effect of the shortening of the arch axis is to produce 
positive bending moments at the crown and larger negative 
bending moments at the springing. Also the fall in temperature 
is often specified as greater than the rise wliich tends to produce 
larger positive than negative moments at the crown and larger 
negative than positive moments at the springing. In the haunch 
of flat arches the stresses produced by arch shortening and 
t(imperature changers are not nearly so grciat as those producc^d at 
the springing. 

It is of benefit at the springing to make the arch axis conform 
to the dead-load equilibrium polygon, since the aicli shortening 
moments and the excess of fall over rise* of temperature moments 
are the reverse of the larger live-load moments, thus making the 
total positive and negative moments more nearly (»qual. The 
reverse is true at the crown, but since the springing section is 
much tlu'. larger it seems desirabh^ to favor it rather than the 
crown section. The method of laying out the arch axis for dead 
load is outlined in Art. 256. 

266. Procedure in Arch Design. 

1. Assume a crown thickni'ss from Fig. 1()2 or Fig. 1()3, or by 
comparison with a previous design, and compute the total dead 
load per linear foot of span at the crown. 

2. Assume a vertical springing thickness of from two to three 
times the crown thickness. P'or flat, heavily loaded arches th(i 
lower limit should be assumed, while the upper limit will give 
best results for arches of high rise. Assume the amount of 
reinforcement at the crown and at the springing. 

3. Make approximate computations for the length of the 

, . . ^ 

span and rise of the arch axis and determine the rise ratio, y 

4. By the equations of Art. 253 calculate the extreme fibei 
stresses due to the proper combinations of moments and thrusts 
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using the methods and diagrams of Chap. V. If the stresses are 
too small or too great, change the thickness at the crown or at the 
springing or both, and repeat the operation. It is usually not 
necessary to make approximate calculations for maximum nega- 
tive moment at the crown or for maximum positive moment at 
the springing, especially if the fall in temperature is taken as being 
appreciably greater than the rise in temperature. 

5. Lay out the arch axis according to equation (102) or equa- 
tion (104). In flat arches y should be computed at the quarter 
point of the span and for three or four intermediate points 
between quarter point and springing. In arches of high rise, one 
additional point between quarter point and crown should be 
determined. From the first table of Art. 253 determine the 
thickness of the arch at several points, and draw the curves of 
the intrados, extrados, and neutral axis. 

6. Compute the dead loads at the panel points or at suitable 
intervals and lay out an equilibrium polygon passing through the 
crown and springing. 

7. Alter the shape of the arch axis so that it will fit the equilib- 
rium polygon as nearly as practicable. Lay out the arch thick- 
ness again and determine the radii of the intrados, extrados, and 
neutral axis. 

8. Analyze the arch so determined by the elastic theory for 
maximum stresses in the steel and in the concrete. In most 
arches the maximum stresses occur either at the crown or at the 
springing, although w^here the ratio of live to dead load is large the 
maximum stresses may be found in the haunch. For aesthetic 
reasons the arch ring must gradually increase in thickness from 
crown to springing. Such a ring has a thickness much greater 
than required over the greater part of the distance between (^rown 
and springing. For this reason an investigation of the crown 
and springing sections is usually sufficient. 

266. Design of a Reinforced Concrete Arch. 

Type — Filled spandrel 

Clear span — 70 ft.-O in. 

Rise of intrados — 10 ft,-0 in. 

Live loading — Cooper^s E-60. 
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Ballast — 6 in. under ties. 

Minimum fill — 2 ft.-O in. 

Unit stresses — for dead load, live load, and arch shortening: 

fc = 2000. 

/, - 16,000. 

When temperature stresses are included an increase of 25 
per cent in the above stresses is permissible. 

Arch to be designed for a rise in tempeniture of 20 deg. Fah- 
renheit and for a fall in temperature of 30 deg. Fahrenheit. 
Considering the weight of one locomotive distributed over 
50 ft. of track and the load per foot distributed to the arch as 



shown in Fig. 160, the live load per foot section is about 600 lb. per 
ft. The rails and fastenings are assumed to weigh 150 11). per 
ft. of track, and ballast and fill 120 lb. per cu. ft. 

Ties arc 8 in. by 8 in. by 10 ft.-O in. In making computations 
for dead load it is assumed that the top of the ballast is level 
with the base of rail and the weight of the tics neglected. 

From Schwada's curves (as given in Fig. 163), the crown thick- 
ness is assumed as 22 in. and the vertical springing thickm^ss as 
two times the crown thickness, or 44 in. 

In Fig. 169, assuming ae as a straight line, and dc = } ice = 22 
in. 

h = 120 in. + 11 in. - 22 in. cos^ d 
I = 840 in. + 2(22 in. cos $ sin 6) 

Assume 0 = 38°; sin 38° = 0.616, cos 38° = 0.788 
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h = 117.3 in. 
I = 861.4 in. 
r = 0.136 


But, tan d = 7-7 -5 • (1 + 7.5r) = (See page 437.) 

1 + 6r 

tan 38° - 0.781. 

Radial Hpringing thickness = 44 X 0.788 = 34.7 
A springing thickness of 34 in. is assumed. 

Reinforcement at crown J'i-in. round rods 6 in. center to center, 
one row 2 in. from extrados and one row 2 in. from intrados. 
2.41 d' 2 

Therefore p = ^2 x 22 ~ ^ M ^ 

I)oint 10 ft.*0 in. from the springing, these rods are lapped with 
1-in. round rods, the latter being carried through the springing 

3.14 

section. Then'fon*, at the springing, p = = 0.0077 

IZ X 

rf' 2 

and “ = 7^7 = 0.06. The dead load at the crown consists of 
a 34 


Fill 

Ballast. . 
Rjiils . . . . 
Concrete 


240 11). 
140 11). 
10 11 ). 
275 lb. 


605 lb 

Approximate Method of Testing Trial Arch. 

I = 71.8 
h = 9.8 
r = 0.136 
34 

22 l**^’^ 

Wc = 665 
w = 600 

CO = 0.000006 

E = 288,000,000 lb. per sq. ft. 
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t = +20 deg. Fahrenheit or -30 deg. Fahrenheit 
(ctE = 34,560 or 51,840 

S X ‘ X (i)’ + » X X (0 - 0.613 

, 22 2.41 

^0 = ^2 + 144 = 2.07 

wl = 600 X 71.8 = 43,100 lb. 
wP = 3,093,000 ft.-lb. 

Section at Crown. ‘ 

Dead Load: 

1 + 3 X 0.136 

7'^ = - Y'x 0 13^^ ^ ^ -61,8(M) 

Me assumed = 0 

Live Load, for Maximum Positive Moment: 

T. = - 

57.6 + (189 - 8 X 1.55) X 0.136 - 220 X 0.136= 

1000 X 0.136 " X 4.1,100 

= -0.570 X 43,100 = -24,600 

Me — -f- 

72 + 105 X 0.13(i + 220 X 0.i3(!'* - (17 + U) X 0.130) X 1.55 f 1.6 X 1..56’' 

10,0<K) 

X 3,093,000 = 0.00656 X 3.093,000 = +20,300 

Live Load for Maximum Negative Moment: 

Te = - 

57.8 + 2 X 1.55 + (10 + 30 X 1.65) X 0.130 - (3K0 + 30 X 1.55) X 0.13(>- 
' “10(H) X 0.130 

X 43,100 = -0.446 X 43,100 = -19,230 

Temperature (Fall of 30 deg.): 

Te = -{- 

[19.4 X 1.55 -7.5 + (17 X 1.55 - 31) X 0.130 - 140(1. .55 - 1) X 0.13(0] 

51,840 X 0.643 20.6 X 51,840 X 0.643 

X — - — ~ = ■ x-2 = +/100 

9.8' 9.8' 

^ Mr. Cochrane’s analysis considers a compressive stress to l»e of positive 
sign. The authors prefer the opposite convention and in the example here 
shown compression is indicated by a minus sign. 
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Me = +(38.5 - 12.8 X 1.56 + 1.6 X 1.55') X — 


22.5 X 9.8 X 7100 


= +15,700 


Section at Springing, 


Dead Load: 


V, = X 665 X 71.8 = -48,200 

4 

T, = V^^SOO' + 48,200' = -78,400 
M, assumed = 0 


X 43,100 


X 43,100 = 0.219 X 43,100 


Live Load for Maximum Negative Moment: 

„ _ 27.6+(125+6Xl.55)X0.136+320X0T36' ^ 

’ ‘ 1000 X 0.136 

= 0.381 X 43,100 = -16,4(M) 

Te= - 0.223-^’--^^^^“-- X 43,100 = 0.219 X 43,100 

= -9400 
M. = 

_ 283 - 480 X 0. 136 - 9(4.22j- 2.8 X 0. 136 - 1 ..55)-=X3,093,000 

10,000 

= -0.0171 X 3,093,000 = -52,900 
Temperature (Fall of 30 deg.) : 

T. = (1.13 - 2.55 X 0.1.36) X 7100 = 0.78 X 7100 = +5500 
M. = +15,700 - 9.8 X 7100 = -53,900 

Average Stresses. 

For Dead Load: 


f.. = - 1.030 + 2.5(.136 + 0.05)2 


(20 X 0.136 + 8) X 1.55 - (1^^ 1)= 
100 

^ 61,800 0.954 X 61,800 


= -28,500 
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For lAve Load Producing Maximum Positive Moment at Crown: 


fa=- [O. 


920 + 2.6 X 0.136’ - 0.04 X 1.55 + 


(6.7 + 33 X 0.136) (4 


1000 


1.55)’' 


24,600 
^ 2.07 


0.932 X 24,600 
2 07 


= - 11,100 


For Live Load Producing Maximum Negative Moment at Spring- 
ing: 


= - 0 . 


950 + 1.7 X 0.136’ - 0.05 X 1.55 + 
(4 + 48 X 


0.136)(4 - 1.55)’" 
1000 


9400 
^ "2.07 


-4400 


0.967 X 9400 
2.07 

For Fall of Temperature (30 deg.) and Arch Shortening 
Stresses: 

(0.081 - 0.11 X 0.136) X 1.55] X 
7U)Q ^ 0.864 XjlOO ^ 

2.07 2.07 +3000 


fa = [1.075 - 0.8 X 0.136 


Summary for Maximum Positive Moment at Crown 



Thrust 

Moment 

Average 

stress 

Dead load 

Live load 

Arch shortening ^ 

1 

-61,800 
-24,600 
-f- 5,100 

0 

+20,300 

+11,300 

-28,500 
-11,100 
+ 2,200 


-81,300 

+31,600 

-37+00 

Dead load + live load 
Temperature 

Arch shortening 

-86,400 
+ 7,100 
■f 4,700 

+20,300 1 

+15,700 

+10,500 

-39,600 
+ 3,000 
+ 2,000 


-74,600 

+46,600 

-34,600 


1 See typical computation on p. 460. 
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Summary fob Maximum Negative Moment at Springing 


Dead load 
liive load 

Arch shortening 

-78,400 
-16,400 
+ 3,300 


-28,500 
- 4,400 
+ 1,800 


-91,600 

-86,300 

-31,100 

Dead load live load 
Temperature 

Arch shortening 

-94,800 
+ 5,500 
+ 3,000 

-62,900 

-53,900 

-29,400 

-32,900 
+ 3,000 
+ 1,600 


-86,300 

-136,200 

-28,300 


Unit Stresses 


S(;ctiori 

Lead 

M 

N 

e 

a 

npg 

K 


Oown 

/) -h L + S 

31 ,6(K) 

81 ,300 

0.212 

0.14 

U84 

580 

I) "h Ij -f" S -f- T 

46,500 

,74 ,600 

0.340 

0.14 

2.65 

760 

Springing 

D +L+S 

85,300 

91 ,500 

0.274 

0.12 

2.19 

610 

;>+/.+ ,s' + T 

j’30,200 

1 

86,300 

0.557 

0.12 

3.67 

920 


J) - (load load, L = live load, S = arch shortening, T = teniperatiire. 


Analyms by the Elastic Theory, The shape of the arch axis 
may Ix' dotiTinined from equation (104). Tlie valiums of cl — 
X and the (corresponding values of y arc tabulated below : 


c 

cl 

c* 

24c«r 

c* 

c® 4“ 24c^r 

y 

.25 

17.95 





1.73 

.30 

21.54 

.00243 



.0979 

2.72 

.35 

25.13 


mSBM 

.1225 

.1396 

3.87 

.40 

28.72 


.0334 



5.37 

.46 

32.31 




.2627 

7.29 

.60 

35.90 

.03125 



.3520 

9.77 
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The curve of the half arch axis is plotted, and half the radial 
thickness of various points along the axis laid off on either side of 
the axis. These thicknesses may be taken from the first table 
of Art. 253. The arch of Fig. 170 is laid out in this manner. 
In order to determine the approximate line of thriLst due to dead 



load, an equilibrium polygon for dead load may be; drawn through 
the crown and springing. Such an equilibrium polygon closely 
represents the line of thrust produced by the dead load. Ihe 
half span is divided into ten (or more) equal divisions. Ihe 
horizontal line BD represents the top of the fill, and the line EF 
the reduce load line for fill. (The fill is assumed to weigh 120 
lb. per cu. ft. and the concrete 150 lb. per cu. ft. 1 herefore, 
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be is 7 ^ times ae.) The weight of the ballast, rails, and joints 
loU 

per foot section of arch is reduced to equivalent weight of concrete 
and GH plotted parallel to EF. The dead load on the arch is 
then represented by the area between the line GH and the curve 
of the intrados. The load for each section is determined by 
measuring the ordinates AG^ cd, etc., taking the average of each 
two adjacent ordinates, and multiplying this average by the 
width of each division times 150. The loads so determined are 
as follows: 


I\ = X 3.59 X 150 = 6000 

A 

X 3.59 X 150 = 5400 

7 7 4-9 1 

P, = ■ ~ X 3.59 X 150 = 4500 

I\ = ^ ^ t X 3.59 X 150 = 3800 

Pb = i X 3 X 150 = 3400 

5 4 -L 5 Q 

P« = ' ■ J ' ■ X 3.59 X 150 = 3000 

5 0 4- 5 4 

= ■ • r X 3.59 X 150 = 2800 

p, = X 3.59 X 150 = 2600 

Ji 

4.5 + 4.7 

.Z — X 3.59 X 150 = 2500 

4.4 + 4.5 

Fin = y X 3.59 X 150 = 2400 


The center of gravity of each trapezoidal load is determined, 
and the verticals Pi, P 2 , etc., drawn through these centers, which 
represent the points of application of the loads. The load line is 
now constructed, any convenient pole 0 assumed, and the rays 
of the force polygon drawn. After drawing the corresponding 
equilibrium polygon A J, the first and last rays are prolonged to 
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their intersection at K, The vertical through K represents the 
resultant of all the loads on the half span. To construct an 
equilibrium polygon passing through both A and C, CK' is drawn 
horizontally, and LO' parallel to AK', 0' is the pole of the force 
polygon required for a corresponding equilibrium polygon pass- 
ing through both A and C. If this equilibrium polygon fails to 
coincide with the neutral axis at all sections, the line of thrust 
for dead load will be eccentric and a bending moment will be 
produced at such sections. If it is desired to have no bending 
moments produced by dead load, the shape of the arch axis 
should be altered to coincide with the equilibrium polygon pass- 
ing through the crown and the springing. If the difference 
between the assumed axis and the equilibrium polygon is great, 
the loads should be revised. In the present case, this is not 
necessary. 

Radii of Neutral Axis. Three-centered curves are to be used 
for the intrados and the neutral axis, the larger radius in each 
case being used from crown to quarter point. From the equa- 
tions of Art. 247, the radii of the neutral axis are computed as 
follows: 


17.95" + 1.73" 
“ 2 X 173 


93.99 ft 


sin e = 0.191 cos 0 = 0.982 

1 17.95* + 8^* 

~ 2 ■ 8.04 X 0.982 - 17^95 X 0.191 


43.30 ft. 


The length of the neutral axi.s may be computed, scaled, or 
(!stimated from the second table of Art. 253. The computations 
involved are as follows: 


6 = 11 degrees 2 minutes 


Length crown to quarter point 


11 Mo 
360 


X 93.99 X 27r = 18.10 


sin 2 ^ subtending chord of Rt 


19.66 
2 X 43.30 


0.227 
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The Z = 26 degrees 15 minutes. 
Length quarter point to springing 


26 H 

360 


X 43.30 X 27r = 19.84 ft. 


Total length = 2(18.10 + 19.84) = 75.88 ft. 

By Art. 253, the length = 0.529 X 2 X 71.8 = 75.96 ft. 

Radii of Intrados. The radial 
thickness of the arch at the quarter 
point is, from Art. 253, 

1.065 X 22 = 23.4 in. 

In Fig. 171 

The horizontal distance from b to a 
is 17.95 ft. The horizontal distances 
23.4 

from b to c is 17.95 — ~ X 0.191 == 17.76 ft. The vertical 
24 

distance from b to a = 1.73 ft. 



11 23.4 

Th(‘ vertical distance d to c = 1.73 — 7 ^ + - 77 - X 0.982 = 

12 24 


1.77 ft. Then 


Ri 


17.76' + 1 . 77 ' 
”2 X 1.77 


89.99 ft. 


and 


R2 


sin d = 0.197 cos 6 = .980 

T7T24' 4 - 8T23' 

2(8;23 X 0.980 - 17.24 X 0.197) 


39.07 ft 


Location of Axis. Dividing the half of the neutral axis into 
10 equal divisions, the length of each division is 3.79 ft. ]..aying 
off the centers of each one of the divisions on Fig. 172, the 
coordinates with the origin of coordinates at the crown are scaled 
and tabulated in the seventh and last columns on page 452. 
The radial thickness of the arch at the center of each division is 
also scaled and the moment of inertia computed and tabulated. 




452 


ARCHES 


Point 

a 

H 


147* 


Vc 

ye 

I 

1 

I 

y 

X 

10 

1.85 

.528 

0.578 

.135 

.663 

.02 

.03 

1.51 

-f-2.15 

1.9 

9 1 

1.87 

.545 

0.593 

.139 

.684 

.19 

.28 

1.46 

-fl.98 

5.7 

8 ' 

1.90 

.572 

0.608 

.142 

.714 

.50 

.70 

1.40 

+ 1.67 

9.5 

7 

1.92 

.590 

0.624 

.146 

.736 

.96 

1.30 

1.36 

+ 1.21 

13.2 

6 

1.95 

.618 

0.640 

.150 

.768 

1.57 

2.04 

1.30 

+0.60 

17.0 

5 

1.97 

.637 

0.672 

.157 

.794 

2.37 

2.99 

1.26 

-0.20 

20.7 

4 

2.02 

.687 

0.706 

.165 

.852 

3.49 

4.10 

1.17 

-1.32 

24.3 

8 

2.13 

.805 

0.810 

.247 

1.052 

4.90 

4.66 

.95 

-2.73 

27.8 

2 

2.34 

1.068 

1.000 

.305 

1.373 

6.61 

4.81 

.73 

-4.44 

31.1 

1 i 

2.66 

1.568, 

1.346 1 

.411 

1.979 

8.64 

4.37 

.51 

-6.47 

34.4 

Crown 

1.83 

.511 

0.563 

. 132 

.643 


xf 




Springing 

2.83 

1.889 

1.563 j 

477 

2.366 


25.28 

i 

11.65 




From the above tabulation the axis is loeatc^d so that 



0, that is, y' 


25.28 

11.65 


2.17 ft. below the crown. 
(See footnote on page 432.) 


Determination of Loads. The load is assumed applied to 
the arch at the equidistant points as indicated on Fig. 172. The 
dead loads are computied in the same manner as on page 448 and 
are as follows: 

A— 4900 lb. 

5400 lb. 

C— 6500 lb. 

D— 8500 1b. 

11,1001b. 

The live load is 4300 lb. per section. 

Moments and Thrusts for Unit Loads. The table on page 455 
gives the value of //o, Fo, and Mo for unit load applied at each 
of the several load points. The tables on pages 456 to 458 give 
the moments and thrusts produced at the crown, sixth point, 
and springing sections respectively by unit load. The sixth 
point is chosen, not because it is necessarily the point of highest 
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stress, but to show the method of computation for a section other 
than the crown or springing (see Art. 255). 

The value of the thrust N is determined as follows : 

In Fig. 173, Ho and Vo represent the thrust and shear, due to a 
load unity P, applied as shown. These forces produce right 
and left reactions of Rr and respectively. At section a, 
the thrust produced by the load P is equal and opposite to the 
component of Rl which is parallel to the neutral axis at that 



^ — — 

Fig. 173 . 



point. Similarly, the shear at se(^tion a is eciual and opposite to 
the component of Rl perpendicular to the lunitral axis. At 
section 5, the components of Rk determine the thrust and shear. 
For any section on the right half of the arch, section c, the 
components of Rr determine the thrust and shear. In Fig. 172, 
the thrusts and shears are laid off as previously computed, and 
the values of the thrusts at the various sections determined as 
above, by scaling from the diagram. 

The moment may be computed as indicated in the tables on 
pages 456 to 458 or it may be obtained graphically. From 
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Fig. 174 it may be seen that M = Hoc, Ho always being negative 
and c being positive when measured upward to the neutral axis, 
and negative when measured- downward to the neutral axis. 

Loading for Maximum Stresses. From the values of M and N 
for unit load as given in the tables it can readily be seen what 
portions of the arch should be considered loaded in order to 
obtain the maximum positive and negative moments for the 
sections investigated. Finally the values of thrusts and moments 
for the design dead and live loads are obtained by multiplying 
the values for unit load by the section loads as previously d(;ter- 
mined. The summations give the resultant maximum moments 
and thrusts. 
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Crown Section 


456 


ARCHES 



* These loadings assume that broken loads are not considered. In a highway arch, values for loads E\ D', C\ and B' should also be included 
these summations. 
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Temperature Stresses. The value of Ho for a fall in temperature 
of 30 deg. is from equation (99) 

„ 288,000,000 X 30 X 0.000006 71.8 

= 2 X 64.0 

For a rise of 20 deg. 


Ho = -5100 


Stkesses Due to Thrust 


! 

Crown 

Springing 

Average 

j 

j Dead load 

1 

-28,100 

-21,700 

1 -24,900 

For live loading pro- 
ducing the maximum 
compression in the 
upper fiber at the: — 

Crown 
Sixth point 
Springing 

-14,400 
- 3,200 
-17,700 

- 9,200 
- 4,000- 1,800 
-11,100-13,200 

-11,800 
- 3,100 
-14,900 

For live loading pro- 
ducing the maximum 
compression in the 
lower fiber at the: — 

Crown 1 
Sixth point 
Springing 

- 6,500 
-19,800 

- 6,500 

- 6,300- 3,800 
-12,900-14,500 

- 6,300 - 3,800 

- 5,800 
-16,800 

- 5,800 

Temperature 

Fall of 30°F. 
Rise of 20°Fv j 

+ 3,700 
- 2,500 

+ 1,900 
- 1,300 

+ 2,800 
- 1,900 


Since the arch shortening stresses are proportional to those for 
a fall in temperatun*, these are more (^asily obtained in the final 
summation for maximum moments and thrusts. 
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Maximum Moments and Thrusts 


Crown Section 

Maximum Compression in Upper Fiber 



Thnist 

Moment 

Co 

Dead load 

Live load i 

Arch shortening* 

-58,200 
-29,900 
+ 5,200 

+ 4,800 
+19,600 
+11,200 

-24,900 
-11,800 
+ 1,900 

-82,900 

+35,600 

-34,800 

Dead load + live load 
Temperature (30° fall) 

Arch shortening 

-88,100 
+ 7,700 
+ 4,800 

+24,400 

+16,700 

+10,400 

-36,700 
+ 2,800 
+ 1,700 

-75,600 

+51,500 

-32,200 

Maximum Coi 

Dead load 

Live load 

Arch shortening 

Dead load + live load 
Tfimperature (20° rise) 

Arch shortening 

npression in L 

-58,200 
-13,500 
+ 4,300 

fower Fiber 

+ 4,800 
- 4,400 
+ 9,400 

-24,900 
- 5,800 
+ 1,600 

-67,400 

+ 9,800 

-29,100 

-71,700 
- 5,100 
+ 4,600 

+ 400 
-11,100 
+ 9,900 

-30,700 
- 1,900 
+ 1,700 

-72,200 

, - 800 

-30,900 


* For a 30-deg, fall in temperature u>tE = —51,840. (For a 20-deg. 
rise 4-34,560.) Cu for dead and live load - —36,700. The thrust, moment, 


and Ca for ar(4i shortcuiing arc equal to 


-36,700 

-51,840 


times the similar quantities 


for a 30-deg. fall in temperature, or 4-5500, 4-11,600, and 4-2000, respec- 
tively, The last value, when added algebraically to the value of Ca for dead 
and live load, results in a smaller numerical value for the summation, 
and consequently the ratio between the arch shortening quantities and 
the temperature quantities becomes smaller. Hence, the thrust, moment, 
and Ca as computed above are slightly too large. Assume Ca due to arch 
shortening = 4-19(K). Then the total Ca = —34,800 and the thrust, 
moment, and Ca due to arch shortening arc 4-5200, 4-11,200, and +1900, 
respectively. If the last value does not check the value assumed, another 
computation must be made. 
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Sixth Point 

Maximum Com jiression in Upper Fiber 



Thrust j 

1 

Moment 


Dead load 

Live load 

Arch shortening 

-60,400 
- 7,400 
-h 3,800 

- 9,800 
+10,900 

- 4,600 

-24,900 
- 3,100 
+ 1,500 

-64,400 

- 3,500 

-26,500 

Dead load + live load 
Temperature (20° rise) 

Arch shortening 

-67,800 
- 4,900 
+ 4,000 

+ 1,100 
+ 6,000 
- 4,000 

-28,000 
- 1,900 
, + 1,600 

-68,700 

+ 2,200 

-28,300 


Maximum Compression in Lower Fiber 


Dead load 

Live load 

Arch shortening 

1 

- 60,400 

- 43,000 
+ 5,600 

- 9,800 
-25,000 

- 7,000 


- 97,800 

-41,800 ' 

-39,600 

Dead load + live load 
Temperature (30° fall) 

Arch shortening 

-103,400 
+ 7,300 
+ 5,200 

-34,800 

- 9,100 

- 6,500 

-41,700 
+ 2,800 
+ 2,000 

- 90,900 

-50,400 ' 

-36,900 
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Spbinging Section 
Maximum Compression in Upper Fiber 



Thrust 

Moment 


* Dead load 

Live load 

Arch shortening 

- 68,200 
- 34,800 
+ 4,400 

4- 25,700 
+ 96,200 
- 42,500 

-24,900 
-14,900 
+ 2,100 

- 98,000 

+ 79,400 

-37,700 

Dead load + live load 
Temperature (20® rise) 

Arch shortening 

-103,000 
- 4,000 
+ 4,600 

+121,900 
+ 39,000 
- 44,600 

-39,800 
- 1,900 
+ 2,200 

-102,400 

+116,300 

-39,500 


Maximum CompretiHion in Lower Fiber 


Dead load 

Live load 

Arch shortening 

-68,200 
-19,900 
+ 3,400 

+ 25,700 ! 

- 50,800 

- 32,900 

-24,900 
- 5,800 
+ 1,600 

-84,700 

- 58,000 

-29,100 

Dead load + live’s load 
Temperature (30° fall) 

Arch shortening 

-88,100 
+ 6,000 
+ 3,100 

- 25,100 

- 58,500 

- 30,400 

-30,700 
+ 2,800 
+ 1,500 

-79,000 

-114,000 

-26,400 
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Fin^al Maximum Unit Stresses 


Section 

Fiber 

Load 

1 ; 

j Af ! V 

1 1 

1 ** 

^ 

!, 1 

\ba ■ Pu 

i 

1 

1 

1 nPo 

I 

K 

\f. 


Upper 

i D -f L -I- S 

.. . 

+ 35.600 

! 

- S2,90o| 0.235 

' 1 ■ i 

; i 


2.00 

6::o 

Crown 

D + L + S d- T 

51,500 

- 76.600| 0.372 

- ! • I ■ - 

1 1 

2(i4|0.O09l|0.14 

_ J . 1 

0.09 

2 89 

830 

Lower 

D + L + S 

4- 9,800 

- 67,4(K) 





D + L + S + T 

800 

- 72.200 

0.(H)5 


. 1 


0.91 

250 


UpjK^r 

i 

D + L + S 

- 3.. 500 

-- 64,000 


... 





Sixth point 

1) -f- L -f S + T 

4 2,200 

- (:8.700 

0 016 



O.OS 

l () ,% ! 

j 

230 

Lower 

D+L + S 

- 41.8(K) 

- 97,800 

0 213 



.... 

1.93 

(>50 


I ) + L 4- S f T 

- 50,400 

- 90.900 

0.276 






2 31 

720 


Upper 1 

1 

I) + L + S 

+ 79,400 

- 98.600 

0 284 



* 


2 34 

570 

Springing 

1) -1- L + S -1- T 

4116,3(M) 

-- 102,4(K) 

0 402 

408 


0.06 

3 15 

790 

Lower 

D + L f S 

- 58. (KM) 

- 84,700 

0 242 



2.06 

440 


l) + L + 8 + T 

1 

~ 114 . 000 ! 

1 

- 79, (KM) 

0.510 

1 





4.01 

780 


267. Design of Abutments. Since a slight settling of its 
supports will produce large stnisses in an arch, it is important 
that the abutments be so designed that no siudi settlciinent 
occurs. On soft ground it is difficult in the extreme to obtain an 
abutment large enough to insure stability, without the use of 
piles. As the size of the abutment increases, its weight and the 
weight of the filling above it in(|’ease so rapidly that in sonu^ types 
of arches an abutment without a pile foundation becomes nearly 
as large as the arch itself. It is a question whether some other 
type of structure is not preferable where hardpan or rock is not 
a(;cessible as a foundation bed, or where a good pile foundation 
cannot easily be made. 

The abutments of a reinforced concrete arch are often designed 
for full live load and also for live load over one-half the arch. 
While the first condition of loading may give the maximum 
total pressure on the abutment, the two most extreme conditions 
are those loadings which cause maximum compression in the 
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upper and lower fibers of the arch at the springing section. The 
moments and thrusts for this section are given on page 462. In 
a similar manner the shears for unit load are obtained from Fig. 
172, and the total dead- and live-load shears computed and 
tabulated below. The shear at the springing due to a fall in 
temperature of 30 deg. Fahrenheit scaled from Fig. 172 is —4700 
lb. The shears due to rise of temperature and to arch shortening 
are proportional. 


Load at 
section 

Dead 

load 

Shears 

For unit 
load 

For 

dead 

load 

For live loading 
producing maxi- 
mum compression 
in upper fiber 

For live loading 
producing maxi- 
mum compression 
in lower fiber 

E 

11.1 

-0.76 

-8.4 


* 

D 

8.6 

-0.60 

-4.3 


• 

C 

6.6 

-0.07 

-0.5 



B 

6.4 

+0.36 

+1.9 

• 

• 

A 

4.9 

+0.68 

+3.3 

• 


A' 

4.9 

+0.82 

+4.0 

• 


B' 

6.4 

+0.76 

+4.1 

• 


C' 

6.6 

+0.52 

+3.4 

* 


D' 

8.6 

+0.24 

+2.0 

* 


E' 

11.1 

+0.03 

+0.3 

* 


s 



+5.8 

+14.6 

-4.2 
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Summary of Moments, Thrusts, and Shears 
For Maximum Compression in Upper Fiber at Springing 



M 

N 

V 

Dead load 

+ 25.7 

- 68.2 

+ 5.8 

Live load 

+ 96.2 

1 - 34.8 

+ 14.6 

Arch shortening 1 

- 42.5 

+ 4.4 

- 3.4 


+ 79.4 

- 98.6 

+17.0 e= + 0.81 

Dead load + live load 

+121.9 

-103.0 

+20.4 

Temperature (20° rise) 

+ 39.0 

- 4.0 

+ 3.1 

Arch shortening | 

- 44.6 

+ 4.6 

i 

- 3.5 

i 

+116.3 

i 

-102.4 

+ 20.0 e-+1.14 


For Maximum Compression in Lower Fiber at Springing 



M 

N 

V 

Dead load 

+ 25.7 

-^.2 

+5.8 

Live load 

- 50.8 

-i9.9 

-4.2 

Arch shortening 

- 32.9 

+ 3.4 

-2.6 


- 58.0 

1 

-84.7 

-1.0 e = -0.69 

Dead load + live load 

- 25.1 

-88.1 

+ 1.6 

Temperature (30° fall) 

- 58.5 

+ 6.0 

-4.7 

Arch shortening 

- 30.4 

+ 3.1 

-2.4 


-114.0 

j -79.0 

i 

-5.5 e = -1.44 


An abutment section ABODE (Fig. 175) is assumed. From 
the center of BC, the eccentric distance e (+1.14 ft.) is laid off 
upward, the value of N (-^102,400 lb.) drawn perpendicular to 
BC, and the resultant of N and V obtained. This resultant 
must be combined with the forces due to the weight of the earth, 
filling, and abutment itself. 

The forces due to the weight of the filling and the abutment are: 
(1) the weight of the filling; (2) the weight of the abutment; and 
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(3) the horizontal pressure due to the weight of the filling. When 
there is live load over the abutment a fourth force must be 
considered. 

A more simple method giving results nearly the same as the 
more detailed analysis can be used for all but very large or 
important structures. 



The reduced load line for fill at 120 lb. per cu. ft. (ab) is con- 
structed as in the design of the arch. The line cd is drawn 
representing the top of the ballast as before. The trapezoid 
cdDE may now be considered as material of the same weight 
(150 lb. per cu. ft.) and its amount and point of application 
determined. The horizontal pressure due tp the filling (in this 
case less than 2900 lb.) Is neglected. The vertical force and the 
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resultant from the arch are combined graphically, and the total 
resultant pressure with its line of action determined. EF is 
constructed as the projection of the base of the footing on a plane 
perpendicular to this resultant, and the distances EG and EF 
scaled. 

Then the maximum unit pressure is, from equation (78), 


X 137, (K)0 - X 137,000 - 

' IT ' 


EF' 


17.0' 


15,700 lb. per sq. ft. 


In a similar manner the other condition of loading, that is, 
that producing maximum compression in the lower fiber at the 
springing, is analyzed and the maximum unit pressure found to be 


4 X 19^ - 6 X 7.8 
19 ^ 4 * 


X 132,000 = 10,500 lb. per sq. ft. 


In determining the resultant pressure for this condition the 
live load is considered completely to cover the abutment, and the 
total vertical force is represented by the trapezoid efDE. 

Details of typical arches are shown in Figs. 170 t o 178. 
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SLAB, BEAM, AND GIRDER BRIDGES 

268. Types of Bridges. Reinforced concrete is particularly 
adapted to use in short-span highway bridges, because of its 
durability, rigidity, and economy, as well as the comparative 
ease with which a pleasing architectural appearance (^an be 
secured. The most widely used general tyi)es of concrete bridges 
for short spans are tlu' slab bridge, Fig. 179, the T-beam or deck- 




girder bridge, Fig. 180, and the through-girder bridge. Fig. 181. 
Concrete girder bridges are normally (iconomical only for spans 
up to about 65 ft. They have b(ien used however, for spans 
of 100 ft. or more, the longest in the United States Ixiing 142 ft., 
but in most of these bridges economy has been sacrificed for other 
considerations which were of more importance in each specific 
case. 

Structural steel is used more generally than reinforced concrete* 
for bridges which are intended primarily for railroad traffic, 
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except the shortest spans, for which reinforced concrete slab 
bridges are frequently constructed. This chapter will therefore 
be devoted to the discussion of the details and design of highway 
bridges only. 

269. Classification of Highway Bridges. Highway bridges of 
all types are classified according to the kind of traffic which is 
anticipated during the probable life of the structure. The 
classes which are given by the American Association of State 
Highway Officials, and for which the recommended loadings are 
given in a subsequent article, are as follows: 

Class A A, Bridges for exceptionally heavy traffic units in 
locations where the passage of such units is frequent. 



Fkj. 181. — Through-girder bridge. 


Class A, Bridges for normally heavy traffic units and the 
occasional passage of exceptionally heavy loads. 

Class B. Bridges for light traffic units and the occasional 
passage of normally heavy loads. Class B bridges shall be 
considered as temporary or semitemporary structures. 

Class C, Bridges for electric railway traffic in addition to 
highway traffic. The latter may correspond to any one of the 
classes described above. 

260. Live Loads. Truck Loadmgs, For loaded lengths up to 
60 ft. the live load specified by the American Association of State 
Highway Officials consists of a series of trucks as shown in 
Fig. 182. The wheel spacing, weight distribution, and amount 
of clearance required for the individual trucks are shown in 
Fig. 183. A width of 9 ft. is required for each line of trucks; 
this width is called the lane width. 
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The highway live loads of the above specifications are 
divided into three classes, H2Q, H15 and 7/10. The number 


5 

ww/w 

f Uniform load 640 ibs.per linear foot of lane 


! 

1 

H 20 Loading 

r 1 ^ j I 1 J 11,500 for moment 

Concenirafed load \/9^s00 forebear 

Uniform load 480 Ibs^ per linear foot of lane 


1 

H IS Loading 

Wmform had 320 lbs per linear foot of lane 



H 10 Loading 

Fkj. 184. — Equivalent highway loadings. 


of the loading indicates the gross weight in tons of the heaviest 
truck in the series, while the other trucks of the series have a 

Class 



gross weight of three quarters of that amount. The gross weight 
of each truck is divided between the front and rear axles in the 
proportions shown in Fig. 183. 

For loaded lengths of 60 ft. or more a uniform live load plus a 
concentrated load as shown in Fig. 184 is used. 
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Electric Railway Loadings. For bridges carrying electric 
railway traffic the loading is determined on the basis of the class of 
traffic which the bridge may be expected to carry. Such a load- 
ing, for design purposes, consists of a train of two cars, followed 
by and/or preceded by, a uniform load as shown in Fig. 185. 
Where freight cars are to be carried one of the classes shown in 


,u 4l'h' 


* 

1 , 



J 1 

HI 

L_J 

1 1 

1 L 


m 

i»T< 


»ToT< 

»T4 


»T«i 



|i 

25' 



ZS' 

I 



Total loaded weight per car including 10 percent 
overload 


40- Ton capacity- 132,000 tbs. 

10 Ton capacity- 212,000 /hs . 

Fig. 186. — Freight car loadings. 

Fig. 186 may be assuuK'd. These loadings are assnnied to oecnipy 
10 ft. of the roadway width. 

Sidewalk Loadings. Sidewalk floors, stringers, and tlnnr 
immediate supports art; usually designed for a live load of 
100 lb. per sq. ft. 

Seledion of Loadings. Bridges of tlu' different classes are 
designed for loadings as follows: 

Class of bridgt; J^onding 

.1.1 //20 

A //1 5 

B //lO 

261. Application of Loadings. The sf'lected loading is appli('d 
by wliichever of the following methods i)rodu(?(\s the greatest 
stress in the nnanber under consideration. 

1. Each traffic-lane loading shall be (‘.onsiehred as a unit and 
the number and position of the loaded lanes shall be such as will 
produce maximum stress. 

2. The roadway shall be considered as loaded over its entire 
width with a load per foot of width equal to ononinth of the load 
of one traffic lane. 

Reduciion in Load Intensity. If the loaded width of the road- 
way exceeds 18 ft., the specified loads may be reduced 1 per cent 
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for each foot of loaded roadway in excess of 18 ft. with a maximum 
reduction of 25 per cent, corresponding to a loaded roadway width 
of 43 ft. If the loads are lane loads, the loaded width of roadway 
is the aggregate width of the lanes considered; if the loads are 
distributed over the entire width of the roadway, the loaded width 
of the roadway is the full width of the roadway between curbs. 

262. Impact. Live-load stresses due to truck loading and 
electric railway and freight car loading are increased to make 
allowance for vibration and the sudden application of the load. 
This increase is computed by the formula. 


I = 


50 

I + 125 


in which I = impa(*t fraction of the live-load stress. 

I = load(*d lengt h in fe(‘t . 

263. Distribution of Loads. When a concent rated load is 
placed on a reinforced concrete slab, the load is distributed 
over a larger area than the actual contact area. For example, 
if a concentrated load with a beaming area of 1 sq. ft. were placed 
on th(* slab of a through-girder bridge such as is shown in plan in 
Fig. 188a, it is reasonable to assume that, on account of the stiff- 
ness of the slab, the strips of slab at right angles to the girder and 
adjacent to the 1-ft. strip in direct contact with the load would 
assist in carrying the load. Similarly, with the beams of a 
T-beam bridge, such as is shown in plan in Fig. 1885, spaced 
fairly (rlose, a concentrated load placed directly over one of the 
Ixnims would not be carried entirely by that beam, for the con- 
crete slab is sufficiently rigid to transfer part of the load to 
adjacent IxMims. 

No distribution is assumed in the direction of the span of 
th(? member. The effect of any such distribution would be 
comparatively small, increasing from zero at the contact surface 
to a maximum at the bottom surface of the member. 

The following recoinmendations for the distribution of loads 
are taken from the s|)ecifications of the American Association of 
State Highway Officials, 
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264. Distribution of Wheel Loads on Concrete Slabs. In the 

direction perpendicular to the span of the slab, the wheel load 
shall be considered as distributed uniformly over a width of slab 



Fkj. 188 . 

which is termed the “effective width/' The following notation 
is used: 

I = span of slab in feet. 

T = width of wheel or tire in feet. 

D = distance in feet from the center of the near support to the 
center of the wheel. 

E = effective width in feet for one wheel. 
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Case I. Main Reinforcement Parallel to Direction of Traffic, 
This condition occurs in a slab bridge (Fig. 187a) and in a through- 
girder bridge with floor beams (Fig. 187f>). For these, 

E = 0.7J + T 


in which E shall have a maximum value of 7.0 ft. 

Where two wheels are so located on a slab that their effective 
widths overlap, the effective width for each wheel is }i(E + C), 
in which E is the value determined above for one wheel and C 
is the distance between centers of wheels. Where two adjacent 
lines of triK^ks must be considered E cannot be greater than 
j 2 (C + C'), where C is the distance between wheels of the sam(‘ 
truck and C' the distaiu^e between wheels of adjacent trucks. 

Case II. Main Reinforcement Perpendicular to Direction of 
Traffic. This condition occurs in a through-girder l)ridge 
wit hout floor beams (Fig. 188tt) and in a T-beam or deck-girder 
bridge (Fig. 1886). For th(ise, 


E = 0.7 {2D + T) 


For this case the bending momcuit on a strip of slab 1 ft. in width 
is determined by placing th(* wlu*el loads in the position to produce 
the maximum iiionuMit, assuming no distril)utioii, dete^rinining 
the eff(»ctive width for each wheel, and assuming the load of each 
wh(*el on the 1-ft. strip to ho the whe(»l load divid(‘d by its respec- 
tive (‘ff(‘ctive width. 


266. Distribution of Wheel Loads to Longitudinal Beams. In 

the calculation of sh(»ars and end reactions, no lateral or longi- 
tudinal distribution of the wheel load is assumed. In calculating 
moments for bridges d(\signed for one traffic lane with beams 
spaced not farther apart than 6 ft., the })ortion of one wheel 


load sustained by each interior beam is 


S 


where S is the spacing 


of the beams in feet. If S is greater than 6 ft., one wheel load is 
placed directly over a l)eam and the additional load from the 
other wheel on the axle is obtained by considering the slab 
between beams as a simple beam and cominiting its reactions 
accordingly. For bridge's designed for more' than one traffic 
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lane each interior beam sustains ^ wheel loads, provided >S 

is less than 10 ft. If is greater than 10 ft., th(‘ total Ix'ain load 
is obtained by considering th(' slab bc'twocMi Ix^anis as a simi)le 


beam. 

The live load supported by the outside' beams is the reaction 
of the truck wheels, placed as close to the' curb as the' clearance 
diagram (Fig. 183) will permit, assuming the slal) between beams 
to act as a simple beam. 

266. Distribution of Wheel Loads to Floor Beams. In the 

calculation of shears and end reactions no lateral or longitudinal 
distribution of the whe'cl le)ael is assunu'el. In cale-ulating 
moments, where the spacing e)f the be'ams is 6 ft. e)r If'ss, each 


S 

beam sustains ^ of each whe^el load, where' S is the spacing of the 


b('ams in feet. Where the spacing of tlx^ beams is greater than 
6 ft. the beam load is determiiu'd l)y ti’('ating tlu' slab b(‘tw('en 
beams as a simple beam and computing its reactions ac't'ordingly. 

267. Abutments. Bridge' abutmc'uts s('rv(' to transmit the 
load from the superstructure to the foundation and they also 
act as retaining walls to hold back the ('arth fill l)ehind tiiem. 

Bridge Seatn. Th(' bridge' sc'ats of abutments which sup])ort- the 
fixed ends of concrete' highway bridges are (luiti' freciiK'iitly built 
as horizontal surface's without ])arai)(*ts or backwalls, as slK)vvn in 
Fig. 189. The slab or the' beams e)f the de‘e*k re'st dire'ctly e)n thei 
bridge seat; in deck-girder bridge^s, transve'rse' diaphragm walls 
are constructed betwe'en the be*ams to he)lel l)ack the e*arth abe)vei 
the bridge se*at. The^se dia|)hragms are* thin walls, 6 e)r 8 in. 
in thickne'ss, witli a nominal ame)unt of r(*infe)rcem(*nt. 

Figure 190 shows a me)difi(^d form of the construction de^scribed 
above, in which a ve'ry low backwall is used, primarily for the 
})urpose e)f e*ounte'racting the tendency of the* abutment te) me)ve 
inward under the deck. The dowels h and c which are shown in 
the abutment and in the dee*k e'onstruction serve to tie the deck, 
the abutment, and the ap|)roae*h slab te)gether. 

Anothe'r type e)f brielge se*at is shown in Fig, 191. This type 
is particularly adapte'd to the fixed ends of deck-girder bridges. 
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Fia. 100. — Details of bridge seat with low back wall. 



(a) (b) 

Fr;. 192.- DftaiLs of hridno 8eatH with hark walls. 


the two parts of the figure actually fit together as shown by the 
dotted lines. Ledges are provided in X\w, abutment and at the 
top of the deck beams to support the approach slab, as shown in 
the figure. Dowels are plac(*d in the abutment in such a manner 
as to project up into the beams and deck slab. 
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A third type of bridge seat construction is shown in Fig. 192. 
This is the usual type w ith backwall, and is used at the expansion 
end of the bridge. Two arrangements of joints are shown in the 
figure. The backwall is extended upward to the roadway 
surface in a, while it stops at the bottom of the roadway slabs in 
b. Type b is usually preferred, in that only one joint is required 
in the roadway surface, as compared with two joints in type a. 

Breastwalls. The two most common types of breastwalls are, 
th(‘ cantil(*ver wall of nnnforced concrete, and the type that acts as 
a vertical slab siipport(*d horizontally by the deck and by the 
foundation. Buttressed breastwalls ar(‘ rarely used in short-span 
concnde ))ridg(*s. Gravity walls of [)lain concrete an^ sometimes 
used, (‘Specially wh(*re the h(‘ight of the abutnuait is not gn^at. 

The cantil(*V(‘r breastwall is geiKU-ally uschI at the (expansion 
(‘iid of the bridge. Th(* typ(i that is su|)ported horizontally by 
th(‘ deck and the footing can be used only at the fix(‘d end; in 
siu'h cas(*s it is always advdsabh' to have at l(‘ast a low parap(‘t 
or ba(^kwall, as shown in Fig. 190, in order to obtain the dire(*t 
horizontal r(‘sistanc(‘ which is assumc'd to be furnished by the 
d('(‘k. 

W in nails. Gravity or cantilev(U‘-ty})e wingwalls may be 
us(‘d. '^rhf'se are tojjped with a simpk* coping, which is built 
parall(‘l to and slightly above the (\‘irth fill. 

It is advisable to construct vertical expansion joints at the 
junction of th(‘ wingwalls and breastwall, in order to avoid 
unsightly cracks which are apt to form along th(\s(' plain's. 
Soin(*tim(‘s, inst(*ad of an (‘xpansion joint, mc'rely a vertical 
groove* is (*onstruct(*d at the* joint; any crack that may be devc'l- 
ojx'd will th(*n b(‘ inconsj)icuous. Tin* expansion joint or the 
groove* should pre'ferably be pla(*(*d at the end of the bridge seat, 
as shown in Fig. 193. 

268. Miscellaneous Construction Details. Diaphragms, In 
dee^k-girde*!* l)ridg(*s, thin transverse walls called diaphragms are 
construct<*d be‘t w(*en the })eams at the ends of the bridge, as 
shown at a in Figs. 190 and 192. These diaphragms serve two 
purpose's: first, they furnish lateral support for the beams, and 
second, when no parapet or backwall is built above the bridge 
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seat they prevent the earth fill from spilling out on the bridge 
seat . At the fixed ends, the diaphragms may rest directly on the 
bridge seat, as shown in Fig. 190; at the expansion ends, the 
diaphragms should be kept clear of the bridge seat, as shown in 
Fig. 192, so as not to develop friction whi(*}i would interfere with 
the freedom of longitudinal movement. The diaphragms are 
usually from 6 to 8 in. thick, with a nominal amount of 
reinforcement. 

Intermediate diaphragms slunild be constructe'd between! 
the beniins eif deevk-girelen- Innelge^s witli s])aiis greniten* than 40 ft.; 



the^ inte‘rme*diate dia])hragms are* j)lace‘d at the* (‘eaiten' of tlie* span, 
e)r at the* third-points e)f tlie* si)an. 

Fixed Hearings, Fixe‘d be^arings e*an safe*ly be* use‘d at be)th 
ends e)f si)ans !ip to 40 ft. Two such be*arings are illustra.te*el in 
Figs. 190 and 191. The de)we‘ls whie-h se'rve to tie te)ge*ther the* 
deck construction and the abutme*nt are ne)t de‘signe‘d t o re\sist< any 
appreciable amount of bending me)me*nt, and he*ne*e no je)int 
rigidity can be assumexi in the design ejf the* de*e*k e)r abutment. 

Expandon Bearings. For spans greater than 40 ft., an expan- 
sion bearing should be provided at one* enid of the* In-ielge. A 
suitable form of exi)aiision bearing for s})ans up to 50 ft. is shown 
in Fig. 192. A pair of ste‘el plate*s is ])laced under each girder; 
the lower plate is anchored to the* concrete in the* abutment, 
and the* upper plate* is fastene-d to the under side* of the girder. 
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Frequently, a thin layer of graphited asbestos, zinc, or copper, is 
placed between the plates to reduce the friction. 

For the shorter spans and light loadings, frequently the only 
expansion device is a layer of tar paper inserted between the 
bridge seat and the deck. Obviously this detail is not desirable 
where provision for expansion is of any importance, because of 
the questionable efficiency of the coiLstriietion. 

For spans greater than 50 ft., the deflection of the deck may 
rotate the ends of th(‘ girders so much that the bearing pressure 
may become; concentrated on a narrow strip along the front edge 
of the bridge seat, and ca\ise local damage if flat bearing plates 



Fig. 194. — Expansion bearings. 


are used. In order to (’ounteract this t(‘ndency, one plane and 
one curved plate should be used, as shown in Fig. 194. 

Deck Joints. The number of expansion joints in a bridge 
deck should be kept as low as possible. In single-span bridges 
of the type under discussion, one such joint at most is usually 
necessary; that joint is at one end of the bridge. A suitable 
detail for the joint is shown in Fig. 192b; in this detail an angle 
is anchored to the end of tlie deck slab, and a similar angle is 
anchored to the end of the approach slab. A tread plate is 
fastened, by means of rivets or tap screws, to the top of the 
angle at the end of the deck, and this plate bears on the angle 
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The tread plate does not cover 


Orooi^e fH/ed, 
.'.'Wdh Mastic 


at the end of the approach slab, 
the latter angle completely, 
sufficient provision for expan- 
sion of the deck slab being 
made. The groove between 
the end of the tread plate and 
the edge of the approach slab 
is filled with mastic, as shown 
in Fig. 1925, in order to make 
the joint water-tight. The 
mastic is soft enough to permit 
movement of the tread plate, 
but firm enough to resist dis- 
placement. 

An enlarged detail of a similar joint is shown in Fig. 195; 
this detail applies specifically to the joint betwf'OTi the ends of 
two adjacent spans in a multi-span bridges 



195 . — Dotails of oxpunsion joint. 



Thin copper or zinc strips, bent in the form of the letter T as 
shown in Fig. 196, are sometimes plactui across a joint, and 
embedded in the concrete on cither side of the joint, in order to 
add to the water-tightness. The joint is filled with a mastic 
compound. A detail of this type is shown in Fig. 192a. 

Joints at the fixed (uid of a span are made water-tight by 
simply filling a groove at the top of the joint with mastic, as 
shown in Fig. 190. The membrane water-proofing which is 
shown on top of the low parapet in this figure is furnished to 
insure water-tightness in the horizontal joint. 

Drainage. Surface water on bridge decks should be disposed 
of as quickly and as directly as possible. This is accomplished 
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by crowning the roadway about M hi. per ft., and pitching the 
gutters to drain into inlets. In single-span bridges which are 
built on a grade, no special provision for longitudinal drainage is 
ordinarily necessary. The water is carried by the transverse 
crown to the curbs or gutters and thence to the low end of the 
bridge, where it can easily be defl(‘cted away from the roadway. 

If the bridge is horizontal, longitudinally, a longitudinal 
camb()r can be built into the bridge deck by (‘levating the middle 



portion of th(‘ s])an wIkmi the forms an^ ('re(‘t(Hl. This camber 
will serve to carry the water in the guttc'ivs to either (‘lul of tlui 
span. A camber of about 3 io in. ptT ft. is satisfactory for coii- 
cret(‘ (l(*cks. 

Wh(*n iKM'cssary, special drain inlets can be constructed by 
building cast-iron scuj)pers in the gutters. Two types of scuppers 
are shown in Fig. 197. Tlu^ scuppers should l)e so designed as to 
prevent the drain wab'r from tou(*hing the concrete. Drain 
inlets are g(uierally n(H*(\ssary in multi-span bridges, b(K*ause of 
the inii)ra(‘ti(!ability of (•arrying tlu' surfa(^e water to the ends of 
th(* bridge. 

269. Design of a Slab Bridge. A slab bridge similar (o that 
shown in Fig. 179, but with a concrete railing, is to be designed 
according to the following data: 
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Clear span 15 ft.-O iu. 

Clear width 20 ft.-O in. 

Live loading H2{) 

Wearing surface 30 lb. per sq. ft. 

/', = 2500; /, = 18,000; if = 12. 

The effective span of the slab is assumed as 15 ft. + 1 ft. == 
16 ft. and a total thickness of slab of 16 in. is sc^lected for trial. 
The total dead load per square foot is then 230 lb. and the dead- 
load moment = * 8 X 230 X 16- X 12 = 88,300 in.-lb. 

The load on each rear wheel is 16,000 lb. and th(‘ width of tire 
is 20 in., or 1.67 ft. Then 

E = 0.7 X 16 + 1.67 = 12.87 ft. 

but the maximum allowable valium of E is 7 ft. Simu', h(»wever, 
this bridge carries two traffic lanes E cannot be greatcT than t he 
sum of one-half the distance between whe(‘ls on one Jixle and one- 
half the distance betw(Mni adjacent whecds of two adjacent trucks* 
or 


J^(6 + 3) = 4.5 ft. 


The load on a unit width of slab is therefon* = 3550 lb. 

4.5 

3550 1 6 

and the live-load nioimmt X X 12 = 170,400 in.-lb. 


50 

The imj)act moment _j_ ]^25 ^ 170,400 = 60,500 in.-lb. and 

the total moment 319,200 in.-lb. 

For the unit stresses specified, K 


173.3 (Tabl(‘ 6), and 


t = 14.5 in., the revised dead load is 181 + 30 = 211 Hi. per .sq. 
ft., the dead-load moment 81,000 in.-lb., and the total mormait 
311,900 in.-lb. which n^quires a d of 12.29 in. .so that 
the 12.5 in. which was taken above is adopted. Then 


* A rather iinprol)al)le loading hut rfitiuirad hy t lic provisions of Art. 264. 
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"" l8'M~>ra867 X 12^5 ^ 

which is furnished by /^s m. round bars 4J^ in. center to center. 

While there is no negative moment at the ends of the span, 
in order to provide for a possible development of such a moment 
on account of the ends becoming somewhat fixed, one-third of 
the steel is bent upward 2 ft.-O in. from the edge of the support 



transverse section 
Fni. 198. — Details of slab briclj^e. 

and carried along tlu^ toj) of ttu^ slab. All bars are anchored by 
means of hooks. In ord(‘r to insure proper distribution of the 
concentrated loads and to provide for transverse shrinkage, 
transverse ?^-in. round bars 12 in. center to center are placed 
directly on top of the longitudinal reinforcement. The railing 
is poured monolithically with the slab and tied to it with 
round bars, 12 in. center to center. These bars extend hori- 
zontally into the slab and vertically into the railing. The crown 
of the roadway is obtained by varying the thickness of the 
bituminous wearing sui-face. 
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No expansion bearings are necessarj^ for a span of this length 
and a fixed bearing is constructed at each end by placing vertical 
dowels in the abutment so that they will project up into the 
concrete deck slab. The bridge seat is to be coated with a 
bituminous mixture before the slab is poured. Details are shown 
in Fig. 198. 

Design of a T-beam or Deck-(urder Bridge 

270. Data and Specifications. It is required to design a 
T-beam or deck-girder bridge for the following conditions: 

Clear span 48 ft.-O in. 

Clear width 20 ft.-O in. 

Live loading 1120 

fr = 2500; = 18,000; = 20,000; n - 12. The bridge is 

to consist of three intermediate beams and two outside beams 
supporting a floor slab. The outside beams anj t-o project at 
least 9 in. above the floor slab to act as a curb. 

271. Slab. Since the outside beams will be rather lu^avy in 
comparison with the floor slab and since all beams and slabs 
will be poured monolithically and. reinforced by diaphragms, 



the slab may be considered as fully restrained by the outside 
beams and the span taken as the clear distance between supports. 
Assuming that the intermediate beams will be 16 in. in width, 
the clear span of the slab will be 4 ft.-O in. (see Fig. 199). The 
outside beams will be assumed to require a width of 20 in. 
According to the specifications of the American Association 
of State Highway Officials, concrete floor slabs built continuously 
over supporting beams are designed for 80 per cent of the maxi- 
mum bending moment of a simply supported slab of the same 
span. 
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Assuming a total thickness of slab (including a wearing 
surface) of 61^ in. and allowing 15 lb. per sq. ft. for possible 
future protective covering, the total dead load per sq. ft. is 
93 lb. and the dead-load moment 0.8 (}4 X 93 X 4^ X 12) = 

5.33 

1790 in.-lb. For the center spans D = = 2.67 ft., T = 


1.67 ft. (see Art. 263), and E = 0.7(2 X 2.67 + 1.67) - 4.9 ft. 

5.50 

For tlie outside spans D = = 2.75 ft., T = 1.67 ft., and 


E = 0.7(2 X 2.75 + 1.67) = 5.02 ft. Using the smaller of 
these two values, tlu; coneentrated load at the center of a 1-ft. 

strip of slab is — = 3270 lb. and the live-load moment is 
4.9 



3270 
o X 


4 

2 



31,400 in.-lb. Since the loaded length 


is small the impact coefficient is practically 0.4; the impact 
moment is 12,500 in.-lb. and th(! total moment 45,700 in.-lb. 
Then 


d 




45,700 
12 X 173^3 


4.68 in. 


Taking d = 4'^4 in. with 1 in. of insulation below the center of 
tlie bars, tli(‘ total thickness is 6^ 2 hi. as assuriK'd. 


45,700_^ 

18,000 X 0^867 X 4J5 


0.62 sq. in. 


which is furnish(*d by ^s-hi. round bars 5? 2 hi. center to center. 
Each alternate bar is b(*nt up over the supports, and additional 
straight bars 11 in. center to center are placed in the top of the 
slab continuous from outside beam to outside beam to complete 
th(' negativ(‘-moment reinforcement. All bars are anchored to 
the ext ('rior beams by a 90-degrf‘e bend 6 in. in length at each end 
of the liars. T(Mnp(»rature and distribution stresses in the direc- 
tion of the span are provided for by placing four ! 2-in. round bars 
in the top and bottom of each slab panel, parallel to the beams, 
at about 12-in. centers. Complete details of the slab are shown 
in Fig. 204. 
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272. Intermediate Beams. The intermediate beams are 
T-beams with a flange width equal to the distance center to 
center of ‘beams. The required dimensions are governed by 
either the maximum moment or maximum shear. The bridge 
seats will be assumed 2 ft.-O in. in width and the efTective span 
length center to center of bearings taken as 50 ft.-O in. 

Dead-load Moments, The weight from the slab pov foot of 
beam is 93 X 5.33 = 496 lb. The cross-section of the b(‘am 
below the slab is assumed as 16 in. X 30 in., which adds an addi- 
tional weight of 500 lb. per ft. making the' total weight 996 11). 
})er ft. Then the dead-load moment at the cf'nter of the span is 

Md = H X 996 X 502 X 12 = 3,735,000 in.-lb. 

In order to determine the i)oints at which some of the horizontal 
steel may be bent up, it is nec(\ssary to compute' the' nionn'nt at 
some sections between the point of maximum jnoim'iit and tlu? 



Fi<;. 200. 


support. At 10 ft. from the* support, the' dead-load moment is 
2,390,000 in.-lb. and at 20 ft. 3,586,000 iu.-lb. 

Live-load Moments, The absolute maximum livevload moment 


will occur with the 20-ton truck on the bridge? in tlie' pe)sitie)ni 
shejwn in Fig. 200. With the distributie)ii of le)aels as s|)e?e*ifie‘el 

.... 

in Art. 265 each interme'diate beam must su|)])ort ^ ^ = 1.184 


wheel loads per wheel. Therefore, the load from the? rear 
wheel is 1.184 X 16,000 = 18,900 lb. and from the front, wheel 
1.184 X 4000 = 47001b. 


Rr, = [(18,900 + 4700)23.6] 50 = 11,140 lb. 


* For a di.scus.siou of the position of moving loads for at)solutc iiiaximuin 
inoincMt s(?e the authors' '^Stresfics in Simple; Structures," p. 174. 
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and 

Ml = 11,140 X 23.6 X 12 = 3,155,000 in.-lb. 

At 10 ft. from the left support, the maximum live-load moment 
occurs with the rear wheel at that point and the front wheel 
24 ft. from the left support. With this position of the loads: 

Rl = (18,900 X 40 + 4700 X 26) 50 = 17,560 lb. 

and 


Mio = 17,560 X 10 X 12 = 2,107,000 in.-lb. 


Similarly, 


M 20 = 3,082,000 in.-lb. 


hnpact Moments. In computing impact moments it is usual 
to consider the whole span as the loaded length. The impact; 

50 

= 0.285, and the impact 


coefficient is therefore 
moments are as follows: 


50 + 125 


A/ max. = 899,000 in.-lb. 

M 20 = 879,000 in.-lb. 

Af ,o = 601,000 in.-lb. 

Maximum Total Momerds. The sum of the maximum dead- 
load, live-load, and impact, moments is 7,749,000 in.-lb. The 
total moments at the 10-ft. and 20-ft. points are 5,098,000 in.-lb. 
and 7,547,000 in.-lb., respectively. 

Dead-load Shears. The maximum dead-load shear at the end 
of th(‘ beam is 996 X 25 = 24,900 lb. At 10 ft. from the support 
the shear is 14,900 lb. and at 20 ft. from th(‘ support 5000 lb. 

Live-load Shears. The maximum shear in the center beam 
occurs with the truck train on the span in the position shown 
in Fig. 201a. Owing to the fact that two trucks proceeding in 
the same din'ction may cross the bridge simultaneously, the 
center beam must be able to sustain considerably more than one 
wheel load. The design arrangement of the truck axles is shown 
in Fig. 202. With the loads so placed, the center beam sustains 
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2.83 + 4.83 
5.33 


1.44 times the value of each wheel load as shown 


in Fig. 2016 and the maximum live-load shear is 29,300 lb. The 
shears at the 10-ft., 20-ft., and 25-ft. points are 21,400 lb., 
15,700 lb., and 12,900 lb., nvspectively. 


20 -ton Truck | 


l5-fon Truck 



_Q 


J 


IQ) 


23,000 lb. 

Q- 


5,800 Hk 

XL 


17,200 Ih. 

_a- 


- I4‘ 




.... 30 ^ 

. SO' 

(b) 

¥ui. 201. 




K; - 20 - 0 '' 

--- 6.0 >h-J.(9- >|< --- 6.0 

n— 1 ' rr'\ rhm r“i‘ 



Fuj. 202, 


Impact Shears. loaded lengths of 50 ft., 40 ft., dO ft. 

and 25 ft., respectively, the impact shears are as follows: 


End shear 8400 11). 

10-ft. s<!ction 6500 lb. 

20-ft. section 5100 lb. 

Mid-span 4300 lb. 


Total Shears. The total .shears are as follows: 


End shear. . . 
10-ft. section 
20-ft. section 
Mid-span . . . . 


62,600 lb. 

42.800 lb. 

25.800 lb. 
17,200 lb. 
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Determination of Cross-section and Steel Area. The area h'd 

, . 62,600 

required to sustain the maximum shear is yj -- — = 47/ sq. in. 

>s X loU 

With h' = 16 in., the required d = 29.8 in. Practical considera- 
tions indicate that a slightly greater depth should be used. 
With d taken as 32 in. and the main reinforcement placed in two 
rows 2!^ in. center to c(‘nter, with 2^ ^-m. insulation for the lower 
row, the depth of beam below the slab is 32 + — 5^4 = 

30 in., as assumed. 


A. = 


7,749,000 


= 14.8 sq. in. 


/ 5 75\ 

18,000f 32 - ^ ) 

which is furnished by t(‘n 1 * 4 -hi. square bars. 


62,600 

125 X Th X 32 


17.9 in. 


This is furnished by 4 of the l/^-iri. bars allowing the remaining 
6 to be l)(*nt up t-o assist in resisting th(» diagonal t/msion stresses. 

The actual maximum stress hi the concrete is computed as 
follows : 


]) = 


15.62 
63 X 32 


= ().()()78 np = 0.094 


32 


- 0.18 


From Diagram 2, /v = 0.40 and j — 0.92. 
From (‘(Illation (21), 




7,749,000 


(> - 2 X aw X U2)« ■'"•i X “■'■'2 X 


= 940 ]).s.i. 


Web Reinforcement. The portion of the lieam over which 
web reinforc(‘ment is re(iuir(‘d is determined hy computing the 
unit shears at various points on the beam. This is sliown 
graphically in Fig. 203. The concrete n'sists a unit shear 
of 50 p.s.i. and th(‘ nunaindiT must be cared for by bent up bars 
or stirrups. The upper row of bars will be bent up at an angle of 
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45 degrees; a single bar will be bent first, then two successive 
pairs. In the moment diagram of Fig. 203c the points c, d, and 
e lepresent t he points at which one, two additional, and two more 
additional bars may be bent up. 



The maximum distance ()V(*r which inclined bars may be con- 
sidered effective in resisting diagonal tension is ecpial to 32 in. 
(see Art. 79). Therefore the jiair nean^st the sui^port will be 
bent up 2 ft.-8 in. from the support and the others as shown in 
Fig. 203a. 

At a distance of 9 ft.-O in. from the center of the support the 
unit shear is 100 p.s.i, and the requir(*d spacing of •^s-in. round 
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U-stirrups is 


s 


20,000 X 2 X 0.307 
TlOO - 50)16 


15.35 in. 


The maximum allowable spacing of stirrups is }.'2 X 32 = 16 in. 
(seo Art. 79). 

The final arrangement of stirrups will be as follows: With the 
first stirrup 4 in. from the edge of the support, 6 at 16 in., 4 at 
15 in. and 8 at 16 in. Theoretically, stirrups are not needed over 
the first 9 ft.-O in. from the support where the inclined bars 
resist the diagonal tension nor from th(' point h to the center of 
the span, but the arrangcimeiit here given assurers the proper- 
tying of the flange to the web and gives an additional safeguard 
against diagonal tension ci-acks. 

273. Exterior Beams. Sinc(*. the (»xt.(*i’ior Ix^ains are to pi-oject 
a minimum of 9 in. above tlv(^ slab to form curbs for the pi-otec- 
tion of t-h(‘ railings, they must be designed as rectangular beams. 

Dead-load Moments, 'The wrnght from t h(‘ slal) p(‘r ft. of beam 
is 93 X 2 = 186 II). The weight of th(‘ railing, details of which 
an^ shown in Fig. 204, is assumed as 300 II). per ft. The cross- 
section of the Ireani is assumc'd as 20 X 51 in. which weighs 
1062 lb. per ft. The total dead load is 1548 11). pea- ft. and the 
maximum d(*ad-load moment at the center of the s[)an is 


Mj, = ts X 1548 X 50“ X 12 = 5,805,000 in.-lb. 


Live-load, and Impact Moments. A portion of each wIkm'I load 
which I’ests on t lu' (‘xterior slab panel is siij)port (‘d l)y t Ih^ c^xterior 
beam. That portion is obtained by placing the whe(‘ls as clos(^ 
to the curb as tlu* clearance diagram will p(*rmit and tr(*ating 
the exterior slab panel as a simple Iream. Tlu* position is shown 

in Fig. 202 and tlu^ propoi’tion of the load is ^ ~ = 0.576. The 

o.otJ 

longitudinal position of the load which will produce the absolute 
maximum bending moment is the same as for the intermediate 
beams, as shown in Fig. 200. The moments are directly proper- 
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tion&l^ snd tli6 Sibsolutc nijixiniiini rnomont in the exterior hesm is 

0-576 „ 

Ml = X 3,155,000 = 1,535,000 in.-lb. 

The impact moment is 0.285 X 1,535,000 = 437,000 in.-lb. 

Total Maximum Moment. The total maximum moment is 
7,777,000 in.-lb. 

Shears. The maximum dead-load shear at the end of the 
beam is 

Vl = 1548 X = 38,700 lb. 

and the shear at the 10-ft. section is 23,200 lb. 

The maximum live-load shear is i)ropor1ional to the maxiiiium 
live-load shear in the intermediate beams and is 

Vl = X 29,300 = 13,600 lb. 


Similarly the shear at the 10-ft. section is 8(>0() Ib. 

The impact shears are 3900 lb. and 2000 11)., respe(^tively, and 
the total shears are: 


bind shear 50,200 II). 

10-ft. s(Hdion 34,400 lb. 


Determination of Cross-Hection and Steel A rea. b or th(' assumed 
width of 20 in. the reciuired depth is 


d = 




7,777,000 
173.3 X 20 


47.3 in. 


Taking d = 47.' 2 assuming the same arrangcuiKMit of 

steel and insulatioii as in th(‘ intermediate' b(*am, the* total 
height of the cross-section is 47.' 2 + 2,'4 + l,'^ = 51 in., as 
assumed. 


7,777,000 _ 

~ 1^060 X o!867 X 47.5 


10.5 sq. in. 


w’^hich is furnished by seven 134-in. square bars. Four bars arc 
placed in the lower row and three in the upper row. 1 hr(*(^ 
bars are sufficient to develop the bond stress, so that the remain- 
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ing four bars can be bent up to assist in resisting diagonal tension 
if desired. 

Web Reinforcement, At the support the unit shear is 

20 47 5 ~ section 42 p.s.i., 

so that web reinforcement is required for a distance of only 

(jg — 50 

ro Jo X 10 = 6.9 ft. from the .support. Bending up two bars 

30 in. from the edge of the support and one bar 30 in. farther 
toward the center, the diagonal tension is theoretically pro- 
vided for (1 ft.-O in. + 3 ft.-O in. + 3 ft.-O in. = 7 ft.-O in.), 
hut in order to reinforce the beam against shrinkage and to tie 
it together, 3 ^-in. round U-stirrups will be plac(>d about 2 ft.-O in. 
center to center throughout its l(‘ngth. A diagram similar to 
Fig. 203 could b(' constructed for this beam, but it is not neces- 
sary, for it is evid(*nt from a study of that figure that ample 
st(‘(*l is provided in th(^ bottom of the beam to care for the posi- 
tive moment. 

274. Miscellaneous Details. Diaphragms, A transverse dia- 
phragm a, Figs. 190 and 192, will b(‘ built between the beams at 
either end of the bridge. Th(‘ chief function of these diaphragms 
is to furnish lat(*ral sui)i)ort to the Ix'ains; with some abutment 
details, the diaphragms also serve' to })revent the backfill from 
spilling out on the bridge seats. A similar dia})hragm will be built 
b(‘tw(»('n th(' beams at mid-span. Such int('rni(*diate diaphragms 
an' recommende'd for all spans in exce'ss of 40 ft.-O in. 

Fh:ed Hearing, A fix<*d Ix'aring similar to Fig. 190 is provided 
at one' end. Veulical dowels b are placed in the breastwall of 
th(‘ abiitnu'iit and are bent so as to proje'ct into the longitudinal 
beams or into the deck slab; horizontal dowels c are embedded in 
the deck and approach slabs, llie diapliragm a may rest directly 
on the bridge seat. 

Expansion Bearing, An ex|)ansion Ix'aring is provided at one 
end of the span. Its details are similar to Fig. 1926. The 
diaphragm a is flush witli the bottoms of the intermediate beams 
and not in contact with the bridge seat. 



52-0" Overall 
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W ater-proofing and Drainage. All joints are to be filled 
with a mastic compound to prevent water from seeping through 
the joints. 

Removal of surface water will be accomplished by crowning 
the roadway in. and pitching the gutters toward the ends by 
providing a camber of 2}/2 in. at the center. This latter is 
accomplished by raising the forms at the center. Besides 
facilitating drainagf?, this camber serves to prevent the appear- 
ance of sag that would Ix^ evident if the girders were at the same 
lev(d throughout the span. Full details are shown in Fig. 204. 

Desion of a Through-giuder Bridge 

276. Data and Specifications. It is reqiiirc^d to design a 
through-girder bridge for the following conditions: 

Clear span . 48 ft.-O in. 

Char width 20 ft.-O in. 

Liv(‘ loading H20 


fc = 2500; /, = 18,000; = 20,OOO; n = 12. 

The bridge is to consist of a slab sujiported between two 
girders.^ 

276. Slab. Although the slab is poured so as to act mono- 
lithically with the gird(*rs, the girders themselv('s are unrestrained, 
and since the slab is in junction with the gird(u*s near the bottom 
of the latter, a torsional moment of considerable amount is 
brought to the girders, so that they may not be considered to 
fully restrain the ends of the slab. Tests have shown a point of 
inflection in th(^ slab about 1 ft. from the (?dge of the girders, but 
many designers jirefer to consider the slab as simply supported 
and that practice will l)e followed in the accompanying design. 
Slabs may lie designed for tensile steel only or for both tensile 
and compressive steel. The latter design allows a thinner slab 

* With this width of roadway it might be more economical to use cross- 
beams, in order materially to reduce the thickness of the floor slab. For 
greater widths there is no doubt of the economy of the use of such beams. 
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but requires more steel. Both types are used. The present 
design will consider tensile steel only. 

Assuming an effective depth of slab of 14 in. with V ? 
insulation, 54 in. for monolithic wearing surface, and 15 lb. for 
future protective covering, the dead load per sq. ft. is 219 lb. 
The span of the slab is taken as the clear span plus the structural 
15.5 

thickness or 20 + = 21.3 ft. The maximum dead-load 

moment per foot of slab is 

Mn = H X 219 X (21.3)‘' X 12 = 149,200 in.-lh. 

Since the bridge has sufficient width to allow for two lines of 
trucks traveling abreast, according to Art. 204 the r(*ar wIkm'Is of 
two trucks should be placed in the position for absolute maxiiaum 
moment, and the effective width A’, for each whe(4, det('rmin(‘d. 
This will give four unequal loads and a new position of tli(*s(j 
loads for absolute maximum moment must b(‘ det(*rnuned. 
Since the values of I) will now be soiiK^what different, E for (‘ach 
load has a different value from that computed above and tlu' 
whole cy(4e must he repeated. 

Such an extremely theond.ical analysis is unn(H*essary and it is 
sufficiently accurate to center the two trucks on the bridge', 
obtain values of D and E and compute the mome'nt unde'r the? 
inner wheel of either truck. 

Assuming the width of the main girder as 26 in. or 2.17 ft., 
for the inner wheels (see Fig. 205), D = 9.58 ft. and 

E = 0.7(2 X 9.58 + 1.67) = 14.58 ft. 

Similarly, for the outer wheels, 

E = 0.7(2 X 3.58 + 1.67) = 6.18 ft. 

The actual loads for which the unit slab is to be designed are 
1100 and 2590 lb., respectively, and 

Ml = [(1100 + 2590)8.5 - 2590 X 6]12 = 189,900 in.-lb. 

Since the loaded length is zero, the impact coefficient is 0.40 and 



502 tiLAB, BEAM, AND GIRDER BRIDGES 

M, = 0.40 X 189,900 = 76,000 iii.-lb. 

The total maximum moment is 

M = 149,200 + 189,900 + 76,000 = 415,100 in.-lb. 

/ Tl^O " 
d = V 12 X 17373 " 

Adoi)ting an efTf(?ctiv(* d(‘pth of 14}% in. the total slab thickness is 
in., which is sufficiently close to the assumed thickness to 



require no revision. T\w n^juired st(‘el area is 

415,100 _ 

~ 18,000 X 0.867 X 14.25 ~ 

which is furnished ))y 1-in. round bars at 5 in. on ceiitcus. 

Reinforc(»m(*nt for tcunperature and slirinkagi' in the direction 
of the si)an will be provided by placing •'^ s-in. round bars at 12-in. 
centers, directly on top of the main reinforcement. 

Since the slab and girders are to be poured inonolithically 
some iK'gative moment will bo d<'V(‘lop(»d at their junction. 
Therefore one-third of tlu^ main reinforcing bars will be bent up 
nc'ar the su|)i>orts and continiKal ii(‘ar the top of the slab to 
within about 2 in. of the outside face of each girder, where they 
will be anchored by means of hooks. In addition, l-iii. round 
bars at 15-in. cent(*rs w ill be placed in the top of tin? slab near the 
girders and bent up into the girders to within about 3 in. of the 
top of the girders as shown in Fig. 206. 
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277. Main Girders. The weight irom the slab per foot of 
girder is 221 X 10 = 2210 lb. The cross-section of the girder 
is assumed as 26 X 76 in. overall, which would give a weight of 
2060 lb. per ft., but since the sides are panelled in the architec- 
tural treatment, the weight will be assumed as 1900 lb. per ft. 
The dead-load moment is therefore 

Md = H X 4110 X 50-^ X 12 = 15,410,000 in. -lb. 

In order tp obtain the maximum live-load moment, one line 
of trucks is placed as close to the face of one girder as tlu' clear- 
ance diagram will peiMuit. ConsidcTing the left-hand gird<T of 
Fig. 205, all of the wheels are placed 1 ft. farther to the left. 
Then treating the slab as a simph^ beam and taking monu'nts 
about the right-hand girder, the proportionate part of one wheel 
load P, carried by the left-hand gird(‘r is 

P(4.58 + 10.58 + 13.58 + 19.58) 4- 22.17 = 2.180P 

The position of the loads longitudinally is th(‘ saim^ as for the 
deck-girder bridge previously designed (s(u^ Fig. 200) and the 
moments are proportional . Th(*refore, 


2 180 

M,, = , X 3,155,000 = 5,828,000 in.-]l). 

1 . lo4 

The impact moment is 

M, = 0.285 X 5,828,000 = 1,667,000 in.-lb. 
and the total maximum moment is 

M = 15,410,000 + 5,828,000 + 1,667,000 = 22,905,000 in.-lh. 

d = /22,9(^?M’^71.2in. 

\26 X 173.3 


Adopting an effectiv(j depth of 71) 2 hn, assuming two rows 
of bars 3 in. center to center with th(^ c(*nter of tlu* lower row 
3 in. from the bottom of girder, the total dei)th is 7 It 2 + l.H + 
3 = 76 in. as assumed. 

, . 204in 

■ 18,000 X 0.867 X 71..8 
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which is furnished by thirteen IJ^^-in. square bars, seven in the 
lower row and six in the upper row. All of the bars will be con- 
tinued at the bottom from one end of the girder to the other. 

The shears are computed in a manner similar to that used for 
the intermediate beams of the deck-girder bridge (see Art. 272). 
The values are as follows: 



Total shear 

Unit shear 
1 

Center of support 

5-ft. seetion 

159,700 lb. 
130,500 lb. 
103,8001b. 
78,0001b. 

121 p.s.i. 
100 p.s.i. 

79 p-s*i. 
60 p.s.i. 

10-ft. section 

15-ft. s(Jction 



In computing the above unit shears the minimuin width, which 
is 26 — (2 X 2 ^ 2 ) = 21 in., was us(‘d (see Fig. 206). 


Using %-ir\. round U-stirrups, 


frAr 

h 


20,000 X 2 X 0.307 

' ' 2!1 


585, and the re(iuir(‘d si)acings are as follows: 


Center of support \ 585 (121 —50) = 8.2 in. 

Mt. n(!cti()n 585 ^ (100 - 50) = 11.7 in. 

lO-ft. Hretion 585 (79 - 50) = 20.2 in. 

15-tt. sc(!ti()n 585 -f (00 - 50) = 58.5 in. 


The maximum allowabh' spacing is x 71.5 = 36 in. 

The first stirrup will Ih^ plact'd at the (*i‘nter of the support and 
t he spacings tli(M*(*aft(‘r will be as follows: 7 at 8 in., 5 at 12 in., 3 at 
20 in., and 4 at 3J in. 

278. Miscellaneous Details. The details of the architectural 
treatmcait of the gird(‘is ar(‘ shown in Fig. 206. The floor slab is 
framed into the girdc^rs 5* 2 in. al)OV(' the bottom of the girders 
in order to avoid the necc^ssity of bending the slab reinforcement 
to clear the bars in t he girders. 

A fixed bearing will be constructed at one end by placing ^^-in. 
dowels in t he breast wall of the abutment, at 12-in. centers, and 
bending these dowels into the slab and girders as shown in Fig. 
206. Horizontal dowels will also be used. The slab will be 
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CROSS-SECTION END ELEVATION EXPANSION BEARING DETAILS 

Fig. 206 . - Details of through-girder bridge. 



506 


SLAB, BEAM, AND GIRDER BRIDGES 


deepened so that the bottom of the slab will rest on the bridge 
seat and serve as a backwall for the abutment. 

An expaasion bearing at the other end of the bridge is similar 
to the type described in Art. 268 and illustrated in Fig. 192. Th(^ 
details are shown in Fig. 206. The required area of the biiaring 
plates is 159,700 -i- 600 = 266 sq. in. 

Transverse drainage is provided by a 13^^-in. crown and longi- 
tudinal drainage by sloping the gutters toward 3-in. drains which 
are placed clo.se to each girder at 8-ft. centers. 

Abutments are designed according to the principles outlined in 
Chap. IX. Some abutment and bridge details are givtm in 
Figs. 207 to 212. 
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APPENDIX A 

STANDARD N(JTATI()N 

The principal symbols used in the previous discussions have been collected 
liere for the convenience of reference. 

a = side of column parallel to principal beam, or overnll depth of any 
member. 

a == angle between inclined web bars and longitudinal bars. 

A — area of effective cross-section of column * Ac + -I... 

Ac — net area of concrete in this section. 

Af, = overall or gross area of concn'te section. 

A^ = effective cross-sc'ctional area of metal n'inforcement in tt'iision in 
beams, and of longitudinal bars in columns. 

.4^ = effective cross-sectional area of metal reinforccuncnt in compression 
in beams. 

= total area of web reinforcement in buision within i\ distance* of 
if' 2 , S 3 , etc.) or the total area of all bars bent up in any one plane. 
h — width of rectangular beam or width of flange of T-beam. 
b' — width of stem (»f 'r-l><‘am. 

c — proj(‘ction of footing from fact* of column; distance from gravity 
axis to extreme fiber in compression. 

C = total cornpressivt* stress in concrete. 

C' = total compressivt* stress in reinforcem(*nt. 

(i = depth from compr(‘.ssioTi surface of beam or slab to centc'r of longi- 
tudinal t(*nsion reinforc(*ment; diameter of circular column. 
d' = deptli from compression .surface of Ixaim or slab to center of com- 
pression nMnforc(*ment. 

E, = modulus of elasticity of concn‘te in compression. 

E, = modulus of elasticity of steel in tension == 3(),(K)0,(KK) p.s.i. 
fc = compr(\ssive unit working .stn*ss in extreim* fiber of concrete. 
f'c = ultimatt* .compressive strength of coiH*retc* at ag(* of 2S days, bas<*d 
on te.sts of 6 - X 12-in. or 8 - X Ifi-in. cylind(Ts made and tested in 
accordance with the Standard Methods of Making and Storing 
Specimens of C-onerrete in the Field and Standard Methods of Mak- 
ing Compression Tests of Concrete of the American Society for Test- 
ing Materials. 

/, = tensile unit working stress in longitudinal reinforcement in beams, 
and compressive unit working stress in longitudinal bars in columns. 
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/', = compressive unit stress in longitudinal reinforcement in beams. 
fr « tensile unit stress in web reinforcement. 
h unsupported length of column. 

/ *= moment of inertia of a section about the mmtral axis for bending. 
i ** diameter or side of bar. 

j sa ratio of lever arm of resisting couple to flej)th d. 
jd ^ d — z — arm of resisting couple. 
k a= ratio of depth of miutral axis to def)tli d. 

E = ]4jrkj or pf^j in rectangular beams; the ratio - or ^ for beams and 


colum ns, r(\specti vely. 

I = span length of Ix'am or slab (generally distanet^ from c(‘nt('r to 
center of supports). 

M — bending moiiKuit or moment of resistance in gen(*ral. 


n 



ratio of modulus of elasticity of st(H‘l to that of concr(‘t(‘. 


wo = sum of p(Tim(^t(‘rs of bars in oni* set. 
p = ratio of elective area of tension reinfonaumuit to effective anai of 

/Is 


concn^te in iKMxms = 


bd 


p' = ratio of eff ective area of compression reinforcement to eff ect ive' arc'a 
of concrete in Ix^anis. 

Py *= ratio of total etT<*ctiv(‘ n'inforcennmt in nuanber subject to (tom- 
pr(\ssion to gross concrete section. 

I* = total safe axial load on column whose , , is l(*ss t han 10. 

a (or d) 


P' = total safe axial load oii long column. 

/«* = least radius of gyration of a section; ratio of gr(>ss anai of column 
to core area. 

.s = sj)acing of web members, measur<*d at the’ plaiu* of tlie lower n'in- 
forcement and in the direction of tlu‘ longitudinal axis of th(‘ Ixaim; 
diamct<'r of cin*h' on which th<* longitudinal bars in a circular 
column are plae<'d. 

t — tliickness of flang(‘ of "r-beam. 

T — total tensile stri’ss in longitudinal reinforciMniait. 

a ~ bond str<*ss per unit of an*a of surfact* of l)ar. 

V — shearing unit stress. 

V' — total shear. 

Vc = total shear that can be resisted by the concrete'. 

« total shear on any section after deducting that carried by the con- 
crete, I.C., V' = V — Vr. 

ir = uniformly distributed load per unit of h'ligth of b(*am or slab. 

s ~ depth from coTni)re.ssion surfa<-e of beam or slab to resultant oT 
com pn\ssi VC stn*sses. 
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SUMMARY OF WORKING STRESSES RECOMMENDED 
BY THE JOINT CODE 


Allowable Unit Stresses in C^intrete 





Ulowablr 

unit stre88e.s 




For any 





Description 


strength of 
concrete as 

/% - 

/% ' 

/% - 

/% » 



fixe<l by 

2000 

2500 

3000 

3750 



teat 

p.S.l. 

p.a.i. 

p.M.i. 

p.H.i. 



30,000 

n - 15 

n = 12 

n - 10 

a - 8 



fc 

... 




l''lexure: 







Extreme fiber stress in compressionf . 
Extreme fiber stress in compression 

A 

0.40/% 

800 

1 (KK) 

1200 

1500 

adjacent to supports of continuous 
or fixed beams or of rigid frames. . 

fr 

0.4.V% 

000 

1125 

1350 

1088 

Shear: 







Beams with no web reinforcement 







and without special anchorage of 
longitudinal steel 

Vr 

0.02/% 

40 

50 

00 

75 

Ileiitiis with no web reinforeeinenl 







but with special anchorage of longi- 
tudinal steel 

TV 

0 . O^fr 

1 00 

75 

00 

1 13 

Meams with jiroperly designed web 







reinforcement but without spt'cial 
anchorage of longitudinal steel. . . , 

V 

0.tM>/% 

' 1 20 

i 1 50 

1 80 

225 

Beams with properly designe*! web 







reinforcement and with sv)ecial an- 
cliorage of longit\idinal steel 

I 

i r 

O.I2/% 

240 

300 

! 

I 300 

450 

Elat slabs at distance d from edge of 





1 


column capital or drop i)anel 

1 Vr 

; 0.03/% 

i 00 

! 75 

00 

113 

111 CTft 

1 


1 00 

1 75 

75 

75 

Bond: 

i 

j 

1 


i 



In beams and slabs and one-way 

I 






footings:^ 







Plain bars 

■ u 

0.04/% 

80 

i 100 

120 

1 1 50 

Deformed bars 

In two-way footings: 

H 

0.0;")/% 

100 

I 125 

150 

I 188 

1 

Plain bars 

U 

i 0.t>4.V% 

00 

113 

135 

; 100 

Deformed >)ars 

U 

0.05ti/% 

112 

140 

108 

210 

; 

Bearing; 







On full area 

fr 

0.2.V% 

.^t)0 

025 

j 750 

038 

Pedestals 

r.i 

.^ee Alt. l.Vl 



1 






i 

1 



♦Where special anchorage is provided, l^a* *”**^” these values in bond may be used in 
beams, slabs and one-way footings. The values given for two-way footings include an 
allowance for special anchorage. 

t The Joint Code (1941) and the Joint Committee (194(J) propose that the extreme fiber 
Stress in compression (flexure) be increased to 0.45/%. 
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Allowable Unit Stresses in Reinforcement 

(a) Termon: 

(J„ tensile unit stress in longitudinal reinforcement) 

(fv tensile unit stress in web reinforcement) 

20.000 p.s.i. for rail-steed concrete reinforcement bars, billet-steel con- 

crete reinforcement bars (of intermediate and hard 
grades), axle-steel concrete reinforcement bars (of 
intermediate and hard grades), and cold drawn steel 
win? for concrete reinforcement. 

18.000 p.s.i. for billet-steel concrete reinforcement bars (of stnictiiral 

grade), and axl(*-steel concrete reinforcem(;nt bars (of 
structural grade). 

(h) CompresHionj vertical column reinforcement: 

(/j, = nominal working str(?ss in vertical column reinforcenu'iit) 

20.000 p.s.i. for rail or hard grade steel. 

16,(K)0 p.s.i. for interm(?diate grade steel. 
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FLAT-SLAB REGULATIONS OF THE JOINT CODE 

The rules given in this appendix form a part of the report of the American 
Concrete Institute Committee 501 on Ileinforced Concrete Building Design 
and Specifications, adopted by the American Concnde Institute in 
Only those portions of the report which dc‘al spcK*ifi(^ally with flat slab 
design and construction are included. The symbols and notations used 
ill the code are defined as follows: 

6i - width of dropped panel in feet. 

c = diameter in feet of the column capital at the under side of the slab 
or drop panel. 

f'r — ultimate compression strength of the concrete. 

h = unsupported length of column. 

/ = moment of inertia of a column seed ion about the neutral axis for 
bending. 

i - diameter of l)ar. 

I = span length of the panel (usually expressed in fc^et) centiT to e(‘nler 
of column, in the direction in which moments are consider(‘d. 

/i = span length of the panel, cent(*r to center of columns, perpivndicular 
to the rectangular direction in which moments are considered. 

M = bending moment or moment of resistanci* in general. 

Mo = sum of the positive and negativi; bending moments in one direction 
at the principal diisign scudions of a flat slab panel. 

p = ratio of effective anai of tension reinforcement to eff(*ctiv(‘ an‘a of 
concrete in beams and slabs. 

p^ = ratio of effective area of longitudinal reinforcement, to tlie area of 
the (concrete core in columns. 

h = thickness of the slab, in panels without drops; or the total thickness 
of the slab and the drop panel, where drops are used. 

U = thickness of the slab outside of the perimeter of the drop, in panels 
where drops are used. 

w' = uniformly distributed dead and liv(^ load on the slab in 11). ptT stj. ft . 

W = total dead and live load on one panel, in pounds, including the 
weight of the drops. 
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1. Shearing Stresses in Flat Slabs : 

(а) In flat slabs, the shearing unit stress on a vertical section which lies 
at a distance h — Ihj from the edge of the (column capital and parallel 
with it, shall not exceed the following values wlien computed by the formula 

V 

V =5 w ; ' r; (in which d shall be taken as — 1J^2 hi.). 
y^bd 

(1) 0.03/'c when at least 50 per cent of the total negative reinforcement 

passes directly over the column capital. 

(2) 0.025/^ when 25 per cent of the total negative reinforcement passes 

directly over the column capital (which is the least that shall l)e 

permitted). 

(3) For int<irmediate percentages, intermediate values of the shearing 

unit stress shall bo used. 

(б) In flat slabs, the shearing unit stress on a vertical section which lies 
at a distance of li — I V 2 hi. from the edge of the dropfXMl panel and parallel 

V 

with it shall not exceed 0.03/'c when computed by tlu^ formula ?’ = rr? •, (in 

/kbd 

which d shall lie taken as t'l — 1*2 hi.). At li^ast 50 pcu* cent of tlu^ cross- 
sectional area of the negative reinforcement in the column strip must lie 
within the width of the strip dinndly over the dropper! paiud. 

2. Limitations: 

(a) The term flat slalis as used in these regulations refers to concrett^ 
slabs, having reinforcing bars extending in twi) or four directions, without 
beams or girders to carry the load to supporting members. 

(b) The moment coefficients, moment distrilmtion, and slab thickness(‘s 
specified herein are for a series of slabs of approximately uniform size 
arranged in t hree or more rows of panels in (mcli dir<‘ction, and in which the 
ratio of length to width of pamd does not exci‘ed 1.33. 

(c) For structures having a width of less than three rows of panels, or in 
wliich irregular panels are used, an analysis shall be made of the moments 
developed in both slabs and columns. When so reejuired, computations 
shall Vie submitted to the (Hiinmissioner of buildings for approval. 

3. Panel Strips and Principal Design Sections : 

(«) For conveni(Uice of reference, a flat slab shall be considered as consist- 
ing of strips as follows; 

A middle strip one-half panel in width, symmetrical with respect to the 
panel center line and e.xtending through the panel in the direction in 
which moments are being considered; 

A column strip one-half panel in width, occupying tlie two (piarter-panel 
areas outside of the middle strip. 

(b) The criticuil sections for moment calculations are referred to as 
principal design sections and arc located as folio w’s; 
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Sections for negative moment shall be taken along the edges of the panel, 
on lines joining the column centers, and following the circumference 
of the column capital. 

Sections for positive moment shall be taken on the center lines of the panel. 

(c) In the two-way system it shall be assumed that the various moments 
in the strips are resisted by the bands located within the strips, each band 
being 0.5li in width. 

(d) In th(i four-way system, it shall be assumed that the column strip 
}K>sitive moment is resisted by the direct band; that the column strip nega- 
tive moment is resisted by the direct band plus tne two diagonal bands 
multiplied by the cosine of the angle between the direct band and the 
diagonal bands; that the middle strip positive moment is resisted by the two 
diagonal Imnds multiplied by the cosine of the angle betwtnn the axis of 
the middle strip and the diagonal bands; and that the middle strip m'gat-ive 
moment is resisted by an independent top band across the middle oi the 
direct l)and. The width of direct and middle strip ncgatiA'c baTids shall Ix^ 
approximately OAh; the width of the diagonal bands shall b<‘ approximately 

I 4- lu 

0.4 of the average span length or _ 


(c) The width of the column head section for comj)rcssion sludl be taken 
as the width of the dropped panel (bi), or half the width of the paiu-l (0.6/i) 
wliere no dropped panel is used. 

4. Flat Slab Design : 

(a) Tables A, B, C, D contain values of thicknesses, dimensions and 
moments which are to govern flat slab design wluui 2000 lb. p(*r s(|. in. 
ultimate strength concrete is used. The gtaieral formulas are given under 
the heading ‘^General Case^^; the formulas for the case where the <liamet(T 
of tlie column capital c = 0.22^1 arc given under the headiTig Special 
Case for c - 0.2251.” In these tables ly U, and r are always expressed 
in feet, while the units to which the formulas devt^lop arc shown in ihv. 
column headed “units.” 

{b) Where concrete of higher ultimate strength than 2(K)0 lb. ])er sep in. 
is used, the required and minimum slaV) thickness given in th(* following 


tal>le may l)t* reduced by multiplying by the factor 


I2(m 


in which fe ia 


the ultimate strength of the concrete to be. used. 

(c) The average c for the columns at the four corm;rs of a panel shall 
be used in obtaining the slab thickne.s.s, the numerical sum of the? total 
po.sitive and negative moments (Mu) in either direction, and the middle strip 
positive and negative nioinents in either direction. 

The average c for two adjacent columns shall be used in obtaining the 
positive and negatives moments in the column strip between these adjacent 
columns. 
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id) Any of the moments in Tables B, C, and D may be varied by not 
more than 6 per cent, provided that the total numerical sum of the positive 
and negative moments on the principal sections is not reduced. 

(e) The ratio of reinforcement considered in any strip shall not exceed 
the value of p calculated for balanced reinforcement. The ratio of rein- 
forcement in any strip shall not be less than 0.0025. Bars shall not be spaced 
farther apart than one and one-half times the slab thickness for the full 
width of the bands. 

(/) Moments for the four-way system arc shown in Table B by strips, 
and, for convenience, also by bands. 

ig) Slal)S supported by marginal beams on opposite edges shall be designed 
as solid one or two-way slabs to carry the entire panel load. 

6. Arrangement of Reinforcement : 

(a) The slab reinforcement shall be accurately placed so as to resist not 
oidy the moments at the critical sections, hut also the moments at inter- 
mediate s(M!tions, and shall he secured and supported hy concrete or metal 
chairs or spacers, Rcniuired lengths of bars and location of points of hending 
are shown in Table E. 

(b) The positive moment reinforcement perpendicular to a discontinuous 
edge shall extemd to this edg(^ and have an embedment of at haist 0 in. in 
spandrel Ixuiins or columns. All negative-moment reinforcement shall be 
bent or hookcMl at spaudr(‘l beams or columns to provide adequate bond 
resistance. 

6. Brackets: 

Brackets extending the full width of the column may be sul)8tituted 
for colunin capitals at exterior columns, provided the sloping face of tlu^ 
l)racket makes an angle not less t han 45 d(;grees wit h the face of the column, 
projected upwanl. 

Th(* value of c where brackets are used is twicer the distance from the 
center of the column to a point where the bracket is 1 ? 2 iti- thick. 

7. Columns without Capitals or Brackets : 

Brack(‘ts and column capitals may be omitted altogether, provided the 
slab thickness is suflicient to fully resist the moments and shears at the 
column head se<*tion. 

The value of c where brackets and column capitals are omitted is the 
width of th(^ column in the direction in which moments are considered, 
except that, when a beam of greater depth than the thic^kness of the slab 
or dropped panel extends into the column in the direertion in which moments 
are considered, the value of c may be taken as the width of the column plus 
twice the projection of the beam below the slab or dropped panel. 

8. Openings in Flat Slabs : 

(a) Openings of any size may be cut through the floor in the area common 
to two intersecting middle strips, provide<l the total positive and negative 
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resisting moments be maintained as required in Art. 4 and that these total 
positive and total negative moments be redistributed between the remaining 
principal design sections to meet the new conditions. 

(b) In any area common to two column strips^ not more than one opening 
shall be allowed and the greatest dimension of such an opening shall not 
exceed y^oL 

(c) In any area common to one column strip and one middle strip, 
openings shall not interrupt more than one-quarter of the bars in either 
strip and the equivalent of the bars so interrupted shall be provid(»d by 
extra steel on botli sides of the opening. 

(d) Any opening larger than described aV) 0 ve shall l)e completely framed 
on all sides with beams to carry the loads to the (^olumiis. 
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In substituting in these equations I and c are taken in feet and iv' in pounds per square 
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Table B. — Moments for Desion op an Interior Panel 


Numerical sum of positive and negative 
moments in direction of either side of 
interior rectangular panel 

Symbol 

l-nit 

(Jeueral <*a8e 
o.(HMn(i - !)• 

Special 

case* 

0.065H’l 

Tuy>~umy system with dropped panel: 





Column strip, negative moment 

-Me 

Ft.-lb. 

O.SOAfo 

().0326H7 

Column strip, positive moment 

\ Mr 

Ft. -lb. 

O.2OA/0 

0.013()H7 

Middle strip, negative moment 

- Mu. 

Ft.-lb. 

O.lSAfo 

0.00076117 

Middle strip, positive moment 


Ft.-lb. 

0. ISiWn 

0 ()00751f7 

Two-way system without dropped panel: 
Column strip, negative ntoment 

-Mr 

Ft.-lb. 

().46Af» 

0 03011/ 

Column strip, positive moment 

4- Mr 

Ft.-lb. 

().22.U« 

0 0142117 

Middle strip, negative moment 

- Mu, 

Ft.-lb. 

0. IttAfo 

0.bi04 117 

Middle strip, positive moment 

1 Mu. 

Ft.-lb. 

0. 16A/0 

0 0104117 

Four-way system vnth dropped panels 





(Moments by strips); 





Column strip, negative moment 

- Mr 

Ft.-lb. 

0.54A/0 

0 0361 117 

Column strip, positive mometU 

-1 Mr 

Ft.-lb, 

0. H»A/o 

0.0124117 

Middle strip, negative moment 

Mu, 

Ft.-lb. 

().()8 

0 0052 117 

Middle strip, positive moment 

1 

Ft.-lb. 

O.H).V/o 

0 0124117 

(Moments by bands): | 

Direct band, negative moment ! 

- M 

Ft.-lb. 

0,;i07A/o 

0 0200117 

Direct band, positive moment j 

f M 

Ft.-lb. 

0.1‘)A/o 1 

1 0,0124117 

Diagonal band, negative moment. . . . | 

-M 

Ft.-lb. 

0. 168 A/ 0 

i 0.0100117 

Diagonal band, positive moment I 

+ .Vf 

• Ft.-lb. 

0.184A/« 

0 0087 11 1 

Cross band, negative moment 

-M 

Ft.-lb. 

0.()8A/i. 

0.0062 117 

Four-way system withtnd dropped panels j 





(Moments by strips) : ' 


I 



Column strip, negative moment ' 

- M 

Ft.-lb. 

O.SOAfo 

0 . 0326 117 

Column strip, positive moment i 

\ 

Ft.-lb. 

0.20 A/,) 

0 0130117 

Middle strip, negative moment j 

-M 

1 Ft.-lb. 

0.10 A/., 

0 0066117 

Middle strip, positive moment j 

1 M 

Ft.lb. 

0 . 20JU „ 

0 0130117 

(Moments by bands): j 

Direct band, negative moment ...j 

-M * 

Ft.-lb. 

0 .'lOAfo 

1) 0106117 

I>ircct band, positive moment 

I 1- M 

Ft.-lb. 

' 0 2OA/0 

0.0130117 

Diagonal band, negative moment 

i - .1/ 

Ft.-lb. 

O.I4IA/0 

0 . 0002 117 

Diagonal band, positive moment 


Ft.-lb. 

1 0 HlAfo 

0.0002117 

Ooss band, negative moment | 

1 

-A/ 

Ft.-lb. 

1 0. 10.^0 

0 0066 117 


♦Special case for c =« 0.225/av 
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Table C. — Moments for Design of an Exterior Panel 
Moments in the strips perpendicular to the discontinuous edge, where 
they differ from an interior panel, are given in the following table. Negative 
moments in the column strip and middle strip on the line of the first interior 
columns are the same as for an interior panel. Moments in the strips 


parallel to the discontinuous edge arc the same as for an interior panel. 



Symbol 

Unit 

General 

case 

Special 
case for 
c = 0.225f 

Tv)o-way aystem with droppeA panel: 

Column strip, negative moment at discon- 
tinuous edge 

-Mr. 

Ft.-lb. 

0.45 Mo 

0.029R7 

Column strip, positive moment 

+ Mc 

Ft.-lb. 

0.25 Mo 

O.OIQWI 

Middle strip, negative moment at discon- 
tinuous edge 

- Mm 

Ft.-lb. 

0. lOMo 

0.0065W7 

Middle strip, positive moment 

+ Mm 

Ft.-lb. 

O.lOMo 

0.012 in 

Two-way eyitcm vdthout dropped panel: 

Column strin, negative moment at discon- 
tinuous eage 

-Me 

Ft.-lb. 

0.41 Mo 

0.027 Wl 

Column strip, positive moment 

-\-Me 

Ft.-lb. 

0.28Mo 

0.018VFZ 

Middle strip, negative moment at discon- 
tinuous edge 

- Mm 

Ft.-lb. 

0. lOMo 

1 

0.007 in 

Middle strip, positive moment 

+ Mm 

Ft.-lb. 

O.2OM0 

o.oi3vn 

Four-way eystem vrith dropped panda 
(Moments by strips): 

Column strip, negative moment at discon- 
tinuous edge 

-M 

Ft.-lb. 

0.485MO 

0.0315m 

Column strip, positive moment 

4-M 

Ft.-lb. 

0.24Mo 

0.0166 Wl- 

Middle strip, negative moment at discon- 
tinuous edge 

-M 

Ft.-lb. 

0.05 .Mo 

0.0032 m 

Middle strip, positive moment 

, +il/ 

Ft.-lb. 

0.24 Mo 

0.01.56 m 

(Moments by bands) (for square panel): 

Direct band at column head at discontinuous 
edge 

-M 

Ft.-lb. 

O.28M0 

0.018117 

Direct band at center 

-^M 

Ft.-lb. 

0.24Mo 

0.0166 m 

Diagonal bands at column head at discon- 
tinuous edge 

-M 

Ft.-lb. 

0.1 5. Mo 

0.010 m 

Diagonal bands at center 


Ft.-lb. 

0.17Mo 

0.011m 

Top band (across middle of direct) at dis- 
continuous edge. 

-M 

Ft.-lb. 

0.05A/0 

0.003 m 

Fmir-way Hyntern without dropprd panda 
(Moments by strips): 

('Column strip, negative moment at discon- 
tinuous edge 

-M 

Ft.-lb. 

0.475 Mo 

0.029 m 

CN»lumn strip, positive moment 

A-M 

Ft.-lb. 

0.25A/0 

0.0163m 

Middle strip, negative moment at discon- 
tinuous edge 

-M 

Ft.-lb. 

0.062A/0 

0.004 m 

Middle strip, positive moment 

+ M 

Ft.-lb. 

O.25A/0 

o.oiem 

(Moments by bands) (for square panel): 

Direct band at column head at discontinuous 
.edge 

- M 

Ft.-lb. 

0.27 Mo 

0.017 m 

Direct band at center 

^M 

Ft.-lb. 

0.25. Mo 

o.oi 6 m 

Diagonal bands at column head at discon- 
tinuous edge 

-M 

Ft.-lb. 

0.1 3. Mo 

0. I8.M0 

0 . 0084 117 

Diagonal bands at center 

-i M 

Ft.-lb. 

0.0117 m 

Top band (across middle of direct) at discon- 
tinuous edge 

-M 

Ft.-lb. 

o.oe.vfo 

0.004 m 



Table D. — Moments in Panels with Marginal Beams or Reinforced Bearing Walls 
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APPENDIX C 


Table E. — Lengths of Bars and Points op Bend 



With drop 

Without drop 


(jeneral case 

c = 0.22,5/ 

Cleneral case 

c = 0.22,5/ 

Two-way »lab 
(Ckdurnn strip): 





Length of straight bars 

f - /i -f (2' or 

0.65/ -f (2' or 

0.75/ 

0 . 7.5/ 

(not less than 0.4 of 
total band steel). 

40i) 

40i) 



Length of truss bars (not 





less than 0.4 total band 

1.5/ f O.ttc* 

1.6:L5/* 

1.44/ 4- 0.66c* 

l.,59/* 

T^ength of additional 

straight bars over col- 
umn head (if required).. 

0.5/ + 0.0c 

0.63,5/ 

0.44/ 4- 0.66c 

0.59/ 

Point of t(ii> bend in truss 





bars (from column 

0.2.5/ 

0.2,5/ 

0.2,5/ 

0.251 

(Middle strip) : 

Length of straight bars 





(not more than 0.5 total 
band steel) 

0.65/ 

0.6,5/ 

0.7/ 

0.7/ 

Length of truss bars (not 





less than 0.5 total band 

1 . 5/* 

1 . ,5/* 

1 . ,5/* 

1 . 51* 

Point of t(»p bend in truss 

bars (from (Hilumn 
(tenters) 

0. 175/ 

0. 17,5/ 

0.15/ 

0.1,5/ 


l<' OUT -way dab 
((^)lurnn strip) : 





Length of straight bars 

/ - h 4 (2' or 

0.6,5/ 4 (2' or 

0.7,5/ 

0.7,5/ 

(not less than ().4 total 
band steel) 

40i) 

40'/) 



licngth of truss bars (not 





less than 0.4 total band 
steel) 

1..5/ -I- O.Or* 

0 j 

1. 6.3.5/* 

1 .44/ 4- 0.66c* 

1.59/* 

Length of additional 

straight bars over col- 
umn head (if required) . 

0.5/ -1- O.Or 

1 

0. 6.3,5/ 

0.44/ 4- 0.66c 

0.,59/ 

l't)int of bend for trass bars 





(from column centers) 

0.2/ 

0 . 2/ 

0.2/ 

0.2/ 

(1 fiagonal band) : 





Length of straight bars 

/ ~ /» -f (2' or 

0.6,5/ 4- (2' or 1 

0.7,5/ 

0 . 7.5/ 

(not more than O.fi total 
bund steel) 

4(h) 

40/) i 

j 



Length of truss bars (not 





less than 0.4 total band 
steel ) 

2 21/* 

2.21/* 

2.21/* 

2.21/* 

Point of bend for truss bars 
(from column centers) . . 
Length of additional 


0.33/ 

0.33/ 

0..3.3/ 

straight bars over col- 





umn head (if required).. 
Top band across middle «jf 

0.8/ 

0.8/ 1 

0.8/ 

0.8/ 

direct band (length t»f 
.straight bars) 

0.5/ 

1 0.5/ 

' 0.5/ 

0..5/ 



♦ Notk: To thewe lengths proper allowance to be added for bends. 
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TABLES AND DIAGRAMS 


Table 1. — Areas, Perimeters, and Wekjhts of Standard Hars 


O Hound bars 

1 □ Sipiare bars 

Size, 

in. 

Area, 
sq. in. 

P(T- 

inieter, 

in. 

Weight, 
lb. per 
ft. 

Size, 

in. 

Area, 
sq. in. 

Per- 

imeter, 

in. 

W« iglil , 
0). per 
ft. 

'i 

0.0491 

0.785 

0.17 


0.2500 

2 00 

0.85 

s 

0.1104 

1.178 

0.38 

1 

1 .(MXK) 

4.00 

3.40 


0.1963 

1.571 

0.67 

IH 

1 .2656 

i 50 

4 30 


0.3068 

1.964 

1.04 

m 

1 5625 

5 00 

5.31 

■‘i 

0.4418 

2,356 

1.50 





H 

0.6013 

2.749 

2.04 





1 

0.7854 

3.142 

2.67 






Table 2. — Areas, Perimeters, and Weights of Non-standard Bars 


O Hound bars 1 

□ Siiuare bars 

Size, 

in. 

Area, 
sq. in. 

Per- 

im(d(T, 

in. 

W<‘ight, 
lb. pi^r 
ft. 

Size, 

in. 

Area, 
sq. in. 

Per- 

imeter, 

in. 

Weight , 
lb. per 
ft. 

(> 

0.0767 

0.982 

0.26 

M 

0.0625 

1.00 

0.21 

H fi 

0.1503 

1.374 

0.51 


0 0977 

1.25 

0 33 

»if. 

0.2485 

1 .767 

0.85 

H 

0.1406 

1.50 

0 48 

^ h 6 

0.3712 

2.160 

1.26 

Hr, 

0.1914 

1.75 

0 65 


0.5185 

2.553 

1.76 

he 

0.3164 

2.25 

1 .08 

'•>10 

0.6903 

2.945 

2 35 

% 

0.3906 

2.50 

1 .33 


0.9940 

3.534 

3.38 

'Ko 

0.4727 

1 2.75 

1.61 

I'i 

1.2272 

3.927 

4.17 


0.5625 

' 3.00 

1.91 





‘?16 

0.6602 

3 25 

2.25 





% 

0.7656 

3.50 

2.60 





* / i 0 

0.8789 

3.75 

2.99 
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APPENDIX D 


Table 3. — Areas of Groups of Standard Bars, Square Inches 


Size of bar. 


Number of bars 


2 3 4 6 


10 11 12 13 14 


1/2 round. . . 
1/2 square. . 
5/8 round . . 
3/4 round . . . 
7/8 round . . . 
1 round . . . 
1 square . . . 
1 H square . . . 
lyi square. . . 


1.680.780.08 1 
1.76 1.00 1.26 1 
1.91 1.23 1.5.3 1 
1.32 1.77 2.21 2, 

I. 802.41 3.01 3, 
2.36 3.14 3.93 4. 
i.00 4.00 6.00 6. 

J. 79 6.06 6.33 7. 
L 686. 267. 81 9. 


18 1.37 1. 

60 1.76 2. 
84 2.15 2. 
65 3.09 3. 

61 4.21 4. 
71 5.60 6. 
OO 7.00 8. 
69 8.86 10. 
37 10.94 12 


.77 1.96 2 
.25 2.50 2 
.76 3.07 3, 
.98 4.42 4. 
.41 6.01 6. 
.07 7.85 8. 
.00 10.00 11 . 
.39 12.66 13. 
.06 15.62 17. 


16 2.36 2.56 2.76 
75 3.00 3.26 3.60 
37 3.68 3.99 4.30 
86 5.. *10 6.74 6.19 
61 7.22 7.82 8.42 
64 9.43 10.21 11.00 
00 12.00 13.00 14.00 
92 15.19 16.45 16.72 
19 18.75 20.31 21.87 


Table 4. — Pertmeteub of Groups of Standard Bars, Inches 


! Number of bars 


2 3 4 5 6 7 8 9 10 11 12 13 14 


1/2 round 3 1| 4.7| 6 21 7.8 9.4 11 ()|12 6 14. 1 15.7 17 

1/2 square 4 0 6 0 8 0|l0.0 12 0 14 0 16 0 I8.0I20 0 22. 

5/8 round 3.9 5.9 7.8' 9 8 11 .8 13.7|l6.7 17.7|19 5 21. 

3/4round 4.7 7.1 9.4 11.8 14.1 16 5 18.821.223.6 25. 

7/8round 6.5 8.2 11.0 12.7 16'.6 19.2 22.0'24.7|27 5 30. 

1 round 6.3 9 4 12.6 16.7 18 9'22 0 26.1 28.3j31.4 34 

1 square 8.0 12.0 16.0 20 0 24.0|28.0 32.0 36 0i40 0 44. 

square 9 0 13.5 18.0 22.5 27 0131.5 36 0 40 5145 0 49. 

1 H square 1 0 . 0 1 5 . 0 20 0 25 . ol'lO . 0| 35 . 0 40 . 0 45 ol 50 . 0 56 . 


3 18 8 20.4 
0 24.0 26 C 
6 23 6 25 
9 28.3 30.6 
2 33.0 35.7 
6 37.7 40.8 
0 48 0 52.C 
5 54.0 68.5 
0 60 0 65.C 


Table 5.“-Aiik.as of Bars in Slabs, StiUAUE Inches per Foot 


I Size of round bar, in. 


0.20 0.44 
0.17 0.38 
0.16 0 33 
0.13 0.29 
0 12 0 26 
0.11 0.24 
0.10 0.22 
0.20 
0.19 
0.18 
0.17 
0.15 
0.13 
0.11 


] Size of square bar, i 


ni 
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TabIjE 6. — Design op Rectangular Beams and Slabs 


k 


n 

w + r 



P 


n 

2r(n -f r) 


^ = H/ckj or pf.j 


a and /'o 

/. 

/« 

h 

’ i 

P 

K 


18,000 

1200 

0.348 

0.884 1 

0.0116 

185 



1400 

0.384 

0.872 ' 

C.0149 

234 



1600 

0.400 

0.867 

0.0167 

280 

8 


1G88 

0.429 

0.857 

0.0201 

310 

(3760) 

20,000 

1200 

0.324 

0.892 

0 . 0097 

! 173 



1400 

0.350 

0.880 

0.0126 

221 



1000 

0.376 1 

0.876 

0.0141 

246 



1088 

0.40s 

o.soa 

0.0170 

1 294 


18,000 

1000 

0.357 

0.881 

■ 

0 . 0099 

1.17 



1100 

0.379 

0.874 

0.0116 

1!«3 



laoo 

0.400 

0.867 

0.0188 

208 

10 


IS 50 

0.428 

0.857 

0.0161 

248 

(3000) 

20,000 

1000 

0.333 

0.889 

0.0083 

148 



1100 

0.355 

0.882 

0.0098 

172 



1200 

0.376 

0.876 

0.C113 

197 



1S50 1 

0.40s 

0.8(10 

0.0136 

235 


16,000 

750 

1 

0.360 

0 . 880 

0 . 0084 

119 



800 

0.375 ! 

0.875 

0 . 0094 

131 



900 

0.403 

0.866 

0.0113 

156 



1000 

0.429 

0.867 

0.0134 

184 



1135 

0.457 1 

. 0.848 

0.0161 

218 


18,000 

750 

0.333 

0.889 

0 . 0069 

111 



800 

0 . 348 

0 . 884 

0 . 0077 

123 

12 


900 

0.375 

0.875 

0 . 0094 

148 

(2500) 


1000 

0.400 

0.867 

0.0111 

178 



1125 

0.428 

0.857 

0.0134 

207 


20,000 

750 

0.310 

0.897 

0.0058 

104 



800 

0.324 

0.892 

0 . 0065 

116 



900 

0.351 

0.883 

0 . 0079 

HO 



1000 

0.OT6 

0.876 

0.0094 

184 



1125 

0.40s 

O.fUifi 

0.0113 

196 


16,000 

650 

0.379 ! 

0.874 

0.fK)77 

108 



700 . 

0.397 

0 . 868 

0 . 0087 

121 



750 

0.414 

0 . 862 

0 . 0097 

134 



800 

0.429 

0.867 

0.0107 

147 



900 

0.457 

0.848 

0.0129 

175 


18,000 

650 

0.351 

0 . 883 

0 . 0063 

101 



700 

0.368 

0.877 

0.0072 

113 

15 


750 

0.385 

0 . 872 

0.0080 

126 

(2000) 


800 j 

0.400 

0.867 

0.0089 

189 



900 

0.439 

0.857 

0.0107 

166 


20,000 

650 

0.328 

1 0.891 

0.0053 

94 



700 

0.344 

0.885 

0.0060 

106 



750 

0.359 

0.880 

0.0067 

118 



800 

0.374 

0.876 

0.0076 

111 



900 

0.403 

0.866 

0.0091 

157 


Boldface for 0.4/'*; italics for OAbf'e. See Art. 60 and footnote on pg. 01, 
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Table 7. — Review of Rectangular Beams and Slabs 
k *= \/2'pn + IpnP — pn j = 1 ~ 


V 

n « 

8 

n “ 

10 

n “ 

12 

n ** 

16 

k 

;■ 

k \ 

i 

k 

j 

k 

3 

0.0010 

0.119 

0.960 

0.132 

0.956 

0.145 

0.952 

0.158 

0.947 

0.0020 

0.164 

0.945 

0.181 

0.940 

0 . 196 

0.935 

0.217 

0.928 

0.0030 

0.196 

0.935 

0.217 

0.928 

0.235 

0 i 922 

0.258 

0.914 

0.0040 

0.223 

0.926 

0.246 

0.918 

0.266 

o ]911 

0.292 

0.903 

0.0050 

0.246 

0.918 

0.270 

0.910 

0.291 

0.903 

0.320 

0.893 

0.005,4 

0.254 

0.915 

0.279 

0.907 

0.300 

0.900 

0.329 

0.891 

0.0058 

0.262 

0.913 

0 . 287 

0.904 

0.309 

0.897 

0.337 

0.888 

0.0062 

0.269 

0.910 

0.296 

0.901 

0.317 

0.894 

0.348 

0.884 

0.0066 

0.276 

0.908 

0.304 

0.899 

0.325 

0.892 

0.356 

0.881 

0.0070 

0.283 

0.906 

0.311 

0.896 

0.334 

0.889 

0.365 

0.878 

0.0072 

0.286 

0.905 

0.314 

0.895 

0 . 338 

0.887 

0.369 

0.877 

0.0074 

0.290 

0.903 

0.318 

0.894 

0.342 

0.886 

0.372 

0.876 

0.0076 

0.293 

0 . 902 

0.321 

0.893 

0.345 

0.885 

0.376 

0.875 

0.0078 

0.297 

0.901 

0.325 

0.892 

0.349 

0.884 

0.380 

0.873 

0.0080 

0 . 300 

0.900 

0.328 

0.891 

0.353 

0.882 

0.384 

0.872 

0.0082 

0.303 

0 . 899 

0.332 

0.889 

0.356 

0.881 

0.387 

0.871 

0.0084 

0.306 

0.898 

0.336 

0.888 

0.360 

0.880 

0.390 

0.870 

0.0086 

0.309 

0.897 

0.338 

0.887 

0.363 

0.879 

0.394 

0.869 

0,0088 

0.312 

0.896 

0.341 

0.886 

0.366 

0.878 

0.398 

0.867 

0.0090 

0.314 

0.895 

0.344 

0.885 

0.370 

0.877 

0.402 

0.866 

0.0092 

0.317 

0.894 

0.347 

0.?! l 84 

0.373 

0.876 

0.405 

0.865 

0.0094 

0.320 

0.893 

0.350 

0.883 

0.376 

0.875 

0.407 

0.864 

0.0096 

0.322 

0.893 

0.353 

0.882 

0.379 

0.874 

0.411 

0.863 

0.0098 

0.325 

0.892 

0.356 

0.881 

0.381 

0.873 

0.414 

0.862 

O.OlOO 

0.328 

0.891 

0.358 

0.881 

0.385 

0.872 

0.418 

0.861 

0.0104 

0.333 

0.889 

0.363 

0.879 

0.391 

0.870 

0.423 

0 . 859 

0.0108 

0..339 

0.887 

0.369 

0.877 

0.396 

0.868 

0.429 

0.857 

0.0112 

0.343 

0.886 

0.375 

0.875 

0.402 

0.866 

0.434 

0.855 

0.0116 

0.348 

0.881 

0.380 

0.873 

0.407 

0.864 

0.440 

0.853 

0.0120 

0.353 

0.882 

0.384 

0.872 

0.412 

0.863 

0.446 

0.851 

0.0124 

0.357 

0.881 

0.389 

0.870 

0.417 

0.861 

0.451 

0.850 

0.0128 

0.362 

0.879 

0.394 

0.869 

0.422 

0.8,59 

0.457 

0.848 

0.0132 

0.366 

0.878 

0.398 

0.867 

0.427 

0.858 

0.461 

0.846 

0.0136 

0.370 

0.877 

0.403 

0.866 

0.432 

0.8,56 

0 . 466 

0.845 

0.0140 

0.374 

0.875 

0.407 

0.864 

0.436 

0.855 

0.471 

0.843 

0.0144 

0.379 

0.874 

0.412 

0.863 

0.440 

0.8,53 

0.475 

0.842 

0.0148 

0.383 

0.872 

0.416 

0.861 

0.444 

0.852 

0.479 

0.840 

0.0152 

0.386 

0.871 

0.420 

0.860 

0.449 

0.850 

0.483 

0.839 

0.0156 

0.390 

0.870 

0.424 

0.859 

0.453 

0.849 

0.487 

0.838 

0.0160 

0.394 

0.869 

0.428 

0.857 

0.457 

0.848 

0.493 

0.836 

0.0170 

0.403 

0.866 

0.437 

0.854 

0.467 

0.845 

0.502 

0.833 

0.0180 

0.412 

0.863 

0.446 

i 0.851 

0.476 

0.841 

0.513 

0.829 

0.0190 

0.420 

0.860 

0.455 

! 0.848 

0.485 

0.838 

0.522 

0.826 

0.0200 

0.428 

1 0.857 

0.463 

( 

j 0.846 

0.493 

0.836 

0.531 

0,82 S 
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Table 8. — Columns with Lonoitudinal Bars and Spirals 
Ijoads in thousand pounds 
P = Q.225f'rA„ +f.As 




iiOad on 
for pg 

i)ars, /,.4« 

= 0.01 

Load 

on eonerete, {).22bJ'rAg 

Diameter 

of 

Gross 

area 




f'e 


eolinnn, in. 

Ag, sq. 
in. 

Interme- 

diate 

grade 

16,000 

Hard 

grade 

20,000 

2(H)0 

2500 

30(K) 

3760 

12* 

113 

14 

18 

41 

51 

61 

76 

13* 

133 

17 

22 

48 

60 

72 

90 

14 

154 

25 

31 

69 

87 

104 

130 

15 

177 

28 

35 

80 

99 

119 

149 

16 

201 

32 

40 

91 

113 

136 

170 

17 

227 

36 i 

45 

102 

128 

153 

192 

18 

255 

41 

51 

114 1 

143 

172 

215 

19 

284 

45 

57 

128 ! 

159 

191 

239 

20 

314 

50 

63 

141 

177 

212 

265 

21 

346 

55 

69 

1 56 

195 

234 

292 

22 

380 

61 

76 

171 

214 

257 

321 

23 

416 

66 

83 

187 

234 

280 

350 

24 

452 

72 

90 

204 

254 

305 

382 

25 

491 

79 

98 

221 

276 

331 

414 

26 

531 

85 

106 

239 

299 

358 

448 

27 

573 

92 

115 

258 

322 

387 

483 

28 

616 

98 

123 

277 

346 

416 

519 

29 

661 

106 1 

132 

297 1 

372 1 

44fi 

557 

30 

707 

„3 1 

141 

318 j 

398 1 

1 1 

477 

596 


* Spirals for tlicso an* trxc-es.*- ui seldom available. The loads given in the table are 
>r eircnlar columns with lateral ties. 
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Table 9. — Columns with Longitudinal Bars and Lateral Ties 
Loads in thousand pounds 
P = 0.18/U, + 0.8/.A. 


Dimensions of 
column, in. 

Gross area 
Ay, sq. ill. 

! 

Load on bars, 0.8/tAi 
for py <= 0.01 

Load on concrete O.lSj'eAy 

Intermedi- 
ate grade 
16,000 

Hard 

grade 

20,000 

2000 

J 

2500 

e 

3000 

3750 

10 

12 

120 

15 

19 

43 

54 

65 

81 


14 

140 

18 

22 

50 

63 

76 

95 


16 

160 

20 

20 

58 

72 

86 

108 

12 

12 

144 

18 

23 

52 

65 

78 

97 


14 

108 

22 

27 

00 

76 

91 

113 


16 

102 

25 

31 

09 

86 

104 

130 

14 

14 

100 

25 

31 

71 

88 

106 

132 


10 

224 

29 

30 

81 

101 

121 

151 


18 

2:)2 

32 

40 

91 

113 

136 

170 

10 

10 

250 

33 

41 ! 

92 

115 

138 

173 


18 

288 

37 

40 

104 

130 

150 

194 


20 

320 

41 

51 

115 

144 

173 

210 


22 

352 

45 

50 

127 

158 

190 

238 

18 

18 

324 


52 

117 

140 

175 

219 


20 

300 

46 

58 

130 

102 

194 

243 


22 

300 

51 

03 

143 

178 

214 

267 


24 

432 

55 j 

09 

156 

194 

233 

292 

20 

20 

400 

51 

04 

144 

180 

210 

270 


22 

440 

56 

70 

158 

198 

238 

297 


24 

480 

61 

77 

173 

216 

259 

324 


20 

520 

07 

83 

187 

234 

281 

351 

22 

22 

484 

02 

77 

174 

218 

201 

327 


24 

528 

08 

84 

190 

238 

285 

356 


26 

572 

73 

92 

206 

257 

309 

386 


28 

010 

79 

99 

222 

277 

333 

416 

24 

24 

570 

74 

92 

207 

259 

311 

389 


20 

024 

80 

100 

225 

281 

337 

421 


28 

072 1 

80 

108 

242 

302 

30)3 

454 

20 

20 

070 

87 

108 

243 

304 

3<’>5 

456 


28 

728 

93 

116 

262 

328 

393 

491 

28 

28 

784 

100 

125 

282 

353 

423 

529 

30 

30 

900 

115 

144 

324 

405 

480 

608 
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Tablb 10. Areas, Weights, and Moments of Inertia 
Moments of inertia about the axis A-A 


d \\ d A 



dA-U 


. Weight 
Area, 

. ’ per ft., 
sq.m. ,, 


. Weight 
Area, 

pel ft., 
sq.m. - 


iArea, /, 

per It., . * 
,sq. m. m.' 


12 113 118 

13 133 138 

14 154 160 

15 177 184 


1,018 119 

1,402 140 

1,886 162 
2,485 186 


1,136 12.0 12.5 
1,565 13.0 13.5 
2,105 U.O 14.6 
2,775 15.0 15.6 


16 201 

17 227 

18 255 

19 284 

20 314 


3,591 16.0 

4,577 17.0 
5,753 18.0 
7,142 19.0 
8,768 20.0 


21 346 

22 380 

23 416 

24 452 

25 491 


9,547 365 

11,499 401 

13,737 438 

16,286 477 

19,175 518 


10,658 21.0 
12,837 22.0 
15,335 23.0 
18,181 24.0 
21,406 25.0 


26 531 

27 573 

28 616 

29 661 

30 707 


26,087 604 

30,172 650 

34,719 697 

39,761 I 746 


583 125, 042; i 26.0 

629 {29, 123 I 27.0 
677 133, 683 1 28.0 
726 i38,759| 29.0 
777 i44,388i 30.0 


27.1 1,465 

28.1 1,640 

29.2 1,829 

30.2 2,032 

31.2 2,250 


534 


APPENDIX D 


Table 11. — Moment op Inertia op Column Verticals Arranged in a 
Circle of Diameter 5 In. Less than Diameter of Column 
Values of( (n — 1)7, in indies^ for pg — 0.01 



Dijimotor 

1 liaindcir 

A. 


/' 

r 


of 

of 

wh(TO 




— - 

(‘olitiiin 


pg = 





d, in. 

cirdo N, in. 

0.01 

2000 

2500 

3000 

3750 

12 

7 

1.13 

97 

76 

62 

49 

13 

8 

1.33 

149 

117 

96 

74 

14 

9 

1.54 

218 

172 

140 

109 

15 

10 

1.77 

310 

243 

199 

155 

1() 

11 

2.01 

426 

335 

274 

213 

17 

12 

2.27 

. 572 

449 

368 

286 

18 

13 

2.55 

754 

593 

485 

377 

19 

14 

2.84 

974 

765 

626 

487 

20 

15 

3.14 

1166 

916 

750 

583 

21 

16 

3.46 

1550 

1218 

996 

775 

22 

17 

3.80 

1922 

1510 

1236 

961 

23 

18 

4.16 

2359 

1853 

1516 

1179 

24 

19 

4.52 

2856 

2244 

1836 

1428 

25 

20 

4.91 

3437 

2701 

2210 

1719 

26 

21 

5.31 

4098 

3220 

2635 

2049 

27 

22 

5.73 

4853 

3813 

3120 

2427 

28 

23 

6.16 

5703 

4481 

3666 

2852 

29 

24 

6.61 

6(>63 

5235 

4283 

3331 

30 

25 

7.07 

7733 

6076 

4971 

3867 


The bars are assuined transformed into n thin>wulled cylinder having the same sectional 
urea as the burs. 'I’hen 7, * AmH* -5- 8. 

For other values of pg multiply the value from the table by 100p„. 
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Table 12. — Moments of Inertia of Bars in Inches' 
For various distaiioos from an axis .4-.-1 



Ann, 


Hound burs, 

inches 


Siiunrc bars, inclu's 

in. 

1 

‘'.s 


"s 

1 

1 

1 

I's 

1'., 

2 

1 

1 

2 

2 

3 

1 

4 

‘ 5 

i\ 

2} 2 

1 

2 

3 

4 

5 

2 

0 

S 

10 

3 

2 

3 

4 

5 

' 7 

> 

9 

; 12 

14 

3H 

2 

4 

5 

7 

i 10 

3 

1 12 

! 10 

19 

4 

3 

5 

7 

10 

i 

4 

: h; 

' 20 

j 

25 

4H 

4 

() 

9 

12 

i 10 i 

5 

i 20 

20 

32 

5 


8 

1 1 

15 

^ 20 1 


1 25 

' 32 

39 


() 

9 

13 

18 

: 24 

8 

i 30 

38 

47 

6 

7 

11 

10 

22 

i 28 

9 

3(> 

; 40 

50 


« 

13 

19 

25 

: 33 

ii 

11 

: 42 

54 

00 

7 

10 1 

15 

22 

; 29 

! 30 ! 

12 

49 

02 

77 

7^2 

11 

17 

25 

34 

; 4-1 j 

14 

pOf 

71 

; 88 

8 

13 

20 : 

28 

39 

50 j 

10 

I 04 

81 

100 

8'2 

14 

1 22 

32 

43 

■ 57 j! 

18 

72 

1 92 

113 

9 

H> 

25 

30 

49 

' (i-1 ii 

1 20 

' 81 

103 

127 

91., 

1 

IS 1 

28 ; 

40 

54 

i 

; 71 ii 

23 

90 

; 114 

141 

1 

10 

20 

31 

44 

00 

i 70 j' 

25 

100 

127 

! 150 

101 2 

22 

34 

49 

00 

' W ii 

28 

110 

149 

1 172 

11 

24 

37 

53 

i 73 

• 05 1 

30 

! 121 

1 153 

j 189 

11.^2 

20 

41 : 

58 

‘ 80 

: |i 

33 

i 132 

1 108 

207 

i 

12 

28 

44 

04 

i 

87 

I 113 i 

30 

j 144 

i 182 

225 

13 

33 

52 

75 

102 

1 133 

' 1 

42 

j 109 

1 214 i 

! ■ 

204 
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Table 13 . — Size and Pitch of Spirals, Joint Code ( 1940 ) 
Hot Rolled, Intermediate Grade 


Diameter of 
column, in. 

Out to out 
spiral, in. 

/'e 

2000 

2500 

3000 

3750 

14 

11 

?"8“1 % 

H-i H 


H-2 

15 

12 

%-2 


H-tH 

H-2 

If) 

13 

?8-2 

H-2 


H-2 

17 

14 


H-2H 


H-2H 

18 

15 

H-m 

%-2K 

H-IH 

H-2H 

19 

If) 

?h-2'-4 

H-2H 


H-2H 

20 

17 


H-2yi 

^4-2 

H-2H 

21 

18 

%-2 

H-2 

%-2 

H-2H 

22 

19 

H-2 

H-2 

%-2 

H-2% 

23 

20 

H-m 



H-2H 

24 

21 

} 2- 

H-m 

H-Vi 

H-2H 

25 

22 


'i-m 

}4-SH 

H-2H 

20 

23 

US 

li-3 

H-3 

H-2?i 

27 

24 

H-2H 

'i-2H 

H-2H 

H-2H 

28 

25 

‘2-2«'4 

'4-2H 

>i-2?i 

H-2H 

29 

20 

H-2H 

}i-2H 


H-2% 

30 

27 

: 4^24 

1 1^-21^ 

1-2-2 1'2 

H-2H 


ViiluoH h<*low (IoMimI liru* ar<* liiined on the iniiinnum value for // of U.0112. 


Above the dotted line the formtila />' — OATtiU — j?overnH. 

Cold Drawn 


14 

11 

'4-1 ’^4 

H-\% 

H-1% 

*8-1*4 

15 

12 

H - i % 

H-2 

H-2 

'^ h -2 

10 

13 

'4-1 ••‘4 

a 9 

H-2 

H-2 

17 

14 

'4-1 "4 

H-2^i 

H-2% 

H-2yi 

18 

15 


H-2^2 

H-2^2 

H-2% 

19 

10 

^h-2U 

H-2H 

*8- 2-2 

H-2% 

20 

17 


H-2% 

"s-2-4 

H-2'4 

21 

18 

••*8-3 

^8-3 

’:'8-3 

*8-2 '4 

22 

19 

:''8-3 

?8-3 

=^8-3 

-*8-214 

23 

20 

%-2^i 

*8-2?i 

H-2% 

^ ^i-2% 

24 

21 

H-2% 

H-2% 

H-2% 

*8-2,' i 

25 

22 

=*8-2'2 

*8-2 '2 

H-2H 

*s-2'i 

20 i 

23 

•■‘8-2'^ 

! ;*s-2'-2 

H-2H 

H-2% 

27 

24 

*8-2 'i 

I •■*8-2' 4 

H-2% 

?8-2H 

28 

25 

* 4 

j H-2'i 

•*8-2 '4 

?8-2'4 

29 

20 


\ H-2% 

*8-214 

H-2% 

30 i 

27 

H-2 

1 H-2 

; *8-2 

H-2 


Vftluee below dotted line are baM'd on the miniinuin value for p' of 0.0075. 

Above the dotted line the formula p' ** 0.4.5(A — 1)=^ governs. 

/ • 
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Diagram 1. — Location of Points Where Bars Mat Be Bent Up for 
Uniformi.t Loaded Beams 

0 
10 
70 
30 
40 
SO 
60 
70 
80 
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TABLES AND DIAGUAMS 


530 


Diagram 3. — Rectangui^r Beams Reinforced for Compression 











Values of k Voiluesofj 
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Allowolble unit stress, f 
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Diagram 9. — Ai4TiOWABLE Unit Stresses in Kc('ENTRi<\\lly Loaded 
Circular Spiral Columns 
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Values of 
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Diagram 12 . — Aux)Wable Unit Stresses in Eccentrically Loaded 

Tied Columns 






Values of 
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Diagram 13. — Bunding ^nd Axiai. Sphess, Circular Sections 






Values of 


TABLES AND DIAGRAMS 


551 


Diagram 15. — Bending and Axial Stress, Circular Sections 
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Diagram 16. — Bending and Axiai. Stress, Rectangular Sections 



Values o-^ §■ 
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Diagram IS. — Bendin(j and Axial StreSkS, Rectangular Sections 





Values of ^ 
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A 

Abutments, arcli, design of, 4r)3 
highway bridge, 479 
Aggregates, coarse, 7 

determination of unit weight, 12 
fine, 3 

fineness modidus, 5 
grading, 4, 9 
maximum siz(‘, 3 
minimum siz(% 4 
moisture cont(‘nt, 11, IS 
surfa(M' 4 

Anchorage of w(‘b reinforc<'ment, 1 17 
Arches, Mbutmeiits, design of, 4()3 
advantag(^s of, 422 
analysis by elastic, theory, 427, 
44() 

approximate; iiK'thods of analysis, 
434 

barrel, 420 
dc'sign <jf, 440 
crown thick m*ss, 420 
details of. 408 -470 
form of axis, 438 
intrados, 423 
loads, 424 

j>rocedure in design, 439 

leinforceiiKait, 422 

ribbed, 42() 

spandr<‘ls, 423 

shorteming str(*sses, 434, 400 

t(‘inp(;rature stresses, 433, 459 

H 

Bars, areas, p(*rimetf’rs, and weiglits 
of, 527 

size extras for, 41 
standard hooks for, 117 
standard sizes of, 527 


Beams, arrangement of reinforce- 
ment, 00 
continuous, 156 
moments in, 187 
fli'xuri*, 53, 54 

assumptions in theory, 52 
formulas, 58 

floor, design of, 156, 302, 308 
framing stair well, 298 
plain compete, 53 
rectangular, 54 

illustrative problems, 02, 00, 70 
tablets for, 00, 529, 530 
transform(‘d section, (>8 
reinforced for compression, 141 
according to Standard Building 
Code (1940), 154 

• diagrams for revi(;w, 147, 539- 
542, 557 

formulas for design, 141 
formulas for review, 144 
illustrative' problems, 148, 153 
transformed s(u;tion, 151 
shearing stressc's in, 97 
stairway, 371 

stresses in homogenc'ous, 50 
T-bt'ams (see T-beams) 
wall, d(;sign of, 304 
Bearing capacity of soils, 228 
Bending and axial stress, 174 
circular s<‘ctions, 180 

compression ov(;r wfjole section, 
180 

diagrams, .549 55 1 
tension over part of section, 181 
illustrative; problems, 182 
rectangular sections, 177 

compression over whoh; section, 
177 

diagrams, 552-550 

tf;nHion over part of section, 179 
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DESIGN OF CONCRETE STRUCTURES 


Bond, between concrete and steel, 
46, 115 

length of embedment required 
for, 48 

new to old concrete, 37 
stress, 48 

working stresses, 116 
Bond stresses, in footings, 238 
Bridges, arch (nee An^hes) 
highway (see Highway bridges) 
Broken stone, 8 

Building codes, 276, 290, 293, 295, 
517 

Building frames, 187, 206 
moments in, 208 

Buildings, advantage's of reinforced 
(H)ncrete, 275 
columns, 349, 354 
detail drawings, 376-389 
flatz-slab, 279 

advantages of, 328 
beams {»ee Beams) 
design of, 342 
floors (see Floors) 
roofs (see Roofs) 
stairs (see Stairs) 
walls (see Walls) 

Bulking factor, 11 

C 

Cement, 2 
Cinders, 10 
( \)lorimetric test, 7 
CUduinn footings (see Footings) 
C\)lumn sections, areas of, 533 
moments of inertia of, 533 
weights of, 533 

Ck)luran spirals, pitches and sizes, 
536 

Columns, 161 
combination, 167 
composite, 167 
dimensions of, 161 
eccentric loads on, 168 
exterior, 214 

design of, 225, 354 


Columns, flexural stresses in, 168, 
191, 351, 355 
working stresses, 169 
illustrative problems, 171 
interior, 210 

design of, 217, 222, 349 
long, 162 

with longitudinal and spiral re- 
inforcement, 163 
working stresses, 164 
diagrams for, 543-546 
with longitudinal steel and lateral 
ties, 165 

working stnjsses, 165 
diagrams for, 543-546 
moments in, 191 
pipe, 167 

tables for design of, 531, 532 
types of, 161 

unsupported length of, 161 
Concrete, 1 

abrasives resistance, 40 
cinder, 10 

coefficient of expansion, 36 
coinpr(‘ssiv(‘ strength, 32 
consist (‘ucy, 17 
contraction, 36 
curing, 23 
effect of, acids, 29 
alkali, 28 

calcium chloride, 27 
curing conditions, 30 
electrolysis, 30 
freezing, 26 
hydrat(Hl lime, 27 
manure, 29 
oils, 28, 29 
salts, 27 

sea- water, 10, 30 
sewage, 29 
steam in curing, 25 
time of mixing, 22 
waterproofing compounds, 27 
elastic limit, 35 
elasticity, 33 
expansion, 36 
mixing, 21 
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Concrete, mixtures, control of, 20 
design of, 17 
workability of, 17 
yield of, 20 

modulus of elasticity, 33 
permeability, 17 
placing, 22 
plastic flow, 35 
proportioning, 10 
resistance to fire, 37 
shearing strength of, 33 
structural properties, 32 
tensile strength, 32 
thermal conductivity, 34 
transverse strength, 32 
weathering qualities, 39 
weight of, 37 
Condensation, 289 
Crushed stone, 8 

D 

Dec^antation test, 7 
D(\sign of concrete mixtures, 17 
Diagonal tension, 101 
distribution of, 108 
in footings, 237 
in plain concrete beams, 102 
provision for, 105 
in reinforced concretci beams, 103 
Diagrams, beams reinforced for 
compression, 539-542, 557 
bonding and axial stress, 543-550 
bending up reinforcement, 537 
T-beam review, 538 

K 

Karth pressure on n;taining walls, 394 
line of action of, 398 
point of application of resultant, 
398 

Electrolysis, 30 

Engineering News formulas, 260 

F 

Fineness modulus, 5 
Flexure, beams reinforced for com- 
pression, 141, 145, 151, 154 


Flexure, rectangular beams, 54, 68 
T-beams, 126, 137 
Floors, beam and girder, 277 
design of, 300 
beam and slab, 278 
flat slab, 279, 327 
advantages of, 328 
analysis of stresses in, 330-337 
design of, 342 
design regulations, 517 
methods of reinforcing, 338 
thickness of, 337 
joist (see ribbed) 
loads on, 276 
ribbed, 279 

with clay tile fillers, 279 
design of, 323 
detailing, 320 

with gypsum tile fillers, 281 
with steel tile fillers, 283 
design of, 313 
slabs on steel beams, 287 
steel joists, 280 
design of, 325 
surfact\s of, 288 
systems of, 277 
Footings, 227 

bond stresses in, 238 
cantilever, 248 
design of, 259 
diagonal tension in, 237 
multiple cohiinn, 247 
design of, 248, 254 
pedestals, 230 
on piles, 205 
d(;sign of, 208 
plain concrete, 230 
probable live load on, 271 
proportioning for uniform settle- 
ment, 270 

reinforced concrete, 231 
single column, 234 

bearing of column on, 240 
four way, 234, 244 
design of two way, 241, 244, 
359, 301 

flexure analysis of, 235 
sloped, 239, 244 
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DESIGN OF CONCRETE STRUCTURES 


l<^oo tings, stepped, 239 
wall, 231 
design of, 233 
Foundations (nee Footings) 

Freezing, prevention of, 27 

G 

Gravel, 9 

II 

Highway bridges, abutineiits, 479 
(dassifieation of, 472 
(•onstruction details, 482 
<lerk girder, 471 
design of, 489 
details of, 499 

details of, 488, 499, 505, 507- 512 
drainage, 485 
impact loads on. 470 
live loads on, 472 
application of, 475 
distribution of, 470- 479 
selection of, 475 
slab, 471 

(h^sign of, 480 
details of, 488 
through girder, 471 
design of, 500 
details of, 505 
types of, 471 

J 

.hunt Code, 00 

flat slab regulations, 517 
n^cominendations for design, 515 
Joint ("ominittet*, 4 

L 

l^iiitaiK'e, 22 

Lateral ties, arrangement of, 100 
size for columns, 100 
lA)ads, building code requirements, 
270 

floor, 270 


Loads, motor truck, 472 
roof, 276 

street railway, 475 
M 

Moisture, absorbed by aggregates, 
11, 18 

Moment of inertia, 215 
of column sections, 533 
of column verticals, 534, 535 
Moment area principles, 192 
Mortar mixtures, density of, 15 
design of, 11 
permeability of, 15 
strength of, 12-14 
workability of, 10 
yield of, 14 

Motor triH^k loads, 472 
distribution of, 470 

N 

Notation, 513 

P 

Partitions (see Walls) 

Pedestals, 230 
Piles, bearing power of, 205 
footings on, 205 
design of, 208 
Plastic flow, 35 
Portland cement, 2 
Proportioning of conen^te, 10 

li 

lieinforced concrete*, advantages of, 
45 

in tension, 48 

Reinforcement, anchoring, 1 17 
l>ars, 41 

deformed, 42 
length extras, 41 
quantity extras, 42 
size extras, 41 
tables, 527, 528 
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Roiiiforcement, coefficient of expan- 
sion of, 45 
column, 163, 165 

moment of inertia of, 534, 535 
embedment for l)ond, 48 
expanded metal, 42 
grade of steel, 42 
modulus of elasticity of, 35, 45 
moment of inertia of, 534, 535 
placing, in beams, 60 
in slabs, 77 
temperature, 49 
ultimate strength of, 44 
wire fabric, 42 

Retaining walls, cantilev(‘r, d(‘.sign 
of, 407 

counterfort, design of, 413 
crushing at toe of, 399 
design factors for, 398 
details of construction, 402 
(*arth thrust on, 394 
gravity, d<\sigri of, 404 
loading on, 392 
overturning of, 399 
sliding of, 402 
to(? and heel pr(NSsur<*s, 399 
types of, 391 

Roofs, 289 
loads on, 276 

S 

Sand, 5 

s(*lection of, 6 
standard, 7 

Settlement of foundations, 227 
proportioning for uniform setth;- 
ment, 270 

Shearing stresses, 97 
working stresses, 104 

Slabs, 73 

distribution of concentrattMl loads 
on, 477 

flat (see Floors) 
stairway, design of, 370 
supx)orted on four sides, 79 
design of, 83, 94 


Slabs, supported on four sides, dis- 
tribution of load, based 
on deflection, 80 
based on Joint Code, 82 
baaed on Joint Committe(‘, 
90 

based on Westergaard's 
analysis, 88 

supported on two sides, 74 
dt^sign of, 78 
Slag, 9 

Slopes deflection, application of, 20^ 
fundamental ecpiations of, 195 
sign conv(‘ntion, 198 
Slump test, 17 

Soils, bearing caj)acity of, 228 
Sjarals, x)itch(‘s and sizes, 536 
Stairs, 297 

building code requirements, 298 
construction details, 300 
design of, 370 

design of Ix'ams framing well, 371 
Standard hook, 117 
Steel [see Reinforccmient) 

Stirrups, inclined, spacing of, 111 
verti(;al, size of, 108 
s|)acing of, 108 
Street railway loads, 475 
Surfa(‘<‘ ar('M, 4 

T 

Tabh^s, bars, 527, 528 
columns, 531, 532 
rectangular beam design, 66, 529 
review, 66, 530 
T-beams, 123 

design of, 132, 138, 302, 308 
design over supports, 156 
diagrams for, 538 
flexure formulas for, 126 
proportions of, 130 
shearing strength of, 129 
transformed section, 137 
types of, 123 

Thr€H‘-moment equation, 187 
Transformed sc^ction, beams rein- 
forced for compression, 151 
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T^’ansformed section, rectangular 
beams, 68 
T-beams, 137 

U 

Unit stresses, 61, 615 
V 

Vibrators, 23 

W 

Walls, architectural treatment of, 
295 

basement, 294 
bearing, 292 
curtain, 290 
footings for, 231 
design of, 233 
narapet, 294 


Walls, partition, 296 
retaining {see Retaining walls) 
Water, absorbed by aggregates, 11, 
18 

Water-cement ratio, 12 
Web reinforcement, 105 
anchorage of, 117 
bent bars. 111 
arrangement of, 1 13 
illustrative problems, 107, 11 C, 
118 

stirrups, inclined. 111 
vertical, 108 
t3^pes of, 1 05 
where not required, 106 
Workability, 17 
Working stresses, 61, 515 

Y 

Yield, of coiKTCte mixtures, 20 
of mortar mixtures, 14 




